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Abstract

The main purpose of this work is to realize and to establish the extension of a
noether operators A defined by a third kind singular integro-differential
equation of first and n-th-order. The extended operator of the initial n-th-order

operator A is realized in C"[-1,1] ® {Zk: akﬁ x)} and it noetherity is
investigated. In addition, we investigate the noetherity of the extended initial

noether operator noted A in Ty = Cll[_ 1,1]® {Zk— aks{ }(x)}

@ {Z BJF p 1} The index of such noether operator x(A) is calculated.

1. Introduction

The construction of noether theory for some integro-differential
operators defined by linear third kind integral equations in some specific
functional spaces is well known and still interest many scientits around
the world. In most scientific research works, the solution of the integral
equation of the third kind seems to be in a generalized space of
continuous functions. Specific approaches needed when constructing
noether theory for integro-differential operators, we can always set to
problem of the investigation of the extension of the noether operator. For
example, in [1], authors constructed noether theory of an integro-

differential operator in generalized
= C4[- Z o 8M ()b 1)

In [2, 3], authors found conditions for solvability of a linear integral

equation of the third kind in the class of Hélder functions and in the class
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of Holder functions with the coefficients which are piecewise strictly
monotone function. A class of functions with Taylor derivative has
considered in [4], and noetherity of an integro-differential equation of
third kind has constructed.

Following such previous researches cited and others works done by
many scientists, related to the realization of various types of extensions of
noether operators, we realize in this work a particular type of extension
when we add, at this time, simultaneously some functions from the space
of delta Dirac distributions and principal-parts values of the following

indicated form:
gw) e 1) ad@y © O piFp).
k=0 j=1 x

Namely, here in this paper we establish the noetherity of the extended

operators define in the following:

(40)e) = #20e) + [ M, D)t = f(0); v < [-1,1],

and

1
(A0) (x) = xP0() + [ . tholt)dt = fla)s x < [-1,1],

where f(x) € C({)p}[— 1, 1] and K(x, t) € C({)p}[— 1, 1]XC[- 1, 1], in spaces
T, = CLl-11]@ () @) @ ) piFp—),
k=0 j=1 x

and C*[-1,1]® {Zézo ;8% (x)}. The structure of this paper is the

following: Section 2 is devoted to some fundamental well known notions
and concepts of noether theory, Fredholm third kind integral equation,

Taylor derivatives, associated spaces and associated operators. In Section
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3, we realize the extension of the operator A when taking the unknown
function from the space C"[-1,1] ® {Z;zo ;5% (x)}. Section 4 deals
with the realization of the extension of the operator A when taking the
unknown function from the space 7),. Lastly after making a small

important remark, we conclude our paper in Section 5, followed by some
recommendations for the follow-up or future scientific works to

undertake, stated in Section 6.
2. Preliminaries

Before presenting in full details our main results, the following
definitions and concepts well known from the noether theory of operators
are required for the realization of this research. We also recall the notions
of Taylor derivatives and linear Fredholm integral equation of the third
kind, widely studied in [5].

Definition 2.1. Let X, Y be Banach spaces, A € [(X,Y) a linear
operator. The dimensions o(A) = dimkerA, B(A) = dimcokerA are called

the nullity and the deficiency of the operator A, respectively.

Note that, if at least one of the numbers a(A4) or B(A) is finite, then
the difference IndA = a(A) - ﬂ(A) is called the index of the operator A.

Definition 2.2. Let X, Y be Banach spaces, an operator A € (X, Y)
is normally solvable, if it possesses the following property: The equation
Ax = y(y € Y) has at least one solution x € D(A) (D(A) is the domain of
A) if and only if <y, f >= 0, Vf e (imA)". It’s prove in [5] that the

operator A is normally solvable if and only if, its image space imA is

closed.
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Definition 2.3. A closed normally solvable operator A is called a

noether operator if its index is finite.

By the way, we briefly review this important notions of Taylor
derivatives which is widely used when constructing noether theory of the
considered operator A.

Definition 2.4. A continuous function ¢(x) € C[-1, 1] admits at the

point x = 0 Taylor derivative up to the order p € N if there exists

recurrently for k£ =1, 2, p the following limits (p{k}(O) = Klim, _,q x 7k

1ot .
[p(x) - Zl;:é ? j!(O) x’], and ¢©(0) = ¢(0). The class of such functions

¢(x) is denoted C({)p}[— 1, 1].

Note that, a linear operator N* on the space C({)p}[— 1, 1] has been

defined by the following:

k-1 ol (0)e/
o=
xk

(N*o) (x) = k=12 ..,p.

Lemma 2.1 ([4]). A function ¢(x) belongs to C({)p}[— 1, 1] if and only if,

the following representation
p-1
o) = xP0(e) + § et o
k=0

holds with the function ®(x) € C[-1, 1], and a;, being constants.

Consequently, the linear operator N? establishes a relation between

the spaces C({)p}[— 1, 1] and C[-1, 1]. The space C({)p}[— 1, 1] with the norm.

p-1
lelcfotir, i = 1IN Pl + D™ (0)] 3)
k=0

becomes a Banach space one.
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Let note also that we can define the previous norm by the following

way:
p-1 p-1
el cgripr, 1 = INPellepr, 1 + D Lol = [@@ey, 1 + D o -
k=0 k=0

Sometimes it is comfortable and suitable to consider as norm in the space

C({)p '[- 1, 1] the equivalent norm defined as follow:

p .
||<P||cép}[—1, 1] = ZHN ollega, 1y
=0

We can also note a very useful and clearly helpful next inequality:

p-1l
lolegr, 1y + Z [0V () = lollgiela, 11

Therefore, it is obvious to see that [¢cr_; 1) < ||(p||C({)p}[_1 - Finally, note

that from the definition g(x) € C[-1, 1], imply xPo(x) e C{/[-1, 1]. This
assertion may be generalized as follows.
Lemma 2.2. Let pe N,s e Z,. If o(x) € Cés}[— 1, 1] then, xPo(x) e

C({)p+s} [-1, 1], and the formula holds
05 j:O,l,-~-,p_1,

U ) = i .
xPo(x)"'(0) = {(j _J!p)! oP}(0),

Jj=Dp,..., p+S8. @)

Proof. Note that a stronger assumption on the function ¢(x), such

that o(x) e C({)p *s1[- 1, 1] would allow us to easily prove the lemma just

applying Leibniz formula.
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For s =0 the statement has already been proved above, so

xPo(x) e C({)p}[— 1, 1], and (xpcp(x)){j}(o), j=0,...,p-1and (xp(p(x)){p}

(0) = p! (0). Now let us prove that (xPe(x))V!(0) = oV =PH0),

(- p)'

j=p+1, ..., p+s. Since the derivatives are defined recurrently, and (4)

is true for j = p, then it is sufficient to verify the passage from j to j + 1.

We have:

SCOED Y m,l”m»

]+1

(xP0(@)Y*H(0) = (+ 1! lim 5)

J-P x
o(x) - Zzo(l)' 0!'(0) (1)

I (j+1-p)! (p{j+1—p}(0). ©

=(+1) ;1_13%
Lemmas 2.1 and 2.2 imply the next important lemma.

Lemma 2.3. Let f(x) c CP)[-1,1], p € N and f(0) = ... = f75(0) = 0,

1<r<p Then % € C({)pfs}[— 1,1]). We say that the kernel k(x,t) e

CPI-1,1]x C[-1,1), if and only if kx,t)e C[-1,1]xC[-1,1] and
admits Taylor derivatives according to the variable x at the point (0, t)

whatever t e [-1, 1].

Instead of talking about adjoint operator when establishing the
noetherity of an operator, we can note that also noether property of an
operator may depend of the concept of associated operators and
associated spaces. Therefore, we start by recalling these two important
concepts and we give some associated spaces that we are going to use

later within the work.
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Definition 2.6. The Banach space E’' « E* is called associated space

with a Banach space E, if
< foo> 1= dflgldlg. Yo < . f < B ™
Definition 2.7. Let E;, (j =1, 2) be Banach spaces and Ej their

associated spaces, operators A e l(E;, E5) and A' e l(Ej, E{) are

associated if and only if:
(Af, 0) = (f, Ap)Vf € Ej and ¢ < E;. (8)

Lemma 2.4. Let E;, j =1, 2 be Banach spaces, E their associated
spaces, A e l(E,, E5) and A'el(Ey, E{) are associated noether
operators we have y(A) = —x(A') (where y means the index), and for the
solvability of equation Ay = f it’s necessary and sufficient that (f, ¥) = 0
for all solutions of the associated homogenous equation A'y = 0. We finish

these reminders with two very important results that define the associated

spaces of spaces that we will use later.
Lemma 2.5. Space C}CO [- 1, 1] is associated to space C[-1, 1], where

C}CO [~ 1, 1] means the space of functions ¢ € C[-1, 1] satisfying ¢(xg) = 0.
Proof. Let f € C}CO [-1,1] and ¢ € C[-1, 1]. Then we have: | < f, ¢ > |

- |J‘i1 f(x)o(x)dx| < 2max_jc,q|f(x)]. max_j<pqlo(r)].

O

Definition 2.8. Through P! we denote the space of distributions y

on the space of test functions Ci‘l’}[— 1,1]  such that:

pla) = 26 4 fz_é B,6" (x), where z(x)e Cilf}[— 1, 1N CH[-1,1], B,

%P
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are arbitrary constants, S{k}(x) is the k-th Taylor derivative of the Dirac-

delta function defined by
(6" (@), o(x)) = (- 1)"(0). ©)

In the space P! let us introduce the norm by the following way:
p-1
4,1 = lelctoipy, 1 + lelerpor, g + Z Bl (10)
it is obvious that P! is a Banach space with this norm.
Lemma 2.6 ([1, 4]). The space P! is a Banach space associated to the

space Ci’l’}[— 1,1].

Definition 2.9. A linear Fredholm integral equation of the third kind

is an equation of the form
An(P = f7 (11)

where f is a given function of the variable x € [a, b]; ¢ is the unknown

function of x € [a, b], and A,, is the operator defined by

A,p = szl (x — x )p(x) — Jj k(x, t)o(t)dt, x;, € Ja, b[, (12)

k(x, t) is a given function of variables (x, t) € [a, b] x [a, b].

Full details on the notion of linear Fredholm integral equation of the
third can be found in [6-8].
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3. Extension of the n-th Operator A in Space
l
cnl-uale (Y a5 ()}

k=

Let us consider the following third kind integral equation:

1
(Ap)x) = xPo(x) + [ k. tholt)dt = fx). (3

l
vel-11), fecPi-11] oech-L1@ (Y, 050 (@)}, where
p, n €N, and k(x, t), f(x) are continuous functions ¢ e C4[-1,1] @
{Zf{zo akﬁ{k}(x)} < Jh e CH[-1,1]: o(x) = h(x) + Zi=0 akS{k’}(x), with h(-1)
=h(-1)=..=r"D1)=0.

Therefore, (13) can be write as follow:

l
(40)o) = 22 4w + D" )™+ [k, 000
k=0

/
+ > o)t = f(x). (14)

k=0

Now consider the principal part of operator (14) define by
!
(Lo)x) = =P (hlx) + Y 08 (@)™ = f(x), (15)
k=0

xel-1,1], f e CP'[-1,1].

It homogeneous equation is define by:

!
xP (h(x) + Z a3 (x)™ = 0. (16)

k=0
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Let us solve above equation in space C™[-1,1] ® {22:0 0,8 (x)).

PR+ ) =0,

we deduce that, A"(x)+ 22:0 a3 (x) =0. By doing n
successives  integrations and take to the account that

h(-1) = k(1) = ... = h™(=1) = 0, we have

!
h(x) = —Z a0, (x).
k=0
Then we have

o) = b+ Y ad@) =Y sty st <o,

Now, we continue with the study of non-homogeneous equation define as

follow:
l
(Lo)x) = xP(hlx) + D 8" ()" = f(x), )
k=0

with f € C{P'[-1, 1]. fcan be write as follow:

p-1
flw) = D e’ + xPglx),

k=0

with g € C[-1, 1] @ (¥} 0,8} (x)}, see [9]. By replacing the value of f
in (17), we have
p-1

l
2P )+ Y s @)™ = 3 et + 2Pal),
k=0

k=0
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le.,
[ 1 p-1
(h(x)+ Y a5 ()™ = = D et +glx), 2 £ 0, (18)
k=0 X" k=0
where ¢, = ! {/:!(0).

Therefore (17) is solvable in C™[-1,1] @ {22:0 8% (x)} if and
only if ¢, =0,k=0,..., p—1. In addition, Ju € C[— 1, 1] such that

g(x) = u(x) + 22:0 BkS{k}(x) As a result,

l l
(h(x)+ Y 08 ()™ = )+ Y B8 (),
k=0 k=0

[ [
ie., h(”)(x) + z ockS{]””}(x) = u(x) + Z Bkﬁ{k}(x),
k=0 k=0
/ [
ie., h(n)(x) = u(x) + Z BkS{k}(x) - Z akS{k+n}(x).
k=0 k=0

By doing n successives integrations, one has

1

O j _xl (t + 1) ult)dt

l * v s !
+ kzo Bkj_l dt J‘_tldv I_ldw -[—1 5{k}(9)d9 _ ]; (lkS{k}(x),

o(x) = h(x) + ZZ:O akS{k}(x),

where
l
B 1 x -1 x t v s )
o) = ooy ] ) u(t)dt+];ﬁkj_ldt [Lav] dw..[" 5%

under the following P-conditions: (S{k}(x), f(x)=0,k=0,...,p-1.
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Now, let show that the above solvability conditions is exactly

orthogonality conditions of homogeneous equation.

Let show that, adjoint L' of operator (15) is define as follows
(L'p)(x) = (1" (xPp)™  from P! (see [9]) to C%[-1,1]@

{Z;:O ;5% (x)}. In fact, let verify that vy e P! and ¢ e C4[-1,1]®
Zk 00%6 x)} we have: (Lo, v) = (¢, L'p).

(Lo, %) = (xPo!™(x), v)

1
—(xp<h(x>+2a a1 ()", 2.« - St x)

k=0

l
- P00+ Y el ), 2 ZB 519 )
k=0

p-1
= ("), 2(x)) + (xR (x), Y B (x))
k=0

[
k+n 2(x)
+(xp;ak8{ }(x),x—p)

l D
@Y a8 ), Y pstx)
k=0

p-1
= (h"(), 2(x0) + (PR (x), Y B3 (x))
k=0

’B
i

!
+<Zaka Pl ), )+ Y g 3 B8 (o), 51 x)

k=0 k

Il
(=)
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[ay

S

h(x) + Zaka )™, 2(x)) + (AM(x), Y- BraPsti(x)
k=0
l p-1
+ )y BrlxPst (), 8 (x)),
k=0 k=0
or p>k Vke{0,1,..., p—1} then, xPsth (x) =
Therefore
!
(Lo, ¥) = ((Alx) + Y ayd™ (@)™, 2(x)). (19)
k=0
In the other hand,
(9, L'%) = (9, (= 1)"(xP)™)
l p-
h(x)+ D odt (), (- 1) Z 81 )™
k=0 k=0

= (h(x) +

MN

-1
a3 (x), (- 1) (2(x) + 2P pz B5 1 (x))™))
k=0

el
I
[«

l p-1
= (D" (A + Y 08H(@), (2@)+ Y BraPs (x) ™),
k=0 k=0

or xPS{k}(x) =0vk=0,1,..., p—1.

Therefore

l
(0. L'%) = (1) (k@) + ) a3 (x), 2" (),
k=0

[
(9, L'p) = ((Alx) + D o8 (x))™, 2(x), (20)

k=0
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taking into the account (19) and (20) we deduce that (Lo, v) = (¢, L'p),
therefore L' = (~1)"(xP%)™. Let study the following homogeneous

equation: (L'p)(x) = (= 1)*(x?%)"™ = 0 in space P'.

(L'p)(x) = 0 & (xPp)™) = 0

-1

p(20) S g 5t ()™ =
e @P(E24 Y @)™ =0

x k=0

-1
o (2(x) + xppz path ™ = o
k=0
p-1
& ()" + (] BraPs @)™ = 0
k=0
p-1
& ()" 0)+ () prePsiix)), 9) = 0
k=0

p-1
& (@), 0)+ () (1) BePsi(x), o) = 0
k=0

o (=)™, 9) =0, if (6%, f)=0k=0,..., p-1
& (@)™, (x) = 0.

Therefore solvability conditions (S{k}, f)=0,k=0,...,p—1 of non-

homogeneous equation (17) is the same of orthogonal conditions of right

part f(x) of (17) with all solution of homogenous equation L'y = 0.

Infact Let v e P! solution of L'y = 0, one has

z(x) &
pe) = S22+ Y Bist (),
X k=0
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with 2(-1) = 2/(-1) = ... = 2®(=1) = 0 and

( p—
(v f) = (22 Z Biot (), f)

k=0

dx) o, &
= (E2 1)+ ) BsM (), £)
x k=0
z(x) &
= (2 2P @) + Y (W (). f)
X k=0
p-1
= (2(x), 9"(x) + D Br(3M(x), f)
k=0

p-1
= (C1)"(Z"(w), 9)+ Y BL(6" (@), f)
k=0

= 0 because (z("), ¢)=0 and (S{k}(x), f)=0,k=0,...,p-1.

The following lemma, give noetherity of principal part L and its adjoint
L' of Equation (13).

Lemma 3.1. Let L : C™} & {ZZZO a3¥ (x)} > Cép}[— 1, 1] defined by

l
(Lo)() = xP (hlx) + )" o8 ()™ = f(),
k=0

with h € C" such that h(-1)=h'(-1) = ... = h(”_l)(— 1) = 0. L is noether

with d-characteristics (0, p). In addition, adjoint operator of L is define
by the following: L':P' > CY[-1,1]® {22:0 a8 (x)}  such that
L'y = (- 1)”(xp1(>)(n) = h(x) + 22:0 a8 (x). L' is noether with indexe
L) =p
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Proof. Let us show that L is noether. We start by showing that, L is

normally solvable, we show above that Lo =f is solvable in
C'[-1,1]® {ZZZO akﬁ{k}(x)} under conditions (S{k}, f)=0, let

p € ker L', then L'y = 0, i.e.,
Ly =0 (1) x=Pp)" =0
= (xpw)(n) =0
& ((xPp)™, 9) = 0

= (1" (P o™) = 0

o (- 1)"(2(x), ZBk(s (x),

p-1
& CU' D" EMR), 0)+ D BrH@), £) =0
k=0

v(f) = (v, f)

z(x) &
(2224 > pstl@), )
x k=0
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p-1
= (2(x), 9™(x))+ D" Br(6¥(x), f)
k=0

p-1
= C1"(Z"@), 9)+ Y B(M (@), £)
k=0

p-1

= ZBk(S{k}(x), /) because (z(”), 9) = OVo,

k=0
= 0 because (B{k}(x), f)=0,Vk=0,..,p-1.

Therefore L is normally solvable.

Let us show that o(L) and B(L) are finite.

Let ¢ e ker L, with ¢(x) = h(x) + 22:0 ;3% (x), h(x) € C™ then

xp(p(”)(x) =0,

!
xPhM(x) + Z P8 (x) = 0,
k=0

[
h(x) = =) ;5™ (x) car A(-1) = R'(-1)
k=0

=...=h D) =0,

where o(x) = —22:0 ockxp6{k}(x) + 22:0 ockxp&{k}(x) =0, then dimker

L =0.
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Let ¢ e ker L', then L'y = 0, ie., (- 1)"(xPp)™ = 0, we deduce by the
above that 2™ (x) = 0, then z(x) = 0 because z(~ N)=2(-1)=..= (1)
(-=1) = 0 then

p-1
o) = Y B ().
k=0

Hence ker p =< 8{0}, s . 81 5 e, dimker = D.

Therefore L is noether with d-characteristics (0, p), then L' is also

noether with index

Il
|
—_
e}
|
T
~—

Adjoint A’, of operator A is define below:

Lemma 3.2. Operator A’ define by

Al = (- 1) (xPyp) j 11 k(t, x)(t)dt

is adjoint of operator A.

Proof. Let p e Pl, then

'S
—

o) = 25 5 50,
x 0

=
I

(v, Ag) = (v, (L + K)p)

= (p, Lo + Ko)
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= (L', 9) + (¥, Ko)
= (- 1)"(=xPp)™, ) + (1, Ko)
= ()" (xPw)™, @) + (K%, o)

1
with K = j_l k(x, £)p(t)dt,

where
1
(. Ag) = (C1"="9), o)+ (| K, (0)d, )
= (1) [k w0, ),
= (A", ¢),
where

Ap = (- 1) (xPp) ™ + J’ _11 k(x, t)p(t)dt.

O
Noether property of extension of operator A, define by Equation (13), in
the C"[-1, 1] ® {22:0 a5 (x)}, is given in the following result.
Theorem 3.1. Operator A : C"[-1,1] ® {ZizoakS{k}(x)} - C({)p}[— 1,1],

define by
1
(Ao)(w) = o)+ [ K. hote)at = £(x),

is noether with index y(A) = —p. In addition, its adjoint A' is noether
with index y(A) = p.
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Proof. One has A =L+ K with L:CY[-1,1]® {22:0 a5 (x)}
{p} — P _(t
- C§ [-1, 1] such that Lo = xP¢™)(x) and K¢ = j_l k(x, t)o(t)dt.

By Lemma 3.1, L is noether with d-characteristics (0, p) and
¥(L) = — p. Therefore A = L + K is also noether and y(A) = (L) = - p

because K is compact.

Since A’ 1s the adjoint of A, A" 1is also noether and

x(A") = —x(A) = p.

4. Extension of Operator A in Space

T = Chl-1]e (3 as@pe 37 piFe(L)
Let give definitions of our fundamental spaces.
Definition 4.1. We denote through 7, = C1{[-1, 1] ® {ZZ: 0% LS ()}
® {Z;n:l BjF.p.(j)} the space of all functions of the form:

n

0x) = 0o(@) + Y oy (w) + B FPL), @
j=1

k=0 J

where @g(x) € C[-1, 1] and ¢g(-1) = 0 with the natural norm

lol = loollos, 1 + D lewl + DByl (22)
k=1 j=1

In the following, we present results related to singular integral for

functions from the space Cép -1, 1].
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If the function g(x) has feature (singularity) in x = 0, then we say
that j llg(x)dx exists in the sense of Hadamard if it is true the following

representation:

MN

—€ 1
j g(x)dx +I gx)dx =a+ Y are ¥ +a, ln%+ O(e), e > 0. (23)
-1 €

k=1

. 1 . . . ..
In this case, we put F.P.j 1g(x)dx = q@, ie., it remains the finite parts.

Note that under the definition of the convergence by Hadamard often we
take a;,; = 0, but we do not exclude that possibility as this can allow us

to consider the convergence (V.p.) in the sense of Cauchy principal part as
particular case of convergence in the sense of Hadamard.

Now let o(x) € C({)p}[— 1, 1], p € N and consider Illﬁj;)dx, peNl
1 x

The following result deal with compactness of an operator on
ciPl-1,1].

Lemma 4.1 ([4]). The set M c Cép}[— 1, 1] is relatively compact in
space Cép}[— 1, 1] if and only, if

(1) the set M is bounded,

(2) the family of continuous functions NP (M) is equicontinuous on

[-1, 1].

Let consider the following integro-differential equation:
1
(A0)(w) = Pei(x) + | K. olt)at = £(x). 24)

¢ € T, mean that,

l m
9(x) = 9o(®) + Y o8 (w) + Y B FP (25)
k=0 j=0 J
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(24) become

l
(Ap)(x) = ¥ (00(x) + " 03 ) + | _11 k(, 1)(00(x)
k=0

ZakSk}(t))dt ZB]FPI “)dt g(x).  (26)

Let put

_F le LN @7

Lemma 4.2. The operator K; : C[-1,1] —» C({)p}[— 1, 1] is compact.

Proof. First, let show that K f is continuous.

Since k(x, t) € C({)p}[— 1,1]x C[-1, 1], k(x, t) is represented as follows:

p-1
k(x, t) = z C, )" +xPky (x, 7).
k=0

where k (x, #) is continuous, ¢;(t) € C[-1, 1].

Let A e C[-1, 1] one has

(K; FPJ. (i, t)ht)dt

-1 _
Zf_o C,(O)x" +xPky (x, 1)

:jjl o
-[

h(t)dt

1o

1 L

e (O)x" I t)dt+I xP kg (x, Oh(t) dt.
1

k=0
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~ 1 1
Let put ¢, = I_lck () dt, Q(x) = j_l ki (x, t)h(t)dt € C[-1, 1], then we have

p-1 1
"th"C({)p}[—l, 1] = "Q(x)"c[—l, 1]+ ; |I_lck(t)h(t)|

-1<x<1

p-1
= max [o(x) + Z [ emoar
> )

1
<
<], max Ity (x, 1) max |h (@)|dt

p-1

+Zj ' max [ ()] 1 max |h(t)|dt

—-1<t<1
=0 1

<2 max lfy (x, ) D Wlepa, 1

L

P

+ kzoz_f?j}fl ek O Wlopa, 17-
Thus,
p-1
"Kih”q{)l’}[_L 1 < 2(M + ]; M) el ep, 17 (28)

where M =max_;4 |k (x, ¢)| and M, = max_j;<lc(2)].
Therefore, K is a continuous operator.

Finally, let show that K; transform each bounded set

My = {p} = CY[-1, 1], into a relatively compact set, in C [— 1,1].
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Let My = {h e C};[-1,1]} a bounded set, then 3r > 0 such that
@t (.17 < 7 Yh € Mo. Letput M = K;Mo < CPI[-1,1]}, M isa

bounded set by virtue of (28). The remain to show that, the family of

continuous functions:
NP(M) = NP(K;(Mp))

= {NPKg, ¢ € My}
= {h/h(x) :jz%(p(t)dt, ¢ My},

is equicontinuous. Let ¢ > 0, we are looking for & > 0/|h(x1) — h(xg)| < ¢,

V|x; — x| < 8, h € N?(M). One has:

/’“1’\” 0y
x3

i) -l =1 [

—Il k(xl, t) k(xg', t)I olt)|dt
-1 xlf X3

Sl xlj x1 xlj

. U k(xy, £)— k(x,t) LI S o
<[ P J 22| (t)|dt+j LG e Do

~1<t<1

< j_ll (L) mas k(e 1)~ b, O] max. of0)|de

I 1|Z - —|| max, (k(xq, t))“ max (‘P(t))|dt

< (e +2 max [k(xy, 1)~ k(xa, t))lolc1, -y, 1)
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1
with ¢ :j (L.—L_ﬂmax_lgtﬂ(k(xz, t))|, since k(x,t) is uniformly
Taf  xf
continuous,
v, t e [-1,1], 38" > 0/|k(xy, t) — k(xg, t)] < < ;’f’", (29)
taking into account (29)
[h1) = hlxg) | < (e + ) xr
hr) = hlag)| <
h(x1) = h(xz)| = e
Thus K; is a compact operator. O

The following result show that the extension of noether operator
define by (24), in 7, is noether.

Theorem 4.1. Let denote by A the extension of operator A defined by
(24) in T,. Operator A is noether with index x(A) =-1.

Proof. Let put

1 1
o = 2 (90() + 3 o) [ ke, 0000 + Y 00,
k=0 -1 k=0
le.,

. 1
Lo = xP¢’ +J- k(x, t)o(t)dt, ¢ € Dy,
1

by virtue of work [9, 10] A is noether, with index X(A) =-1.

Thank to Lemma 4.2., we deduce that,

< L k(x, t)
;Bjj_l—. dt

xJ

1s compact.
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By virtue of the conservation of the noether property of a noether

operator when it is perturbed by a compact operator, we deduce that

i

is noether, with X(A) =-1.

5. Conclusion

Summarizing our work, we state that we have completely realized the
extension of a n-th-order noether operator A in C™[-1,1]® {22: 0% kB{k}(x)}

by using direct computation. In addition, we have realized the extension

of a noether operator A defined by the extended operator A in the space
T,,. We applied well-known noether theory for integro-differential
operators defined by a third kind integral equation and, we used
compactness and our previous results to show noetherity of extension A.
Consequently, we formalized within Theorem 4.1 the global results of the
investigation related to the question of noetherity nature of the extended
operator, which as proved is noetherian operator. The principle of the
conservation of noetherity nature of a noether operator after extension by
some finite dimensional space of added functions to the initial space is

established firmly as proved in theory. We can also note that, the index of

the initial operator after extension remains the same, i.e., y(A) = x(A) no

matter the deficient numbers may be others than the previous before

extension, i.e., (a(A), B(A)) # (a(A), p(4)).
6. Recommendations

The achieved researches in this work completed by those already
obtained by many scientific researchers related to the question of the
noetherity nature of an extended operator of an initial noether operator

in some various functional generalized spaces may lead us to project, and
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to construct illustrative examples to inter connect theory and practice.
This will be the next work to be done in a brief future. We underline once
more again that, the main difficulty appearing when realizing such
extension is still and always connected with the derivative of the
unknown function within the third kind singular integral equation
through which is defined the initial integro-differential operator to be

extended onto the new generalized functional space.
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