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Abstract 

In this note, we intend to propose a chrysippian modal valent-θ  view of the 

hydrogen atom in quantum physics. 

1. Introduction 

Orbitals are specific regions of space where electrons may exist. The 

hydrogen atomic orbitals depend upon three quantum numbers ln,  and ,m  

the principal quantum number …,2,1=n  specifies the energy of an electron 
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and the size of the orbital; the secondary quantum number 1,,0 −= nl …  

specifies the shape of an orbital with a particular principal quantum 

number; the magnetic quantum number lm ,,0,,1 ……−=  specifies 

the orientation in space of an orbital of a given energy n and shape .l  

For a hydrogen atom, with ,1=n  the electron is in its ground state; if 

2=n  the electron is an excited state. The total number of orbitals for a 

given value n  is .2n  

According to what proceeds, it appears that quantum numbers are 

elements of the chains ( ) ( ) ( ).,,,,,, ≤≤≤ CZN …  From a given closed 

chain I  of ordinal ,θ  one can define the canonical valent-θ  LuKasiewicz 

algebra defined by I  denoted ( )., αθ Φ= II  In [1], F. Ayissi Eteme 

defines the valent-θ  chrysippian ring as the modal valent-θ  chrysippian 

completion of a valent-θ  LuKasiewicz algebra. The valent-θ  chrysippian 

ring is a algebraic representation of a non classical chrysippian 

multivalued logic named the modal valent-θ  chrysippian logic [1]. 

From the modal valent-θ  chrysippian logic F. Ayissi Eteme defines in 

[1] the notions of θm  sets, of θm  algebraic structures which allow to 

define in [3, 4, 5, 6, 7, 8, …] the notions of θm  codes. In this note, we 

intend to look the quantum numbers as elements of the θm  sets 

( ),, αFpZN  ( ) ( ) ( ) ( )αααα FFFF pppp ,,,,,,, ZZZZ CRQZ  and then give a 

definition of a modal valent-θ  chrysippian ( )θchrm quantum bit which 

would allow the implementation of the applications that come from θm  

chrysippian logic as soon as θm  algebraic structures. In the Section 2, we 

present the modal valent-θ  chrysippian completion of a Lukasiewicz 

algebra. In the Section 3, we present the intrinsic natural quantum logic 

of the hydrogen atom. In the Section 4, we define the intrinsic anatomy of 

the θm  set ( )., αFQSH pZ  In the Section 5, we give the intrinsic θm  

algebraic structure of the hydrogen atom .H  Finally in Section 6, we give 

a conclusion of this paper. 
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2. The Valent-θθθθ  Chrysippian Completion of  

a LuKasiewicz Valent-θθθθ  Algebra 

2.1. The valent-θθθθ  Lukasiewicz algebra and the valent-θθθθ  chrysippian 

ring ( )θθθθach  

Definition 2.1.1. Let J  be a closed chain of ordinal θ  and { }.0�JJ =
⊻

 

A valent-θ  Lukasiewicz algebra is a structure ( ( ) ),0,1,,,,
⊻

JL ∈ααΦ��  

where 

(1) ( )01,,,, ��L  is a closed distributive latice. 

(2) αΦ∈α∀ ,
⊻

J  is an endomorphisme such that ( ) 00 =Φα  and 

( ) .11 =Φα  

(3) .,, ββα Φ=ΦΦ∈βα∀ �
⊻

J  

(4) ( ).,, αβ Φ≤Φ⇒β≤α∈βα∀
⊻

J  

(5) ( ) ( )( ) ., yxyxJ =⇒Φ=Φ∈α∀ αα⊻
 

(6) αΦ∈α∀ ,
⊻

J  is an chrysippian operator (i.e., ( )xLx αΦ∈∀ ,  is an 

chrysippian element, i.e., Ly ∈∃!  such that ( ) 0=Φα yx �  and 

( ) ).1=Φα yx �  

Definition 2.1.2. One calls a valent-θ  chrysippian ring a tuple 

( ( ) )
∗∈ααΩ IA,  denoted ( )αΩ,A  for short, where 

(1) A is a boolean ring. 

(2) I  is a closed chain 1,0  of ordinal θ  and { }.0�II =∗  

(3) α∗ Ω∈α∀ ,I  is a boolean endomorphism of A  such that ,, ∗∈βα∀ I  

( ).βα Ω=/Ω⇒β=/α  
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(4) .,, ααβ∗ Ω=ΩΩ∈βα∀ �I  

(5) ( ) ( )( ) ., yxyxI =⇒Ω=Ω∈α∀ αα∗  

Definition 2.1.3. Let ( )αΩ,A  be a valent-θ  chrysippian ring. 

(1) An element Ax ∈  is said invariant-θ  if ( ) ., xxI =Ω∈α∀ α∗  

(2) Let B  be a sub set of BA,  is said invariant-θ  if xBx ,∈∀  is 

.invariant-θ  

Proposition 2.1.1. Let ( )αΩ,A  be a valent-θ  chrysippian ring. An 

element Ax ∈  is θ  invariant if ( ) ., xxI =Ω∈µ∃ µ∗  

Proof. Let ,Ax ∈  if ∗∈µ∃ I  such that ( ) .xx =Ωµ  Let ,∗∈α I  

( ) ( )( ) ( ) .xxxx =Ω=ΩΩ=Ω µµαα  

Theorem 2.1.1. Let ( )αΩ,A  be a valent-θ  chrysippian ring. 

Let { ( ) ( )( )}.,, xxIAxLA αβ∗ Ω≤Ω⇒β≤α∈βα∀∈= �  

If ( ),,, βα∗ Ω=/Ω⇒β=/α∈βα∀ I  then ( )
LA

LA αΩ
, is a valent-θ  

LuKasiewicz algebra. 

Proof. ( ) LAxAA ∈Ωα,1,0  for every ;, AxI ∈∈α ∗  thus LALA ,o/=/  

is a sub distributive latice of A  

.,,
LALA

I βα ΩΩ
βα∗ =/⇒Ω=/Ω∈βα∀  

2.2. The θθθθm  chrysippian completion of a valent-θθθθ  LuKasiewicz 

algebra 

Let ( )αΩ,L  be a valent-θ  LuKasiewicz algebra. Let ( )LCB =  the 

boolean ring of chrysippian elements of .L  
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For ,Lx ∈  let set ( )( )
∗∈ααΦ Φ= Ixx  a family of elements of 

.: ∗∈Φ
IBxB  The map Φxx ֏  injects L  in .∗I

B  

∗I
B  is a boolean ring for its product laws: 

( ) ( ) ( )ααααααα =− VUVU ��  

( ) ( ) ( )ααααααα =− VUVU ��  

( ) ( ) .ααα =− UU ��  

Thus ( )αΦ = 11  and ( ).00 αΦ =  

For 11, =∈α α∗I  and .00 =α  

We then write Φ= 11  and ∗⊆= Φ
IBB:00 ( )αΩ∗ ,IB  is a 

valent-θ  chrysippian ring ( ) ( ) .,, αααα∗ =Ω∈=∀∈α∀ ∗ UUUU
I

BI  

Definition 2.2.1. ( )αΩ∗ ,
I

B  is called the θm  chrysippian completion 

of the valent-θ  LuKasiewicz algebra ( )αΩ,L  denoted ( ).LBθ  

( ) ( )., α
θ Ω= ∗I

BLB  

Example 2.2.1. Let I  be closed chain 1,0  of ordinal .θ  Let ,Ix ∈  

∗∈α I  and ( )




 ≤α

=Φα

notif0

if1 x

x  ( )αθ Φ= ,II  is the canonical valent-θ  

LuKasiewicz algebra defined by .I  

( ) { }.1,0=IC  

Notation. The θm  chrysippian completion of ( ),, αθ Φ= II  ( )θ
θ IB  

will be denoted in what follows θ2  or nθ
2  if I  is an n-valent chain with 

.2>n  
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3. The Intrinsic Natural Quantum Logic of the Hydrogen Atom 

In what follows, H  represents the hydrogen atom, one of those atoms 

known as the simplest; QSH the set of its quantum states; QSHN  that of 

its natural energy levels: its principal quantum numbers. It is assumed 

that .NN ≅QSH  Let pp θ=θ∈ ∗ ,N  its ordinal, p  taken say, as the 

limit visible energy level of the spectrum of .H  

Psychologically note 0SH  or ZSH  the set that I call the Z-quantum 

states of ,: ZSHH  any state when H  does not longer exist from a 

quantum point of view : the excitation-∞  states of 1; SHH  is the set of 

ground states of ,H  say the least excited states of 2; SHH  that of the 

first excited states after 11 ,, −pSHSH …  the last excited states of H  

before .ZSH  

Let { }1,,1,0 −= pI p …  

{ }.,,, 110 −= pH SHSHSHI
p

…  

Proposition 3.1. Let 

j

Hp

SHj

II
h

p

֏

→
:  be a map. Let ( ) { }1;;1, −∈ pji …  

{ }1;;1;0 −× p…  and ( )




 ≤−

=ϕ

.0

,1

notif

jiifp

ji  

(1) ( )ipI ϕ;  is a valent-θ  LuKasiewicz algebra that h-induces a 

valent-θ  same structure on 
pHI  as follows: 

( ) { } { } ( )





 β≤α

=ϕ−×−∈βα∀
−

βα

.

,

,1;;1;01;;1,

0

1

notifSH

ifSH

SHpp
p

……  

(2) ( )αϕ;
pHI  is a valent-θ  LuKasiewicz chain. 
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Proof. h bijects the natural order of pI  over ,
pHI  and then the proof 

results. 

Definition 3.1. ( )αϕ;
pHI  is called the Moisil valent-θ  chain of 

energy levels of .H  

Notation. Let denote ( ) .; 1;;1 −=ααϕ= pHI ppH
IM

…
 

Proposition 3.2. Let ( ( ) )α
θ ω=θ ,

pp HH IBIchrm  the θm  chrysippian 

completion of .2θθ
≅θ

ppH HI IchrmM  

Proof. It comes by definition. 

Definition 3.2. 
pHIθchrm  is called the θchrm  completion of natural 

θchrm  energy levels of H : The intrinsic natural logic of energy levels of 

.H  

Proposition 3.3. (1) ( ) ( )( ).xxMx
pHI αβ ϕ≤ϕ⇒β≤α⇒∈  

(2) µ′µ∃⇒θ∈ ≨
pHp IH MIx �chrm  in { } ( ) ( ).,1,,1 xxp µ′µ ωω− ≨…  

Proof. Results from the definition of 
pHIM  and .chrm

pHIθ  

Remark. With QSH  the set of all quantum states of ;H  the θchrm  

logic of energy levels of :H  

(( ) ) θ
α

θ θ
≅ω=θ 2,chrm

pp HH IBI  associates an intrinsic natural 

θchrm  set structure ,ZpQSH  the θm  set of θm  quantum states of ,H  

better say of ( )αFQSHH ppZ ,: Z  about what structure very many 

observations should worth making. 
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4. The Intrinsic Anatomy of ( )ααααFQSH p ,Z  

If it is admitted that an energy state Hx  in QSH of H is known if its 

electronic layer repaired by ,N∈n  its sub layer l of the layer ,n  

,10 −≤≤ nl  and its state m  in the sub layer 

lllml ,,1,0,1,,1,: …… −+−−=  are all known , one defines: 

( )
,:

nxx

IQSH

HHH

p

H

=

→

V

V

֏

 where n  is the principal quantum 

number of ,Hx  

( )( ) ( )
.10;

,

:
2

2

2 −≤≤

=

→
nl

xlxx

IQSH

HHHH

p

H

VV

V

֏

 

( ) ( ( ) ) ( )
;

,,,
:

23

3
3

mlnmxxx

IQSH

HHHH

p
H

==

→

VV

V

֏

 

.,,1,0,1,,1, lllm …… −+−−=  

The following diagrams are commutative: 

 

By definition ( )32 , HHH VVV  is surjective and � ( � � )
2 3

,H H HV V V  injective by 

construction. Thus � ( � � )
2 3

,H H HV V V  bijects 







32 ,
HH

H

QSHQSHQSH

VVV ���  

over ( )., 32
ppp III  
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Therefore since the θchrm  extension of pI  is ,2chrm θθ
≅θ pI  then 







θ 32 ,chrm

HH
H

QSHQSHQSH

VVV ���  thus is well defined and then, say: 

( � ) ( � )
2

2

2
chrm 2 ; chrm 2 ; chrm

p pH H

QSH QSH QSH
H H

θ θθ θθ ≅ θ ≅ θ� � �V V
V V  

( � )
3

3

3
2 .

p
H

H
θ θ≅

V
V  

� ( � � )
2 3

, spec
p p pH H H p mθV V V

Z
 extends to respectively: 

� ( )
1 1

: 2
p

p
p Hp

QSH p
H V

− −θ→�ZZ Z
V  

� ( ) ( )1

2

2 2 1
: 2

p
p

p
Hp

QSH p
H

− −θ→�ZZ
Z

V
V  

� ( ) ( )1

3

3 3 1
: 2

p
p

p
Hp

QSH p
H

− −θ→�ZZ
Z

V
V  

as follows. 

If ( )





































=σ==

0

0

1

1

1

⋮

⋮

nHH nxV  n-times, .2θ∈σn  Identifying 1 to 

,11 −= p
pI  thus Zppp nIn ⇔∈∈

























=σ

























=σ





















=σ θ
− ,2

1

1

1

1

,,

0

0

1

1

,

0

0

1

121

⋮

…

⋮
⋮
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( ) ( ){ }.1,,1,0 ZZZ pppp pI −=∈ …  Define 
Zpnσ  as 





























=σ

0

0

1

1

⋮

⋮

Z

Z

Z

p

p

np
 n-times 

after what, observe that so written, 
Zpnσ  economically should really be 

identified to 



















=σ

Z

Z

Z

p

p

np

1

1

⋮  n-times and this way 

( ) ( )1,,2,111 −==σ ppp
⋯ZZ

 

  ( )
1

2,,, 121

−θ
− ∈σσσ=

p

p⋯  

( )2

11

11

2

1
2

−θ

−

−
∈















σσ

σσ
=σ

p

p
p

p

⋯

…

Z
 

( ) ( ) .22
1

11

11
11 −θθ

−

−
−−

⊆∈



















σσ

σσ

=σ pn

p

p

n

pp

p

⋯

⋮⋮

⋯

Z
 

Thus, ( ) ,2,
11 −θ −

∈σ∈∀ p
np

p

p
In

Z
 indeed if � ( ) 2 ,

pH H nx n θ= = σ ∈V  

then � ( ) ( )
1 1

2 .
p

p p p

p
H H p nx n

− −θ= = σ ∈Z Z ZZV   
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If �22 2: :
pHH pQSH I→V V  ( ) ( ) ( )

2
, , 2 ; 0 1,H n lx n l l nθ= = σ σ ∈ ≤ ≤ −  

then 

� ( ) ( )
2

,
p p p p

H H n lx = σ σZ Z Z Z
V  

( ) ⊆∈




























σσ

σσ




























σσ

σσ

= +θ

−

−

−

−
− ln

p

p

p

p
p

ln
1

2times-times,-

11

11

11

11

⋮⋮⋮⋮  

( ) ( )
.2

121 −θ − pp
  

If 

� ( ) ( )
3

, , , 0 1; , 1, , 1, 0, 1, ,
pH Hx n l m l n m l l l= ≤ ≤ − = − − + −… …V  

( )
3

, , 2 ,n l m
θ= σ σ σ ∈  

then � ( ) ( ) ( )
13

, , 2 ,
p

p p p p p

n l m
H H n l mx

− + +θ= σ σ σ ∈Z Z Z Z Z
V  thus �3

pH ZV  

( ) ( ) ( )1 3 1
2 .

p

p

p
Hx

− −θ∈
Z

 

Theorem 4.1. The following diagrams are commutative: 
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Proof. Results from the fact � � � �2 3
, , , ,

p p p pH H H H ZV V V V � �2 3
,

p pH HZ ZV V  

are the chrmθ  isomorphisms. 

Definition 4.1. , .
pH H px QSH x QSH∀ ∈ ∀ ∈
Z Z  

(1) Call ( )( ( ) ( ))HHHHHH xxx
ppp

32 , VVV  the quantum value (degree) of the 

quantum state Hx  of ( ) ( ) ( ) .2,2,2:
32 32 θθθ ∈∈∈ HHHHHH xxxH

ppp
VVV  

(2) Call ( ) ( ( ) ( ))
ZZZZZZ pppppp HHHHHH xxx 32 ,VVV  the θchrm  quantum 

state 
ZpHx  of .ZpH  Therefore; 

If ( ) � ( ), 2 ,
pHH H p Hx n I x θ= ∈ ∈V V  then � ( ) ( )

1
2

p

p p

n
H Hx

−θ∈Z Z
V  

( )
1 1

2 .
p p− −θ⊆  

If ( ) ( ) � ( )
222 2, , 2 ,

pHH H p Hx n l I x θ= ∈ ∈V V  then � ( ) ( )
12

2
p

p p

n l
H Hx

− +θ∈V Z Z
 

( ) ( )1 2 1
2 .

p p− −θ⊆  

If ( ) ( ) � ( )
333 3, , , 2 ,

pHH H p Hx n l m I x θ= ∈ ∈V V  then � ( )
3

p p
H Hx ∈V Z Z

 

( )
1

2
p n l m− + +θ ( ) ( )1 3 1

2 .
p p− −θ⊆  

(3) Define a chrmθ  quantum bit as the atom of chrmθ  quantum 

value (degree) of chrmθ  quantum states: any σ  of 2 .θ  
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(4) Define a chrmθ  θ-quantum bit as any 
1

2 ,
p−θσ ∈  with 

( )1, 2 .p− θ
α∀α ω σ ∈  

Observation 

Let 
QSH

M θ  the Moisil valent-θ  set of all quantum states of H and 

chrm QSHθ  the set of chrmθ  quantum states of H. 

Obviously any quantum state is a chrmθ  quantum state. 

Nevertheless any chrmθ  quantum state that is not in 
QSH

M θ  is not a 

natural quantum state, but its modalities are quantum states. 

There should be as number chrmθ  quantum values all σ  of any of 

( ) ( ) ( )
2 3 1 1 1

2 , 2 , 2 , 2 , 2 , 2 ; 0 1; ;
p p pn n l n l m

l n l m l
− − −+ + +θ θ θ θ θ θ ≤ ≤ − − ≤ ≤

.pn I∈  

Definition 4.2. Let 
pHq
Z

 be a chrmθ  quantum state. One calls 

negation of ,
ZpHq  notation ,

ZpHq�  any element of ZpQSH  with chrmθ  

quantum value � ( ) ( � ( ) � ( ) )
2 3

, .
p p pp p p

H H HH H Hq q qZ Z ZZ Z Z
V V V� � �  

Remark. Let , chrm :
QSH QSH

H H Hq M q QSH M qθ θ∈ ∈ θ� � �  is not a 

natural quantum state. 

Theorem 4.2 (Characterization of a θchrm  quantum state x). Let 

,px QSH∈ Z  

(1) ( { } ( ( ) ), 1, , 1 ,
p

QSH
Hx M p xθ β α∈ ⇒ ∀α β ∈ − α ≤ β ⇒ ω ≤ ω… V
Z

 

( ( ) ) ).
pH x
Z

V  

(2) ( ( ( ) ); 1, , 1 :
p

QSH
p Hx QSH M p xθ ′µ µ′∈ ⇒ ∃µ µ − ω ω…

ZZ ≨ ≨V�  

( ( ) ) ).
pH x
Z

V  
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Proof. It comes by the definition of 2θ  and of ( ) .,2
1 ∗θ ∈

−
Nk

k
p

 

5. The Intrinsic Algebraic Structure of H 

Let denote by ( )2D  the following diagram: 

. 

The commutativity of ( )2D  is presented in [2] (P.1). 

Let ,QSHqH ∈  thus ( )., α∈ FQSHq pHp ZZ
 If ( )) =HH

q
p

3
V  

( ) { } ,,,1,0,,;1,,1,0;,2,,
3

llmmlIn pmln ……… −=−∈∈∈σσσ θ  

then ( ))
ZZ pp

HH
q3

V  ( ) ( ) .2,,
1 mln

mln

p

ppp

++θ −
∈σσσ=

ZZZ
 

{ } ( )ZpnFp α−∈α∀ ,1,,1 …  represents the quantum energy of an 

electron and the size of the orbital, ( )ZplFα  represents the shape of an 

orbital with a particular principal quantum number ( )ZpnFα  and 

( )ZpmFα  specifies the orientation in space of an orbital of a given energy 

( )ZpnFα  and shape ( ).ZplFα  

It then appears that the following diagram: 

 

formally from a quantum point of view, may be taken as a quantum 

commutative diagram. 
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Definition 5.1. (1) Call chrmθ  monoïd of chrmθ  natural quantum 

states of the atom H the chrmθ  structure ( )., α= FQSHH pp ZZ  

(2) Call chrmθ  atom with the frame the atom H, the following couple 

of chrmθ  structures 
( )

( ) .,,2
31 13

13





















ω






= −

α

−
θ

θ

−

Zp
p

p

HH
p

 

6. Conclusion 

According to all what proceeds we can conclude that the atom H has 

as an intrinsic natural logic, the chrmθ  logic whose ( )α
θ ω,2  is its 

algebraic representation : its natural intrinsic quantum logic that induces 

ZpQSH  its chrmθ  structure of quantum values. 
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