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Abstract

Let V be a total valuation ring of a skew field K, Q be the addictive
group of the rational numbers, and Aut(K) be the group of
automorphisms of K. Let o:Q — Aut(K) be a group
homomorphism, K|[Q, ] be the skew group ring of Q over K and

K(Q, o) be its quotient ring. We consider extensions of V in K(Q, o).

Set R ={agp+ arlxrl + e +a,.erk|ri €eQt, a9 €V, ar, € K} and
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S = {1+a,1xr1 ot arerk|ri e QY ay, € K}. It is shown that S is
an Ore system in R and Ry = S7IR is an extension of Vin K(Q, o).
Similarly, we can get R(_l), an extension of Vin K(Q, 5). Let G be
compatible with V. Set R = {Za,xr| r>0,a, €V for any r} and
S = {z a,x"|r 20, a, € V and at least one a, € U(V)}. It is shown

that S is an Ore system in R and S7IR is an extension of V in

K(Q, o).
1. Introduction

Let K be a skew field and V be a total valuation ring of K. We assume
that V # K throughout this paper. Let ¢ : Q — Aut(K) be a group

homomorphism and K[Q, o] be the skew group ring of Q over K. In [6],
it was proved that K[Q, ] had a quotient skew field K(Q, o). Let ¢ be

a monomorphism of K. In [2], the authors considered the extensions of V

in K(x; o, §). In [1], extensions of Vin K(x, o) have been studied. Also,
total valuation rings in Ore extensions or in skew polynomial rings have
been studied in [3]. Let ¢ be an automorphism of K. The structure of
graded extensions of V was studied in [5], [7], and [8]. Q is the simplest
divisible group. It seems interesting to study the extensions of V in
K(Q, 6). In [9], the authors studied the graded extensions of V in
K[Q, 5]. The aim of this paper is to study the extensions of V in

K(Q, o).
2. Preliminaries

In this section, we collect some notations, definitions and known

results.
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Definition 2.1 ([2]). Let V be a subring of a skew field K. If for any
non-zero k € K, either k eV or e V, then V i1s called a total

valuation ring of K.

Definition 2.2 ([1]). Let V be a total valuation ring of a skew field K.
Let F be a skew field containing K and R be a total valuation ring of F.
If RN K =YV, then R is called an extension of Vin F.

Definition 2.3 ([4]). Let R be a ring with no divisor and S be a

multiplicatively closed subset of R. If for any a € R, ¢ € S, there exist
beR,deS such that da = bc, then S is called a left Ore system.

Similarly, we can define a right Ore system. If S is both left Ore system

and right Ore system, then S is called an Ore system.

Theorem 2.4 ([4]). S is a left (right) Ore system if and only if the left
(right) quotient ring ST*R(RS™') exists.

Let o : Q - Aut(K) be a group homomorphism. Then K[Q, ¢] = {>’

ayx"t|a, € K, 1; € Q} with x"a = o(r;)(a)x™ for any a € K. Let Rbe a
ring. We denote the Jacobson radical of R by J(R) and the units of R by
U(R). Set

R ={ay + apx + -+ a, x|, > 0,09 €V, a, €K forany i},
and
S={+ anx + -+ a, x™[r >0, a, e K forany i}.
We can easily get the following lemma by [1].

Lemma 2.5 ([1]). For any t > 0, set R, = {ag + a1’ + - + a,x"|aq
eV,a; €K forany i} and S; = {1+ ayxt + -+ a,x™|a; € K forany i}.
Then St is an Ore system in f?t and é{lf?t is a total valuation ring of

K(x!, ot)).
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Definition 2.6. Let K be a skew field and V be a total valuation ring
of K. Let 6 : Q » Aut(K) be a group homomorphism. We say that ¢ is

compatible with Vif for any r € Q and a € K, o(r)(a) € V if and only if
aeV.

Lemma 2.7 ([2]). Forany t > 0, set R, = {Z?zoaixti|ai eV forany i}
and S; = {Z?:Oaixti|ai e V and at least one aj € U(V)}. Assume that o

is compatible with V. Then S; is an Ore system in R; and S[lfift isa
total valuation ring of K(x', o(t)).

It is easy to get the following lemma.

Lemma 2.8. For any fi,fo, . f; € Ry = {Z?zlarixrﬂri >0, a, € K},
1
there exists a natural number m such that fi, fo, -+, f; € K[x™, G(#)]

Proof. Let f; = a,x™ +--+a,x". Assume that r; = %, s; € Z,
Y 1

T

1
n; € N for any i. Let my = nyng ---n;. Then f; € K[x™, G(le)] Similarly,

1
we can get mg, -+, m;, such that f; e K[x™, G(#)], i=2 --,1 Set
1

1
m = mymg ---m;. Then f; € K[x™, G(#)] for all i. O

The following lemma 1s obtained in [6], we give a proof for reader’s

convenience.

Lemma 2.9 ([6]). Ry is an Ore ring and K(Q, o) is its quotient skew
field.

Proof. For any f € Ry, g € Ry \{0}, there exists an m € N such

1 1
that f, g € K[x™, 0(%)] Since K[x™, 0(%)] is an Ore ring, there exist
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1 1
fi, fo € K[x™, G(#)] and g, g9 € K[x™, G(#)]\{O}, such that
g1f = f18, fgy = gfs. Hence R, is an Ore ring. If a = g7'f € K(Q, o),
1
then o € K(x™, G(#)) Hence K(Q, o) is the quotient skew field of R,.

O

3. Extensions of Vin K(Q, o)

Let 6 : Q - Aut(K) be a group homomorphism. In this section, we
will study the extensions of Vin K(Q, o). Let Q" = {r € Q|r > 0} and
Q ={reQ|r<0}. Set R={ay+ anx 4+ a, e QY a9 €V,
a, € K for any i}. It is a subring of K[Q, c]. Set S={1+ apx™ et
a, x*|r; € Q%, @, € K for any i}. We will show that S is an Ore
system in R and S7'R is a total valuation ring of K(Q, o).

Theorem 3.1. Let V be a total valuation ring of a skew field K. Then

V has at least the following two standard extensions Ry and R in

K(Q, 6). The valuation ring Ryy of K(Q, o) with the property that
ax” € J(Ry)) for all ae K,reQ". The valuation ring Ry of

K(Q, o) with the property that ax” € J(R(_y)) forall a e K, r € Q™.

Proof. Set S = {1 +a,x" +-+a, x|, €Q", a, € K for any i}.
It is trivial that S is a multiplicatively closed set. Let f € R and g e S.

1
Then there exists an n € N such that f, g € K[x", G(%)] by Lemma 2.8.

1 El A
={ag + qx" +--+axx"|lag e V,a; € K for any i}, S

Let 1 1 =
n n
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A

1 z
{1+bx® +--+bx"|b; € K for any i}. By Lemma 2.5, is an Ore

1
n

system in ZA{L. Hence there exist fi, fy € ZA{L, 81, 89 € SL, such that
n n n

A A

aif = fi8, fgo = 8fs, }A?L c R and c S. Therefore S is an Ore

1
n n

system.

For any o € K(Q, o), let o = g'f, f € Ry, g € Ry\{0}. Then there
1 1
exists an n € N such that f, g € K[x", G(%)] Then a € K(x", G(%))

A1 1
By Lemma 2.5, SIIRL is a total valuation ring of K(x", 6(%)), either
nooon

1 c S~'R. Hence

1
n

We note that SI

n

o e 1Lor ofleSIl 1.
n nooon

BN

SR is a valuation ring. If a € STRN K, then a e é;lfﬁ NK=1V.

n n

Therefore, ST'R is an extension of Vin K(Q, ). We denote it by Ry).
The construction of Rj) implies that ax” e J(R)) for all a € K and
reQ®.

Conversely, let R be any extension of V in K(Q, ) with
ax" e J(R) for all aeK and reQ. It follows that all
expressions of the form 1+a,x" +--+a,x'* with 1, e Q" are
units 1n R. Since R c R, R(l) c R. For any non-zero
element o =g 'f e K(Q o), [, geRy-= {Zarixrﬂari e K,r, >0}
Let f=a,x" +ayx? +--+aux" with n<n<-<r and
8 = by x™ +bg,x™ + - +byx™ with s <sy <. <5 We have the

equation
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f= arlx’"l (1+o(- rl)(a;llarz )xrz—r1 +- 4 o(— rl)(a;llart )x’“t—'"l )

7
= arlx lfl’
and

8 = bslxsl (]_ + G(— 31)(1)8*11()82 )xSZ*Sl + oo G(— sl)(bgllbsl )xsl_sl )
= bslxslgl,

with f;, g, € S. Then g7'f = g7lo(- 31)(bs_11arl )& T8f L If o e R, then

n-s >0 or p =58 and of- 31)(bs_11a,Z )eV, ie, o€ Ry). Hence

R = R).

Let I-A?(_l) ={ag +apx +-+a, x|, €Q,a) eV, aq, e K for
any i} and S(—l) ={l+ayx" +-+a,x™r, e Q, a, € K for any i}.
Similarly, we can get that R(_l) = é(: ll)f%(_l) is an extension of V in
K(Q, ) with the property that ax” e J(R_;)) for all a e K and
reQ. ]

Theorem 3.2 Let o be compatible with V. Then we have the
following:

(1) Set R={> a,x"|r20,a, eV} and S ={> a,x" e R| at least one

a, € UWV)}. Sisan Ore system in R.
(2) S7IR is an extension of Vin K(Q, o).
Proof. (1) For any f e R and g € S, there is an n e N with

1 A
f, g € K[x", 0(%)] by Lemma 2.8. Let R; = {Zizoaixﬂai eV} and
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S; = {Zizoaixﬂai eV and at least one a; € U(V)}. By Lemma 2.7,

S; is an Ore system in R;. Then there exist f, fo € R; and
n

n

3|~

g1, 82 € S; such that gf = fig, fgo = gfs. Since Ry < R, S; < S.
Hence S is an Ore system in R.
(2) For any o =g !f € K(Q, c) with f e Ry, g € Ry\{0}, there

1
exists an neN with f,geK[x”,c(%)] by Lemma 2.8. Then

1
oe K(xn, G(%)), Since SleL is a total valuation ring by Lemma 2.7,
nooon

either o e SIlRl or o !e SleL. We note that SIlRL c S7IR.

Hence S7'R is a total valuation ring of K(Q, c). If o € STTRN K, then

o e SfRL N K = V. Hence S7'R is an extension of Vin K(Q, o). O

We denote SR by Vip)- Set

A" ={Zarxr|re(@,a, eJ(V)if r<0 and a, € V if r > 0},
and
S(Ji) = {Zarxr|r €eQa, eJV)ifr<0,ayp eUV), a, €V if r > 0}.

Using the result of [7], similar to the proof of Theorem 3.2, we can prove
that Sa) is an Ore system of A" and V&) = (Sa) )L A* is an extension of

Vin K(Q, o). Set
A~ :{Zarxr|re(@,ar eJ(V)if r >0 and a, €V if r <0},

and
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Sy = {Za,xr|r €eQa, eJV)ifr>0,ap eUV),a, eV if r<0}.

Similarly, we can prove that Sg) is an Ore system of A~ and

Vi = (S(_l))_lA_ is an extension of Vin K(Q, o). The above result can
be found in [9].

Corollary 3.3 ([9]). Let o be compatible with V. With the above
notations, Va) and V() are extensions of V in K(Q, o). Furthermore,

ity < Vi and Vi) < V.

It follows from the next result that an extension R of V exists in
K(Q, o) that contains x” for all r € Q if and only if ¢ is compatible
with V.

Theorem 3.4. There exists an extension R of V in K(Q, o) with

x" € U(R) forall r € Q if and only if c is compatible with V.

Proof. Assume that R is an extension of V in K(Q, o) with

x" € U(R) for all r € Q. We have x"a = o(r)(a)x” for all a € K. Hence
a € U(R) if and only if o(r)a) € U(R). Therefore, a € U(V) if and only
if o(r)a) € U(V). It implies that ¢ is compatible with V. Conversely, if

o is compatible with V, then S™!R is an extension of Vin K(Q, ) with

x" € U(R) for all r € Q by Theorem 3.2. O

4. Example

In this section, we will provide a concrete example of K(Q, o) that o

1s compatible with V.

Example Let K = F(y,|r € Q) be the rational function field over a
field F in indeterminates y,(r € Q). Let o : Q — Aut(K) be a group
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homomorphism defined by the following; for any r € Q, o(r)(a) = a for all
aeF,o(rNys) = yy.s for any y,. Let G = 7@ which is a totally ordered
abelian group by lexicographical ordering. We define a valuation v of K as
follows: v(a) =0 for any non-zero a € F and for any non-zero
homogeneous element a = yfll yf22 yf: (r <ry <-rg<ry),v(a)=(sp )(keZ)’
where (s, )(k cz) is the element in G such that the r;-component of v(a) is

i1 <j<n) and other components of it are all zeroes. Let
B =Py +PBg ++P, beany element in F[y.|r € Q], where B; are non-
zero homogeneous elements, we define v(B) = min{v(B;)]1 <i < m}. As
usual, we can extend the map v to K\{0}. Let V be the valuation ring

determined by v. Since o(t) is just shifting and for any ap~'eK,

-1 81 .S s
Vop™ = VyrllyrZ2 ---yr: for some n,mn, -, 1, €Q, s, 89, ", S, €Z.

Hence o is compatible with V. Therefore, R(l), R(_l), V(l), V(Jlr), and V({)

are extensions of Vin K(Q, o).
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