
Journal of Mathematical Sciences: Advances and Applications 
Volume 78, 2026, Pages 1-10 
Available at http://scientificadvances.co.in 
DOI: http://dx.doi.org/10.18642/jmsaa_7100122335  

2020 Mathematics Subject Classification: 35Qxx. 
Keywords and phrases: differential operators, potential function, delay points spectral 
problem. 
Received March 4, 2026 

 2026 Scientific Advances Publishers 

This work is licensed under the Creative Commons Attribution International License            
(CC BY 3.0). 
http://creativecommons.org/licenses/by/3.0/deed.en_US 

Open Access 

 

INVERSE TRANSMISSION PROBLEM FOR 
EQUATIONS OF THE STURM-LIOUVILLE  

TYPE WITH A DELAY LONGER THAN  
HALF THE INTERVAL 

ISMET KALČO and DRAGANA NEDIĆ 

Faculty of Philosophy 
University of Zenica 
Bosnia and Herzegovina  
e-mail: ismetkalco@unze.ba 

Faculty to Transport and Traffic Engineering 
University of East Sarajevo 
Bosnia and Herzegovina 
e-mail: dragania.nedic@sf.ues.rs.ba  

Abstract 

In this paper, we consider a boundary value problem generated with a second-

order Sturm-Liouville type operator with a delay from the interval .,2 





 ππ  
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Using Fourier series, we study the inverse spectral problem of the 
reconstruction of the potential function and delay points of Sturm-Liouville 
differential operators using their spectral characteristics.  

1. Introduction 

Inverse spectral problems are problems in which we study an 
operator via some spectral characteristics of that operator. In this work, 
we use spectra to reconstruct operator parameters. Inverse problems 
with discontinuous conditions within intervals play an important role in 
mathematics, mechanics, radio electronics, geophysics and other fields of 
science and technology. We consider a boundary value problem generated 
with a second-order Sturm-Liouville type operator with a delay from the 

interval .,2 




 ππ  Using Fourier series, we study the inverse spectral 

problem of the reconstruction of the potential function and delay points of 
Sturm-Liouville differential operators using their spectral 
characteristics.  

Let us now consider the boundary problem. 

( ) ( ) ( ) ( ) ( ),,0,: π∈λ=α−+′′= xxyxyxqxyly   (1.1) 

with boundary conditions 

( ) ( )( ) ,1,0,00 ==π= jforyy j   (1.2) 

and the jump condition 

,020202,0202
1 





 −π+





 −π′=





 +π′





 −π=





 +π − cybyyby   (1.3) 

where is ( ) ( ]π∈ ,02Lxq  and ( ) 0=xq  for ,ax <  ,,2 




 ππ∈a  0≠b  and 

c  are real   number. Coefficients b  and c  are known and fixed in 
advance. For simplicity, we will use the label ( )( )cbaxqLL jj ,;;:=  for 

problems (1.1)-(1.3).  
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2. Asymptotic Form of the Solution and Eigenvalues 

Let it be ( )λϕ ,0  solution of the Equation (1.1) with initial conditions 

( ) ( ) .1,0,0,0 =λϕ′=λϕ   (2.4) 

For everyone x  and ,1,0=j  functions ( )λϕ ,xj  are entire functions in 

λ  order .2
1  Function ( )λϕ ,x  is the unique solution of the integral 

equation  

( ) ( ) ( ) ( ) ,,sin,
0

dtattqtxx
x

λ−ϕ
ρ

−ρ
=λϕ ∫   (2.5) 

where is .2 λ=ρ  Solving (2.5) by the method of successive 

approximations, we obtain  

( ) ( ) ( ).,,, 10 λϕ+λϕ=λϕ xxx   (2.6) 

Using the jump conditions (1.3) and the initial conditions (2.4), we get 

( ) ( ) ( )( )









π>ρ−−πρ
ρ

+
ρ
−πρ

+
ρ
ρ

π<
ρ
ρ

=λϕ
−+ ,2,coscos

2
sinsin

,2,sin

,
2

0
xxxcxaxa

xx

x  

(2.7) 

( )
( ) ( )( )








π>ρ+−πρ
ρ

+−πρ−ρ

π<ρ
=λϕ′

−+ ,2,sinsin2coscos

,2,cos
,0

xxxcxaxa

xx
x  

(2.8) 

where is 

,2,2
11 −

−
−

+ −=+= bbabba   (2.9) 
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and  

( ) ( ) ( ) ( )







≥λ−ϕρ
ρ

−ρ

<

=λϕ
∫ axdtatttx

ax
x x

a
,,sin

,0
,

0
1   (2.10) 

( ) ( ) ( ) ( )
.

,,cos

,0
,

0
1









≥λ−ϕρ
ρ

−ρ

<

=λϕ′
∫ axdtatttx

ax
x x

a

  (2.11) 

Using formulas (2.7), (2.8), (2.10) and (2.11), we calculate 

( ) ( ) ( ) ( ) ,sinsin1, 21 dtattxtqx
x

a
−ρ−ρ

ρ
=λϕ ∫   (2.12) 

and 

( ) ( ) ( ) ( ) .sincos1,1 dtattxtqx
x

a
−ρ−ρ

ρ
=λϕ′ ∫   (2.13) 

Let us introduce the notation ( ) ( )( ),,:1 λπϕ=λ∆ j  .1,0=j  The 

functions ( )λ∆ j   are entire functions in λ  of order 2
1  and the zeros of 

( )λ∆ j  coincide with the eigenvaluesse nλ  and nµ  of ( )( )cbaxqL ,;;0   

and ( )( ),,;;1 cbaxqL  respectively. The functions ( )λ∆ j  are called 

characteristic functions of ( )( ).,;; cbaxqLj  From Equations (2.6)-(2.8) 

and (2.12)-(2.13), we obtain the following asymptotic formula for 
;∞→ρ  

 ( ) ( )λπϕ=λ∆ ,:0    

 ( ) ( ) ( )dttqaca
a∫
π

+ −πρ
ρ

−ρπ−
ρ

+
ρ
ρπ= cos

2
1cos1

2
sin

22  

( )( ) ,exp0 3 








ρ

−πτ
+

a  (2.14) 

and 
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( ) ( )λπϕ′=λ∆ ,:0    

 ( ) ( )dttqacaa
a∫
π

ρ
−+ −πρ+ρπ

ρ
+−πρ= sinsin2cos 2

1  

 ( )( ) .exp0 2 








ρ

−πτ
+

a  (2.15) 

Using Equation (2.14) and (2.15), we obtain the asymptotic formula for 
the eigenvalues 

,whenand 2
1

2
0 ∞→ρ=µρ=λ nnnnn  

( ) ( )( ) ,111cos
2

1
0 






π

+







−−+

π
+=ρ ∫

π

+
ocdttqna

na
n n

a
n   (2.16) 

,10
11 






π

+ρ=ρ Onn   (2.17) 

where is 0
nρ  root of ( ) .cos0

1
−+ −πρ=λ∆ aa  So, we get that 

.cosarc1
2
10

1 +

−

π
+−=ρ

a
ann   

Lemma 1. Spectrum specifications { },njλ  ,1≥n  ,1,0=j  ( )λ∆ j  

uniquely determine the characteristic function ( )λ∆ j  by the formulas:  

( ) ( ) .
2

, 0
111210 











ρ

λ−µ
=λ∆






 λ−λ

π=λ∆ ∏∏ ∞

=
+∞

=
+

n

n
n

n
n

a
n

a   (2.18) 

Proof. By Hadamard's factorization theorem, ( )λ∆0  is uniquely 

determined up to the product of a constant and its zeros:  

( ) .1
10 








λ
λ−=λ∆ ∏∞

=
+

nn
Ca   (2.19) 

 (The case when ( ) 000 =∆  requires minimal modifications).  
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Let's consider the function ( ) .sin:~
0 ρ

ρ=λ∆ +a   

Using Hadamard factorization we get an infinite product  

,1sin
21








λ

λ−π=
ρ
ρ ∏∞

=n
 

relatively  

( ) .1:~
2

1
0 






 λ−π=λ∆ ∏

∞

=

+

n
a

n
 

Then, 

( )
( )

.1~ 2

2

10

0











λ−

−λ
+

π
=

λ∆

λ∆ ∏∞

= n
nC n

n
 

Introducing (2.14) and (2.19), we calculate  

( )
( )

,11lim,1~lim 2

2

0

0 =










λ−

−λ
+=

λ∆

λ∆
−∞→λ−∞→λ

n
nn  

because of that 

.2
1 n

C n

n

λ
π= ∏

∞

=

 

Substituting this into (2.19) we arrive at (2.18). 

3. Reconstruction of potential 

In this section, we will first show that the delay point is uniquely 
determined by the spectrum. 

Lemma 2. If it is { }∞
=

λ 1nnj  spectrum of ( )( ),,;;0 cbaxqL  then the 

delay point is uniquely determined.  
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Proof. There are infinitely many numbers N∈k  such that 
( ) .0sin ≠ak  

From (2.16), it follows  

( ) ( )
( ) ( )21

2
1

2
2

2
2

11
22lim

−+λ−+−λ

−+λ−+−λ

−+

−+
∞→

kk

kk

kk

kk
k   

( ) ( )
( ) ( ) .cos2sinsin

2sinsinlim1cos1cos
2cos2coslim aaa

aa
aa
aa

==
−−+
−−+

= ∞→∞→ k
k

kk
kk

kk  

(3.20) 

Finally, 

( ) ( )
( ) ( )

.
11
22lim2

1cosarc 2
1

2
1

2
2

2
2












−+λ−+−λ

−+λ−+−λ
=

−+

−+
∞→

kk

kk

kk

kk
ka   (3.21) 

Lemma 3. If it is { }∞
=

λ 1nnj  spectrum of ( )( ),,;;0 cbaxqL  then it is 

( )dttq
a∫
π

 uniquely determined.  

Proof. There are infinitely many numbers N∈k  such that 
( ) .0cos ≠ak   

From (2.16), we have  

( )( )
a

a
ca

k

k k
k

k cos

11
lim

2 













 −−

π
+−λπ

+
+

∞→  

( ) ( )
( ) .cos

10cos

lim dttqa

dttq
a

aa

a

a ∫
∫ π

π

+
+

∞→ =








+

π
π

=
k

k

k  

(3.22) 

Using ( ) 0=xq  for [ ),,0 ax ∈  we get that ( ) ( ) .
0

dttqdttq
a∫∫
ππ

=  
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Using Lemma 3, we get the first Fourier coefficient of the potential q  

on [ ].,0 π Now we will get the other Fourier coefficients of the potential 

( )xq  and we will prove that these coefficients are uniquely determined 

by the spectra 0L  and .1L   

Let's mark it with ( ) dtnttqan 2cos
0∫
π

=  and ( ) dtnttqbn 2sin
0∫
π

=  

Fourier potential coefficients .q  We come to the main result.  

Theorem 1. If { } 1≥λ nn  and { } 1≥µ nn  are the eigenvalues of the 

boundary problems 0L  and ,1L  respectively, then the Fourier coefficients 

na  and nb  of the potential q  are uniquely determined for each .Nn ∈   

Proof. Using existing knowledge, we get that the characteristic 
functions ( )λ∆0  and ( )λ∆1  have the following form:  

( ) ( ) ( ) ( ) ( ) ,sinsin1cos1
2

sin
220 dtatttqca

a
−ρ−πρ

ρ
+ρπ−

ρ
+

ρ
ρπ=λ∆ ∫

π
+  

and  

( ) ( ) ( ) ( ) .sincos1sin
2

cos 21 dtatttqcaa
a

−ρ−πρ
ρ

+ρπ
ρ

+−ρπ=λ∆ ∫
π

−+  

We transform the product of trigonometric functions into a sum and 
get  

( ) ( ) ( ) ( )dttqaca
a∫
π

+

ρ

−πρ
−ρπ−

ρ
+

ρ
ρπ=λ∆ 220

2
coscos1

2
sin  

( ) ( ) ( ) ( ) ( ) ( ) ,2sin
2

sin2cos
2

cos
22 dtttqadtttqa

aa
ρ

ρ

+πρ
+ρ

ρ

+πρ
+ ∫∫

ππ

and  

( ) ( ) ( )dttqacaa
a∫
π

−+
ρ
+πρ

ρπ
ρ

+−ρπ=λ∆ 2
sinsin2cos1  
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 ( ) ( ) ( ) ( ) ( ) ( ) .2sin2
cos2cos2

sin dtttqadtttqa
aa

ρ
ρ
+πρ

+ρ
ρ
+πρ

+ ∫∫
ππ

 

Now putting ,n=ρ  for ,Nn ∈  and using  

( ) ( ) ( ) ( )dtnttqdtnttqa
a

n 2cos2cos
0 ∫∫

ππ
==   

and 

( ) ( ) ( ) ( ) ,2sin2sin
0

dtnttqdtnttqb
a

n ∫∫
ππ

==   

we get 

( ) ( )( ),sincos2 anBannAna nnn +π−+π=  

( ) ( )( ),cossin2 anBannAnb nnn +π++π=  

where is  

( ) ( ) ( ) ( ) ,
2

coscos1
2

sin
220 dttq

n
ann

n
C

n
nanA

a
n ∫

π
+ −π

+π−−π=∆=  

( ) ( ) ( ) .2
sinsin2cos1 dttqn

annn
cananB

a
n ∫

π
−+ −π

−π−+π−∆=  

Using Lemmas 2 and 3, we can calculate nA  and .nB  We determined 

the coefficients of the Fourier series and calculated the potential ( ).xq  

4. Conclusion 

In this paper, we started from the assumption that the given spectra 

are  { }∞=λ 1nn  and { }∞=µ 1nn  of the spaces 0L  and .1L  We used Equations 

(3.21) and (3.22) to determine the delay point a  and ( ) .
00 dttqa ∫
π

=  We 

applied Lemma 1 to calculate ( )n0∆ b and ( ).1 n∆  We calculated the 
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values of the coefficients na  and nb  of the Fourier series by applying 

Theorem 1. This opens up space for further research into the 
transmission problem with a delay of less than half the interval  
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