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Abstract

The main objective set in this research work is to carry out investigations on
the study of the existence of solutions (solutions centered on zero), in the

distributional sense, of the non-homogeneous Euler linear singular differential

l X .
equation of order [ of the general following form Zi:o aixk‘ y(L)(x) = Z::O 8(3)(36),
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where [ is a natural number not equal to zero; p, s are two natural

numbers, (aj)y<;<; real numbers and more a; #0,k €Z,, k; 24,1 =0,

A 8(0)(x) = 3(x)) is the Dirac distributional centered on 0 and 8(8)(95) is
the s-th-order derivative of the Dirac delta distribution.
In the scientific work undertaken in some of our published articles, we have
completely carried out the investigations on the study of the solvency of the
singular linear differential equation of the first order. Confer our references.
This allowed us to obtain the conditions of solvency of the equation in question
and, we were able to exhaustively identify all the solutions, both distributional
and classical, according to the different relationships between the parameters

appearing in the latter. Even further in depth, we carried out investigations
relating to the same type of equation in (Sg )' a distributional space larger

than K' to realize the existence of other solutions of another nature to the
homogeneous equation associated with the non-homogeneous equation. All this
leads us to imagine, from then on, the situation which could arise from the
same questions of investigation in relation to a general singular equation of
order [. We make an exhaustive description of all distributional solutions

centered on zero of this equation in the functional space of distributions K'.
1. Introduction

The importance of differential equations in the study of physical
phenomena no longer needs to be demonstrated, as long as they describe
the mathematical behaviour of said phenomena. However, complete
mastery of the phenomenon described lies in solving the differential
equation which describes it. Something that is not always easy. We
remember that a differential equation in a simple way is an equation that
establishes a dependence relationship between the independent variable,
the function itself as well as its successive derivatives. We therefore note
that differential equations are an essentially important tool for the
scientific and mathematical description of natural phenomena since they
are the foundation of several classical physical theories. Among others, by
way of illustration, we can obviously and quite naturally mention in a
non-exhaustive way, among others, Newton’s and Lagrange’s equations for
classical mechanics, Maxwell’s equations for classical electromagnetism,
Schrodinger’s equation for quantum mechanics and Einstein's equation

for the general theory of gravitation.
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Let us recall a very important aspect with respect to normal linear
homogeneous systems of ODE with infinitely smooth coefficients which
have no other solutions of generalized functions than the classical
solutions, gradually described and presented with all salient details in
the article [14]. However, there is reason to agree and also to make the
relevant observation that contrary to this case, and concerning the
equations which admit singularities at the level of the coefficients, we
note cases of appearance of new forms of solutions in generalized
functions then that there may be a complete disappearance of certain

traditional solutions for this purpose.

Recall that within the formula y(x) = Z;io CjS(j)(x) the number v

is called the order of the distribution. It is important to emphasize
according to the theory of distributions that solutions in the form of
generalized functions in the distributional sense of ordinary linear
differential equations can be derived so many times. In relation to these
different fields, several scientific researches are conducted and developed
daily with continuous progress, thus opening immense perspectives and
avenues, scientific aspects and properties in the theory of linear

differential equations and functional differential equations.

Knowing that homogeneous linear ordinary differential equations
with infinitely smooth coefficients do not have generalized solutions in
the distributional sense; while ordinary linear differential equations with

polynomial coefficients such as the Cauchy-Euler equation defined by the

m

m
equation: zin:O am(x)j Y _ g(x), where a,,(x) = c,,x™ with ¢, € R,

xm
¢; =1, and g(x) =0 can admit a classical solution or a generalized

solution in the distributional sense and this can be found there as well as

all the necessary details in the references [4-8].
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It should be emphasized that several scientific works have recently
devoted particular interest to the problems of existence of solutions to
differential and functional equations (FDE) in various known spaces of
generalized functions. Also, we can note that distributional solutions
defined as series of Dirac delta functions and its derivatives of a certain
order were used in various fields of applied mathematics such as the
theory of partial differential equations, operational calculus and
functional analysis without forgetting quantum electrodynamics in the
field of physics, following Jhanthanam, Nonlaopon, Orankitjaroen and

Abdourahman in their papers, see, respectively [12] and [6, 15, 16, 17].

Indeed, solving a first order linear differential equation of the
following simple form x"y(x) = 8(8)(x) via the Fourier transform shows

that the distributional solution is not unique and depends on n arbitrary
constants. The form of the solution of the latter allows us to have an idea
of the fairly complex situations that can appear when we consider
studying the solvability of an equation of general form. By applying the
principle of superposition of the solutions of an ordinary linear
differential equation and taking into account the results obtained in our
previous publications, we can formulate theorems to inventory the

different solutions for this purpose.

So that here in this work, we investigate the question of the
solvability of a linear singular differential equation of [-order with
singularity and Dirac delta function (or it derivatives of some order) in
the second right hand side in the space of generalized functions K'.
Otherwise, we investigate the existence of solutions in the sense of

distributions of such equation.
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Namely, we focus our consideration to the Euler equation of the
following kind:

3 ety = 3 60w, M

1=0 s=0
where [ is a natural number not equal to zero; p, s are two natural

numbers, (a;)y<;<; are real numbers and more a; # 0, k; € Z, k; > i,
ki =ky+ii=0,1,..,18%(x)=38%x)) is the Dirac distributional

centered on 0 and 8(5)(x) is the s-th-order derivative of the Dirac delta

distribution.

Pursuing the objectives in the same direction relative to Equation (1),
we are interested and we focus our attention in this article only on the
problem of finding all solutions centered on zero of this equation

considered. We are not looking for other types of solutions in this work.

The work carried out in this article is organized as follows: First in
Section 2, we recall some well-known basic notions and concepts
previously used in our published papers related to the theory of
distributions (generalized functions). Then Section 3 itself presents an
exhaustive description of the Euler case and some results. Section 4 is
dedicated to the investigation of the solvency (existence of solutions
centered on zero) of the equation considered in the so-called Euler type
case. We present in Section 5 entitled conclusion the summary of the

work carried out in the article.
2. Preliminaries

In this section, we briefly review the notion and necessary concepts of
generalized functions (we refer to [2], [3], [9] and [12] for a detailed study)

used as previously in our published papers and in these investigations.
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Definition 2.1. Let K be the space consisting of all real-valued
functions @(x) with continuous derivatives of all orders and compact
support. The support of ¢(x) is the closure of the set of all elements
t € R such that ¢(x) # 0. Then, ¢(x) is called a test function.
Definition 2.2. A distribution 7 is a continuous linear functional on
the space K on the space of the real-valued functions with infinitely-

differentiable and bounded support. The space of all such distributions is
denoted by K.

For every T € K' and ¢(x) € K, the value T has on ¢(x) is denoted
by (T, ¢(x)). Note that (7, ¢(x)) € R. Below, let us give some examples of

distributions.

(a) A locally-integrable function g(x) is a distribution generated by
the locally-integrable function g(x). Here, we define the following

relationship:

(g(x), o(x)) = Ig(x)(p(x)dx integration on the support Q, and ¢(x) € K.

In this case the distribution is called regular distribution.

(b) The Dirac delta function is a distribution defined by
(8(x), o(x)) = ¢(0), and the support of §(x) is {0}.

In this case the distribution is called irregular distribution or singular
distribution.

Definition 2.3. The s-th-order derivative of a distribution T,
denoted by T®), is defined by ("), o(x)) = (- 1)%(T, (p(x)(s)) for all
o(x) € K.



ON ZERO-CENTERED SOLUTIONS OF EULER HIGHER ... 59

Let give an example of derivatives of the singular distribution 7" = §

we have:

(@) (3'(x), o(x)) = - (3(x), ¢'(x)) = ~¢'(0);

®) (3, p(x)) = (- °(8(x), o(x)*)) = (- 1)*(0)"®)

Definition 2.4. Let o(x) be an infinitely-differentiable function. We
define the product of (x) with any distribution 7 in K’ by

(0(x)T, o(x)) = (T, o(x)p(x)) for all ¢(x) € K.

We carry out our actual investigative activities on the linear singular
differential equation of order / of general form, in the case of the situation
known as FEuler-type equation, by focusing only our attention on the
search for the existence of all the solutions centered on zero for the non-

homogeneous equation (1).

Note that a simple equation x"y(x) = 6(8)(x) in the space K’

_ 6(8)(x)

X

admitting a distributional solution denoted through y(x) is such

that y(x) e K' and (x"y(x), ¢(x)) = (8(5)(x), o(x)), ¢(x) € K. Therefore,

we find that the quotient (the division) of an s-th-order derivative of the

Dirac delta function 6(8)(x) by an n-th-power of x, ie., x" is a

distribution depending on n constants. It has been established by
applying the Fourier transform and its inverse to both sides of the

equation, that this quotient is defined by the following formula, see [6].

6(5)(-%') _ (- 1) s! 5(S+n)( Z o 8 (k- 1)(.96 ()

s (s+n)

where Cj, k =1, ..., n are arbitrary constants.
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Otherwise the zero-centered solutions of the considered differential

equation are defined by the formula:

_ S (sem) noo sk
¥@) = @+ Y, e ), (++)
where C;, k =1, ..., n are arbitrary constants.

Therefore, from the previous it is not difficult to obtain for the general

equation of the following kind:
xy) = 380 @), (+5%)

the zero-centered solutions given by the formula:

¥ = CU"s soem) ) 4 > 0, (sns)

s=0 (S + n)!
where C;, k =1, ..., n are arbitrary constants.

This leads us to suppose that investigating some specific linear
singular differential equations in the space of generalized functions K’ is
interesting and quite challenging as the solutions, in some particular

cases, are expressed by rather huge and unexpected formulas.
Now, let move to the main result of our investigations conducted in
the following section:

3. The Euler Case

In this part, we investigate as indicated upstairs the Euler case

situation when the following equalities k; = kg +i;i=0,1,...,[ are

satisfied.

Further, in the next part we will use the following necessary

definitions and lemmas:
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Definition 3.1. The polynomial denoted

(1) a; (G+ko +i)

MN

. 1
P(j) = il
I i

is called characteristic polynomial of the differential equation (1).

Definition 3.2. The set of zeros or roots of the defined polynomial

Py(j) is denoted in the following way:
Nul Pi(j) = {J«: js« € Zs, P;)(ji) = 0} = KerP,.

Let formulate the following needed lemma which can be found in some

books related to generalized functions.

Lemma 3.1. Let o(x) be an infinitely-differentiable function. Then

o(x)5)(x) = (- 1)° mgg))S(x) + (- 1) sl Vs (x)

+ (1) 3(32; D oo Do) + ..+ (0 x), @)

and

[(o(x)H(x)](m) = (og?))H(x) + mggz)_l)fi(x) + mggl)_z)fi’(x) + oo+ 0(08 V().

3
For the proof of Lemma 3.1 refer to [10].
As useful formula that is deduced from (2), we can easily establish an
important result for any monomial o(x) = x* in the following lemma:

Lemma 3.2. Let k, s e NU {0}. Then it is holding place

0, s < k;
780 (x) = (-1)s!

G_h)! B(S_k)(x), s >k

The proof of this lemma can be found in some special mathematical books

related to the theory of distributions, see also [9].
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Now let move to the following interesting situation.

Below, we study the non-degenerated case and look for zero-centered

solutions.
We consider the most interesting case when it is fulfilled the

s l .
condition Hi— 0% 70 and call this case non-degenerated case.

The following theorem gives the necessary conditions of the existence

of zero-centered solutions of the Equation (1) in the space K.
4. Main results

In this section, we will state our main results and give their proofs.

Let formulate the following theorem:

Theorem 4.1 Let [|_ a; # 0: k; € Z,,i =0, ..., [; ko, s « NU {0},

For the existence of zero-centered solutions of the Equation (1) in the space

K', it is necessary and sufficient that

Zi:l (ko = ky +i) + (Zizo(— 1 a;(ko +s+i)!)” # 0. )

Proof. We simply prove the necessary part of the theorem while the
sufficient part will be deduced directly at the same time as the

construction of the solutions.

Tt is clear that we should find the particular solution y(x) of the non-

homogeneous equation (1) in the form of functional centered at zero, i.e.,
_ N0 ~s()
o) = D 0 e w), (5)
where vy is sufficient a large number. We suppose contrary, when

1 .
ki =ky+i;i=1,..,1 and E , 0(— 1)a;(ky +s+i)! = 0. (6)
1=
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Simple calculations when taking into account Lemma 2.2 give us after

setting (5) into the Equation (1) the following result:

Lo BN aos(4 ) - STH 56 0 q ks () = STH 56
Z_:Oalx Z,-:OCJS” (x)—ZS:OSS(x)Zj:OC]x sU+ (x)—zs:()&s(x),
(7

or that is the same as:

A oy G +D Grick) oy - TR ()
Zi=oalzj':ki,icl( 1) (j-’ri—ki)!s (x)_zszos (x)7 (8)

when changing j +i - k; into j we obtain

Zl 0 ZJO: lk( 15 Cj ks (Jj;k) 5U)(x) = Z ’ 50k), (9

Until now, the investigation has been conducted for the arbitrary k; and

the equality (9) is obtained without any supplementary suppositions. We

next take into account k; = kg + i following the supposition (6) and we

rewrite the system (9) in the form as:

i | i S
Sy ’“0(—1)’fzcj+k0U*}+*”s<l>(x):zs“=os< )x).  (10)

i=0 14aj=0

Or when changing the order of the summation we obtain

— . C'
ZY.O o 6(’)(x)(zl-_o(— Via; (j+ ko + i)!)j];'ko - Zu_o 8¢)(x), (1)

j=0

Let us turn to the previous equation in the case when considering having
at the right-hand side only the s-th derivative of the Dirac distributional

function, i.e.,

ko (; l ) . o Cir P
20y e (kg + ) = 8), a2

From our previous achieved investigations whose results were known, it

is easy to see that by equalizing the coefficients under Dirac delta
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functions and it derivatives, we obtain a linear non homogeneous

algebraic system for the determination of the unknown coefficients C; of

the following form:

Ciiry ! . N [Lj=s
e S e G- {007 a?

It is not difficult to see that such equation when j = s has the following

form:

k.
—1)% l i .
( S!) Carky Zizo (-1)a; (s + ko +1)! =1, (14)
which contradicts the assumption made of the proved theorem. The
theorem is proved.

Further, we consider the simplest and easy case as announced at the

beginning when it is fulfilled the next conditions:
.. l i .
ki =kg+1;i=0,1,...,1, and E o (D'a; (s+ky + i)+ 0. (15)
1=0

Now by applying the principle of superposition of the solutions of a
differential equation we reach to the following results. So, it takes place

the following theorem:

Theorem 4.2. Let [[\_ a; # 0k e N i=1 ... Lk, seNU{0}

and be realized the conditions (15) then, the general zero-centered solution

of the Equation (1) is given by the following form:

W)= D7 v,

s=0

where

k; _ .
3y() = —— U 50 0)w)+ 30 T 0s0), (19
> 1 (s ko +i)! =0
1=0
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ie.,
_1)i gl -1
y(x) = Z : ( '1) 's! 5(S+k0 (x) + Z 0~ C; 6(1
S=°Z (- 1)q; (s + ko +1)!
=0 1 0
17
in the case, when
l .
D D@k +i)#0,  VieZ,
where Cj,j=0,..,k -1, are arbitrary constants.
And if there exists at least one j' € Z,/{s}, m < I, such that
Ji' e Nul Py(j), (18)

then the zero-centered solution is found and defined by the following form:

(- 1)lis! (s+k)
(x) = 3T (x)
e ZS 0 Zi:O (— l)iai (S + ]{30 + l)'

ko1 5() (i +ko)
+ Z;:o Cjd (x)+zj§”eNulPl(j)CjI"+k08 (x), (19)

Cj, j =0, ..., kg —1, are arbitrary constants.

Proof. As we notice upstairs, in this case we can use the system (13)
from which with the condition (15) we may find directly the following
relationship:

(- 1)l

S Vs ko + i)

Cs+k0 = (20)

Concerning the other remaining coefficients C;,; , j € Z,/{s}, so they

are equal to zero, when Zi:o (-1)a; (j+ ko +i)!# 0 for all j € Z, and
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not more ! from them will remain free, if there exist ;" € Z, /{s}, such
that
l i .m .
Z D a; (G + ko + )= 0.
1=
All what has been said lead us to (15)-(18) with the consideration that

U )(x), j=0,1, ..., kg — 1 are solutions of the homogeneous equation.

The theorem is proved.
We want to remark 1immediately if the conditions
ki =kg+i;0=0,1,..., 1 are violated, then in the general situation the

problem will be complicated. So that for the simplicity, it is
recommendable to continue the already started investigations in these
cases by considering the following differential equation:

ax™y"(x) + bx"y'(x) + cx” y(x) = ZH:O 6(5)(36), (21)

where m =n+1+#r+ 2.

By the way we recalled that we have completely realized the
investigation of the simplest case of the first order linear singular
differential equation of the following form:

ax?y'(x) + bx?y(x) = z:lzo 6(5)(x), (22)

with ¢ > p—-1 or ¢ < p-1 in the same space K', whose scientific
results had been published in [16].

The case of the second order differential equation evocated in the
remark done, will be one of the scientific work that we can plan to
investigate in a brief future to help us looking for generalizing the
general similar cases when considering equation

u

l
D apliyix) = ) 50)(w),

=0 s=0

with conditions k; = k_1 +1;i=1,...,1—-1 but k # k;_; +1. We may
call (in the two situations appearing) this equation left Euler case
equation or right KEuler case equation, depending of the cases
kl > kl—l +1 or kl < kl—l +1.
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Before concluding, let says that the zero-centered solution y(x) e K’

is solution in the sense of distributions of the Equation (1) if and only if it

1s realized the following relationship.

l ) 1
vo(x) € K, {Z @i’y (), <p(x>J = [Z 5¢)(x), <p(x>] =
s=0

58
(1o
i=0 =0

S

(23)

In other words, and with regard to the situations arising in
connection with the study of the solvency of the so-called Euler-type
singular linear differential equation that we have carried out in our
previous published papers, it is necessary to verify that the following two

equalities take place and are realized exactly.

(@)

Zu (- 1)is! 5(5+40) )
s=0 §/ i N
Zi:o aixki 0 ZFO (_ 1) ai(s + ko + L)L ’ (p(x)
+ ZI;Z(_)I ng(j)(x)
= (ZS:O 519 (x), (P(x)) = Z::O (- 1)S(pgf))), (24)

in the case, when Zﬁ:o (- l)iai (j+ky +i)!'#0,VjeZ,. And in the

other case, we should obtain:

Z}to l (—.l)ki s! 6(s+k0)(x)
Zl.ioaixki - Zi:o(_ l)Lai (S + k() + l)l , (p(x)
1= ko-1  <(j) (" +ko)
+Zj:0 Cj (x)JrZ,',{%NulPl(j)Cji”+ko8 ")
_ Bos(s) - S C1ye®
- (Zs=0 §(x), (P(x)j - ZS=0( 1) Py (25)

if there exists at least one j," € Z, /{s}, m < I, such that ji* € Nul P,(j).
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5. Conclusion

In this paper, we have completely investigated the question of the
existence of zero-centered solutions and the solvability of an [-order
linear singular differential equation in the FEuler case situation in the
space of generalized functions K' with a second right hand side in the

form of Dirac delta function or it derivatives of some order.
We looked for the zero-centered solutions by replacing the general
form of the solution y(x) = Z;{i oC jS(x)(j ) in the differential equation (1)

that leads us to obtain and analyze a linear non-homogeneous algebraic

system for the determination of the unknown coefficients C;. Case by

case depending of the situations arising we reached and made an
exhaustive description of all distributional solutions centered on zero of

this equation in the functional space of distributions K'.
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