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Abstract

Let V be a total valuation ring of a skew field K, Q be the additive
group of the rational numbers, and Au#(K) be the group of
automorphisms of K. Let ¢ : Q - Aut(K) be a group homomorphism,

K[Q, o] be the skew group ring of Q over K, and K(Q, o) be its
quotient ring. Let Ry = {Zarixri|ari eK,; €Q,r;, >0} and
P =U,59x"Ry. Consider the natural map ¢ from Ry, to K and set

V = ¢ 1 (V). It is shown that V is a total valuation ring of K(Q, o)
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and it is characterized by x” and V. If Vis an invariant valuation ring,

o is classified into three types, in order to study the structure of I'y

(the value group of ‘7)
1. Introduction

Let K be a skew field and V be a total valuation ring of K. We assume
that V # K throughout this paper. Let ¢ : Q — Aut(K) be a group

homomorphism and K[Q, o] be the skew group ring of Q over K. In [7],
it was proved that K[Q, o] had a quotient skew field K(Q, c). In [1], the
authors initiated an investigation of total valuation rings K(x, o). It was
shown that there were at least two total valuation rings in K(x, o). In

[2], [5], [8] and [9], extensions of Vin K(x, ) had been studied.

Let @ be a simple Artinian ring and ¢ be an automorphism of @. Let
Q[x, o] be the skew polynomial ring over @ in an indeterminate x. Then
Q[x, o] has a quotient ring Q(x, 5). In [6], the authors studied the
noncommutative valuation rings in @(x, o). In the case @ is a skew field
and V is an invariant valuation ring, in order to study the structure of

I'=

7, O 18 classified into five types.

In this paper, we will construct the total valuation ring V in

K(Q, ). In [10], the authors give a complete classification of graded

extensions in K(Q, o).

In [4], Wadsworth defined the I'p of a Dubrovin valuation ring R of a
simple Artinian ring @ as follows; let st(R) = {q € U(Q)|gRq™" = R}, the
stabilizer of R under the action of U(Q) and Tg = st(R)/U(R). If R is

invariant in a skew field @, then I'p coincides with the usual value group

of R.
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Let V be an invariant valuation ring of a skew field K, we classify o

into three types and give the complete structure of st(V).

2. Preliminaries

In this section, we collect some notations, definitions and known

results. Let R be a ring, we denote the Jacobson radical of R by J(R) and
the units of R by U(R). Set Q" = {r € Q|r > 0}.

Definition 2.1 ([3]). Let K be a skew field with subring V, for any

a e K, if a ¢ V implies ale V, then Vis called a total valuation ring

of K.

Definition 2.2 ([3]). Let V be a total valuation ring of a skew field K,

we say that Vis invariant if kVk™' = V for any non-zero k € K.

Definition 2.3 ([3]). Let V be an invariant valuation ring of a skew

field K, I'y = U(K)/U(V) is called the value group of V.

Definition 2.4 ([4]). Let V be a total valuation ring of a skew field K.
st(V) = {k e UK)|kVE™ =V} is called the stabilizer of V under the
action of U(K).

Set R, = {Zarixri la, € K, 1; € Q 1; >0}. We can easily get the
following lemmas.

Lemma 2.5. For any fi, fs, , f; € Ry, there exists a natural
1
number m, such that fi, fa, -, f; € K[x™, G(#)]

Lemma 2.6. R is an Ore ring and K(Q, o) is its quotient skew field.
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3. Construction of V

Let K be a skew field and o:Q — Aut(K) be a group
homomorphism. Let Ry = {) a,x"|a, € K, r € Q, r 2 0}. Forany a € K,
reQ", x"a =0o(r)(a)x”, by Lemma 2.6, R, has a quotient ring
K(Q, o).

Let P = U,.9x"Ry. Then P is a maximal ideal of R;. We can easily
prove that P is localizable. Let 7' = Ry, = {fe |f € Ry, g € Ry\P} be
the localization of R at P. Then T is a total valuation ring of K(Q, o)

with J(T) = Uysox”T.

For any o = fg! e T, where f = ag + OLrlac'"1 ot arnxr", g=co+

81
Cg X

e csmxsm with ¢y # 0. We denote the map

o:T > K

by @(a) = agegt. We start with the following lemmas:
Lemma 3.1. With the notations above, ¢ is a ring epimorphism with
ker ¢ = U,50x"T.

Proof. By using the Ore condition for Ry\P, it is easy to see that ¢

is well defined and a ring homomorphism. It is also clear that ¢ is an

epimorphism and ker ¢ = U,.ox" 7T by the definition of ¢.

Let V be a total valuation ring of K. Set V = ¢™1 (V) = V + J (T), the

complete inverse image of Vby o.

Lemma 3.2. V is a total valuation ring of K(Q, o).
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Proof. For any non-zero o € K(Q, o), let a = fg_l, f, g8 € Ry. We
can write f = fix" and g = gyx® with f;, g € Ry\P for some r, s > 0.
So fg™t = fix"Sgrl. If r—s >0, then a e J(T) c V. If r—s <0, then
ot edT)cV. Let r—s=0 and ¢(a) = a. If a € V, then o e V. If

agV, then at eV,plal)=a'leV, so aleV. Hence V is a

total valuation ring of K(Q, o).
Set V* = V\{0}. Then we have:

Lemma 3.3. V* is an Ore set of V and T = Vy* = {ac_1|oc eV,

ce V.

Proof. For any a e T, there exists ¢ € V" with ¢(a)c € V. Then
o(ac)=¢(a)c eV, ac e V. Set B=ac,a=Bc'. For any yeV,
deV*, d'yeT. Hence there exist ceV* and BeV with
dYy =Bct, ie., yc =dB. Therefore, V* is a right Ore set of V.
Similarly, we can prove that V" is a left Ore set of V. Now it is clear

that T = \7v*

Now we consider the Jacobson radical of V and its residue skew

field.
Lemma 3.4. J(V) = J (V) + J (T) and VIJ(V) = VIJ(V).
Proof. Let I be a maximal right ideal of V. Then I o J(T).

Furthermore, V/J (T) = V. Hence J(V) = J(V)+J(T) and V/J(V) =
VIJ(V).
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Since x"a = o(r)(a)x” for any a € K, r € Q, o(r) naturally extends

to an automorphism of K(Q, o) for any r € Q, which is the conjugation

by x”. We denote it by the same symbol o(r).

Lemma 3.5. Let r € Q", V be a total valuation ring of K. Then the

following are equivalent:

1) o () (V) = V;

@) x" e st(V);

3) o(r)v) =V.

Proof.

(1) & (2): This is clear from the definition of o(r).

W= @:c()(V)=c(MVNK) =@ V)No()(K)=VNK=V.

(3) = (1): Obviously, o (r)(J (T)) = J (T), 5 (r) (V) = 6 (r)(V + J (T)) =
s(N(V)+o()(J(T) =V +J(T)=V.

Lemma 3.6. Let V be a total valuation ring of K. Then

(1) st (V) = st(V) N K;

(2) Let o = fg~! be any non-zero element in K(Q, c) with f = ay +
ayx +t+a, x™ e Ry and g = co + X" + -+ ¢y x°M € Ry, ag # 0,
¢ # 0. Then oV = ayey'V and Vageg' = Vo. In particular, o e st(V)
if and only if aocal e st(V).

Proof. (1) We note that V = V + J(T) and kJ(T) = J(T) for any
0#keK. Then st(V)cst(V)NK. Let kest(V)NK. Then
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KV +dJd(T)=(V +J(T)k. Hence kV =Vk, ke st(V). Therefore
st(V) = st(V) N K.
(2) Since ¢(a) = agey’, o —agegt € J(T) and so cyagla —1 e J (T)
c J(V) by Lemma 3.4. Therefore Colo lo e U (‘7) and thus
oV = a0c5117. Similarly, we can get Vo = Vaocal.
Next we consider the case where Vis an invariant valuation ring.

Proposition 3.7. Let V be an invariant valuation ring of K. Then V

is an invariant valuation ring of K(Q, o) if and only if o(r)(V) =V for
any r € Q".
Proof. Let P = U,.gx "Ry and S = Ry\P. For any 0 # a € K(Q, o),

o = xrfgf1 for some r € Q and f, g € S. Hence the statement follows

from Lemmas 3.2, 3.5, and 3.6.

The valuation ring V can be characterized as a total valuation ring R

with one of the equivalent properties.

Theorem 3.8. Let V be a total valuation ring of K and R be a total
valuation ring of K(Q, ) with RN K =V. Then the following are

equivalent:
1) R=V;
(2) x"a € J(R) forany a € K and r € QF;
() 1+x"ay +--+x™Ma, eU(R) forany r; € Q", a,, € K.
Proof.

(1) = (2): Forany a € K, r € Q*, x"a € J (T) c J(V).
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@) = @): xa, e J(R), then x"a, +--+x™"a, e J(R). Hence

n T
L+xa, +--+x™a, < U(R).

3) = (1): Forany a € K, r e Q",x"a=010+x"a)-1e R. We shall

prove U,.o x'T < R. Let x°fg™t € U,.ox"T, where f = aq + xa, +

o+ x™ma, € Ry, g =co+ xtlct1 +oe xtmctm with ¢y #0,s e Q". So
there is g; € Ry such that g = gicy and g; € U(R) by the assumption.
Furthermore, there is a non-zero element d € V' such that the constant
coefficient of dfc51 belongs to V, so d}’ca1 e R. Hence, it follows that
xSfgl = (x°d 1) (dfegt)grt € R. Therefore, we proved U,.o T < R
and so V c R. Hence T and R are both (V, V) -bimodules, which implies
that either T 2> R or R o T. The latter case shows that V= RN K o

T N K = K, a contradiction. Thus we have 7' 2 R. Assume that R D V.
Then K 2 ¢(R) 2 ¢(V) =V, since V =¢ 1(V). Let ke K\V with
¢(a) =k for some o e R Then O0=¢(a)-k=0o(a—-Fk) implies
a-kekero=U,,0x"T c R. Thus ke RNK =V, a contradiction.
Hence R = V.

Corollary 3.9. There are no total valuation rings R of K(Q, o) with
RNK =V andeither ROV or V2 R.

Proof. First assume that RN K = V. If V o R, then J(R) 2 J(V')
S>J(T). So RoV+J(T)=V and hence R = V. If R o V, then as in
the proof of Theorem 3.8, we have 7' 2 R, then J(R) 2 J(T) = U,-ox”

T o x"K forany r € Q*. Hence R = 1% by Theorem 3.8.

Let V be an invariant valuation ring of K and k € U(K). We write k
for the image of k in Ty = U(K)U(V). For any o e st(V) = {a € U
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(K (@, o))laVa " = V}. Let & denote the image of o in Ty = st(V)/U(V).
Let P =U,.0x"Ry, S =R\P. Also, let A= {fg_1|f eS, geS}.
Note  that UK)c A and U(K(Q, 0)) = UpegxA. Let
M = {r € Qlo(r)(V) = V}. Obviously, M is an additive subgroup of Q.
Using these notations, we have:

Theorem 3.10. Let V be an invariant valuation ring of a skew field
K, c:Q — Aut(K) be a group homomorphism.

(1) If M = Q, then st(V) = UK (Q, o)) and Ty =U,q (kx"lk e U
(K)} with xk = ofr) (k).

©2) If M = {0}, then st(V) = A and I'y; =T'y.

(3 If M=#{0 and M +Q, then st(V)=U,.x"A and

Iy = Urem (kaTIk € U(K)}.

Proof. We note that A < st(‘N/) by Lemma 3.6, since V is an

invariant.
(1) Since M = Q, V is invariant by Proposition 3.7. Hence

st(V) = U(K(Q, 5)) and so Iy = U,EQ{IZx_’Uf e U(K)} by Lemma 3.6.

(2) Suppose that x"Vx™ =V for some r # 0. Then o(r)(V) = o(r)
VNK)=or)V)No(r)K)=VNK =V, acontradiction. So x" ¢ st(V)
for any r#0. Let a=x"fg7! e UK(Q, c)NA with fe S, gebS.
Suppose that aV = Va, then x"V = V" by Lemma 3.6, a contradiction.

Hence st(‘7) = A and so Iy =Ty by Lemma 3.6.

Similarly, we can prove (3) as in (2).
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Let r#0, for any keU(K), k=o(r)(k) if and only if
kV = o(r)(k)V. So the following corollary can be obtained by Theorem

3.10, which shows the conditions for I’ 7 to be abelian.

Corollary 3.11. Let V be an invariant valuation ring of a skew field
K, c:Q — Aut(K) be a group homomorphism.
(1) Suppose that M = Q. Then T'y; is abelian if and only if T'y is

abelian and kV = o(r)(k)V for every k € K and r € Q.

(2) Let M + {0} and M + Q. Then Iy is abelian if and only if Ty, is

abelian and kV = o(r)(k)V forany k € K and r € M.

We end this paper with one example.

Example. Let K = F(y,Ir € Q) be the rational function field over a
field F in indeterminates y,(r € Q). Group homomorphism
c:Q —> Aut(K) is determined by the following: for any

reQ or)(a)=a forall a € F, o(r)(ys) = ¥, for any ys.

(1) Let Gy = Z(Q), which is a totally ordered abelian group by
lexicographical ordering. We define a valuation v; of K as follows:

vi(a) = 0 for any non-zero a € F and for any non-zero homogeneous

element o = yfllyf; ~--yf:(r1 <1y < <1y), vp(a) = (8 ), With the 7

component of vy(a) is sj(1 < j < n) and the other components of it are
all zeroes. Let B =Py +Bg +--+PB, be any element in F[y,|Ir € Q],
where f; are non-zero homogeneous elements, we define
v1(B) = min{v;(B; )1 < i < m}. As usual, we can extend the map v; to

K\{0}, which is a valuation of K. Let V; be the valuation ring of K

determined by v;. Since of(t) is just shifting and for any of™' e K,
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VlocB_l = Vly‘:llyj; yZ‘ for some n,ry, -+, 1, € Q, s, 89, ++, 8, € Z.

Hence o(t)(V;)=V; for any ¢t € Q. Then M = Q. V; is invariant by

Theorem 3.10. o(1) (yo)V; = »1Vi # Vi, so Ty is not abelian.

(2) Let G = Z. A valuation vy of K is determined by the following:
vg(a) = 0 for any non-zero a € F, vy(y,) =1 for any r € Q. Let Vy be

the valuation ring of K determined by vg. Then, it is easily seen that

M = Q and o(r)(k)Vy = kVy for any k € K. Hence V, is invariant and

FVE is abelian by Theorem 3.10 and Corollary 3.11.

(3) Let G = Z. A valuation vy of K is determined by the following:
vs(a) = 0 for any non-zero a € F, vg(y,) =0 for any r # 0, vg(yg) = 1.

Let V3 be the valuation ring of K determined by vs. For any r # 0,

o(r) (v0) = ¥y o(r) (y_r) = ¥o. Hence M = {0}, st(V3) = A and Iy, =Ty

(4) Let G = Z. A valuation v, of K is determined by the following:
vy(a) =0 for any non-zero a € F, vy(y,) =0 for any r ¢ Z, vy(y,) =1
for any n € Z. Let V4 be the valuation ring of K determined by v,. For
any r ¢ Z,o(r)yy)=2,, which implies that r ¢ M. For any
neZ,on)(ys) = y,+s» which implies that o(n)(Vy)=V,. Hence

M = Z. For any n € Z, o(n)(k)V, = kV,. Therefore, Ty, is abelian.
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