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Using Fourier series, we study the inverse spectral problem of the
reconstruction of the potential function and delay points of Sturm-Liouville

differential operators using their spectral characteristics.
1. Introduction

Inverse spectral problems are problems in which we study an
operator via some spectral characteristics of that operator. In this work,
we use spectra to reconstruct operator parameters. Inverse problems
with discontinuous conditions within intervals play an important role in
mathematics, mechanics, radio electronics, geophysics and other fields of
science and technology. We consider a boundary value problem generated

with a second-order Sturm-Liouville type operator with a delay from the

interval (%, n). Using Fourier series, we study the inverse spectral

problem of the reconstruction of the potential function and delay points of
Sturm-Liouville  differential  operators  using  their  spectral

characteristics.

Let us now consider the boundary problem.
ly = y"(x) + q(x)y(x - o) = Ay(x), x € (0, n), (1.1)
with boundary conditions
y(0) = yV(n) =0, for j=0,1, (1.2)

and the jump condition

y(g+ 0] = yb(g— 0), y'(g+ 0) = b y'(g— 0) + c(% - oj, (1.3)

where is g(x) e L?(0, n] and g(x) =0 for x < a, a e (g, n), b # 0 and

¢ arereal number. Coefficients b and ¢ are known and fixed in

advance. For simplicity, we will use the label L; == Lj(q(x); a; b, ¢) for

problems (1.1)-(1.3).
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2. Asymptotic Form of the Solution and Eigenvalues

Let it be ¢(0, 1) solution of the Equation (1.1) with initial conditions

0(0,2)=0, ¢(0,%)=1. (2.4)

For everyone x and j = 0, 1, functions (pj (x, 1) are entire functions in

A order % Function o¢(x, ) is the unique solution of the integral

equation

X o _

o, 1) = [ =D g(e)g(s - a, 1), @.5)
where is p2 =X Solving (2.5) by the method of successive
approximations, we obtain

o(x, &) = @o(x, 1) + 1 (x, 1). (2.6)

Using the jump conditions (1.3) and the initial conditions (2.4), we get

sinpx T
o ’ X <—,
Po(x,2)= ysinpx _sinp(r-x) ¢ T
a +a + (cosp(m—x)—cospx), x>—,
p p 2p2 2
2.7)
T
cospx, x<§,
(p,O(x77"):

a” cospx—a” cosp(fr—x)+2Lp(sinp(n—x)+sinpx), x>=

’

(2.8)
where is

-, . (2.9)
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and
0, x<a
o1(x, 1) = J'x sin p(x — )p(t)(Po(t —a, \)dt, x>a
a p
0’ x <a
il r) = L p)gg(t - a )t xzd
a

Using formulas (2.7), (2.8), (2.10) and (2.11), we calculate
1~ . .
o1 (x, k):—zj q(t)sin p(x —t)sin p(t — a)dt,
p a
and

o1(x, 1) = %J: q(t)cosp(x —t)sin p(t — a)dt.

(2.10)

(2.11)

(2.12)

(2.13)

Let us introduce the notation A;(A):= ¢(j)(n, %), j=0,1. The

functions A;(A) are entire functions in A of order % and the zeros of

Aj()) coincide with the eigenvaluesse A, and p, of Ly(q(x); a; b, c)

and L;(g(x); a; b, c), respectively. The functions A;(L) are called

characteristic functions of Lj(q(x); a; b, ¢). From Equations (2.6)-(2.8)

and (2.12)-(2.13), we obtain the following asymptotic formula for

lp| =
Ag() = o(m, 1)

+ sin pm

T
=a —+%(1—cospn)—%cosp(ﬁ—a) q(t)di
2p a

p 2p

3
p

O[exp(|r|(n - a))}

and

(2.14)
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Ao(1) = ¢'(m, 1)

c

T
% sin pr + 21—psin p(m — a)Ia q(t)dt

=a‘cosnp-a +

+ o(—exp(lrl(; - a))} (2.15)
p

Using Equation (2.14) and (2.15), we obtain the asymptotic formula for

the eigenvalues

Ap = p%o and u, = p,211 when n — oo,

Pro =1+

1 " (cos naJ.: q(t)dt + C(l - (- 1)n)j + O(%)’ (2.16)

2nna
0 1
Pnl = Pp1 + O(;), (217)

where is pg root of A?(k)z(f costp—a . So, we get that

0 - n—l+larc COS£
pnl 2 T aJr'

Lemma 1. Spectrum specifications {knj}, n>1 j=0,1, Aj(}r)
uniquely determine the characteristic function A j(K) by the formulas:

Ao(k):a+nH:=1 [X”ngkj, Al(k):a+Hj=l (“”—%J (2.18)

0
pnl2

Proof. By Hadamard's factorization theorem, Ay(A) is uniquely

determined up to the product of a constant and its zeros:

Ag(r) = a+CH:=1 (1 - xl) (2.19)

(The case when Ag(0) = 0 requires minimal modifications).
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Let's consider the function Ag(1) = a* 2P

Using Hadamard factorization we get an infinite product

relatively

Then,

) y (I
Ag(r) mdlna n? -

Introducing (2.14) and (2.19), we calculate

because of that

Substituting this into (2.19) we arrive at (2.18).
3. Reconstruction of potential

In this section, we will first show that the delay point is uniquely

determined by the spectrum.

Lemma 2. If it is {an}w spectrum of Ly(q(x); a; b, ¢), then the

n=1

delay point is uniquely determined.
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Proof. There are infinitely many numbers %k e N such that
sin(ka) = 0.

From (2.16), it follows

2 2

Mrg —(k+2)" A9 +(k-2)
2 2

Mppp — (R +1)° =g +(k-1)

hmk%oo

 im cosa(k +2)—cosa(k —2)  lim sin kasin2a 9 cos a
T ko osa(k+1)—cosa(k—1) F7® sinkasina '
(3.20)
Finally,
1, Apvo — (+2)% =g + (k — 2)?
a = arc cos Ehmk_)oo + 5 = 5 |- (3.21)
Appr — (R +1)" = Apq +(k-1)

Lemma 3. If it is {L,;}”

n=1

spectrum of Lo(q(x); a; b, ¢), then it is
Jn q(t)dt uniquely determined.
a

Proof. There are infinitely many numbers %k e N such that
cos(ka) # 0.

From (2.16), we have

na+(kk - [kQ + m%(l ~ (- 1)"’)))
cos ka

na+(cos Ija J.n q(t)dt + 0(1))

hmk—)oo

T

na - Ia q(t)dt.

= limyor cos ka

(3.22)

T T
Using q(x) = 0 for x € [0, a), we get that I q(t)dt = I q(t)dt.
0 a



8 ISMET KALCO and DRAGANA NEDIC

Using Lemma 3, we get the first Fourier coefficient of the potential ¢
on [0, n]. Now we will get the other Fourier coefficients of the potential
q(x) and we will prove that these coefficients are uniquely determined

by the spectra Ly and L;.

Let's mark it with a,, = ng(t)cos 2nt dt and b, = I(;Eq(t) sin 2nt dt
Fourier potential coefficients q. We come to the main result.

Theorem 1. If {A,},.; and {u,},.,; are the eigenvalues of the
boundary problems Ly and Ly, respectively, then the Fourier coefficients

a, and b, of the potential q are uniquely determined for each n € N.

Proof. Using existing knowledge, we get that the characteristic
functions Ag(A) and A;(A) have the following form:

+ sinpr

Y
Ag(X)=a +L2(1—cospn)+i2.|‘ q(t)sinp(n —t)sinp(t — a)dt,
2p a

p

and

Y
%sin pn+lj q(t)cosp(m —t)sin p(t — a)dt.
2p pPJda

Af(A)=a" cospn—-a” +
We transform the product of trigonometric functions into a sum and

get

3 _ b
Bo(h) = a* FEPT 4 (1 cos pm) - CUREZ) [ g4
P 2p 2p a

T ] T
+ €022 ) [ g 1) cos(zpt)at + SO [ 1) sin(zpt)at,
2p a 2p a

and

1 T
A = gt o c s1np(7t+a)J‘ Nt
1(A)=a" cospn—a +—2p sin pn — o, q(t)
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. TC n
4 Sm p(n+a) j q(t) cos(2pt)dt + wj q(t)sin(2pt)dt.
2[) a 2p a

Now putting p = n, for n € N, and using

a, = In q(t)cos(2nt)dt = In q(t) cos(2nt)dt
0 a

and
b, = Ion q(t)sin(2nt)dt = In q(t) sin(2nt)dt,
a
we get
a, = 2n(nA,, cosn(n +a)- B, sinn(n + a)),
b, = 2n(nA,, sinn(n + a)+ B,, cos n(n + a)),
where is

: _ T
A, = Ag(n) = a* Slnnn_%(l—cosnn)+w‘[ q(t)dt,
n 2n 2n a

: _ TE
B, = Ai(n)-a* cosnn+a” —%Sin nn —WJG q(t)dt.

Using Lemmas 2 and 3, we can calculate A, and B,,. We determined

the coefficients of the Fourier series and calculated the potential g(x).

4. Conclusion

In this paper, we started from the assumption that the given spectra

are {A,},_; and {u,},_; of the spaces Ly and L;. We used Equations

(3.21) and (3.22) to determine the delay point @ and q( = fgq(t)dt. We

applied Lemma 1 to calculate Ag(n)b and A{(n). We calculated the
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values of the coefficients @, and b, of the Fourier series by applying

Theorem 1. This opens up space for further research into the

transmission problem with a delay of less than half the interval
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