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Abstract

Bounds for the torsional rigidity of cylindrically anisotropic bars with one plane
of elastic symmetry perpendicular to the axis of bar are derived making of use
the two minimum theorems of elasticity. All results of the paper are based on
the theory of uniform torsion which was developed by Saint-Venant and
Prandtl. Illustrative example shows that the one term approximation leads to
relative close bounds.
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1. Introduction

While the Saint-Venant torsion of homogeneous Cartesian anisotropic
linearly elastic bars has been the subject of several studies from both
theoretical and numerical viewpoints [1-7, 14, 15] until then relative few
articles and books deal with the task of torsion problem of cylindrically
anisotropic bars [2, 3, 4, 6, 8-13]. The object of this paper is the Saint-
Venant torsion of homogeneous cylindrical orthotropic solid elliptical
cross section. The cylindrical anisotropic materials having a linear elastic
stress-strain relations can possess a unique coupling between the radial
and circumferential directions. The cylindrical orthotropy is a lower level
of the cylindrical anisotropy it has a weaker coupling between the radial
and circumferential directions as in the case of cylindrical anisotropy. The
bar with elliptical cross section is an important structural component the
investigation of its deformation under the torsional load is the subject of

several text books of elasticity [1, 5, 6].
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Figure 1. Saint-Venant torsion of cylindrical anisotropic bar.

We consider the Saint-Venant torsion of cylindrical anisotropic
linearly elastic homogeneous bar with solid cross section. The polar

coordinate system Or@z is positioned at the left end cross section of the

bar as shown in Figure 1. The applied torque is 7' and the rate of twist

with respect to axial coordinate z is denoted by 8 and the length of the
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bar L. The cross section of the bar is a simply connected bounded two-
dimensional domain A and its boundary curve is dA. The arc length
coordinate defined on dA is s and the component of normal vector n in

polar coordinate system is n,, Ng. The unit vectors of the polar
coordinate system Orgz are denoted by e,(9), e,(¢), and e, as shown

in Figure 1. For cylindrical anisotropic elastic bar the shear moduli are

Ayu, Ass, Ags = Asy. The shear flexibility coefficients denoted by
Qu4, Q55, G45 = A54. The connection between the shear moduli and shear

flexibility coefficients are as follows [2, 3, 6]:

Q55 Q44
Ayy = — g Ass = g (1)
A44055 — Q45 Q44055 — Q45
Q45
Ags = Agy = —— 45 ®)

2
Q44055 — Q45

From the non-negativity of strain-energy density, it follows that [2, 3, 4,
6]

Qqq > 0, A44 > 0, ags > 0, A55 > 0, (3)
Ay 4055 — 025 > 0, A44A55 - A4%5 > 0. (4)
2. Governing Equations

The cylindrically anisotropic bar under the uniform torsion follows
the next stress-strain relationships [2, 3, 6]

Tre = AssYre + A45Y(pz’ (5)
Toz = AysYre + A44Y(pz’ (6)

where t,, and 1y, are the shearing stresses while v,, and y,, are the

shearing strains. The inverse relations of (5) and (6) are as follows:

Yrz = A55Trz + 4570z (7)



52 I. ECSEDI and A. J. LENGYEL
Yoz = @a5Trz + QgaTgz- (8)

The shearing strains in terms of torsion function ® = o(r, ¢) can be

represented as [1-4]:
0 19
Ve = 052, Ygr = ﬂ(——‘” + r). 9)

The shearing stresses satisfy the mechanical equilibrium equation [1-5]

d ot
y(rﬂcrz)"-a_r:o’ (7', (P)GA’ (10)

and the stress boundary condition on the mantle of the bar

Tpoly + Tgeltg +0, (1, @) € 0A. (11)

It is known that Equations (10) and (11) are satisfied if

0 dU oUu
T, :7%,%2 :—ﬁy,(r, 0)e A UOdA, (12)
U(r, ) =0, (r, 9) e 0A, (13)

where U = U(r, ¢) is the Prandtl’s stress function of the solid cross

section A. The Prandtl’s stress function is the solution of the following

Dirichlet type boundary value problem [3, 4, 12, 13]:

a 82—U+a 19U _ a laz—U+0L iaz—U+2—O (r,o)e A
42 T gy 45 9rap 0 2 902 =50 ’
(14)
Ulr,9) =0, (r,9)e dA. (15)

The expression of torsional rigidity S in terms of U = U(r, ¢) can be

represented as [3, 4, 12, 13]
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AU \? 19U oU 1 (U
S = 2J. UdA = J‘|:Cl44(¥j - 2045 7?%4- (0253 —2(%) i|dA
A A r

(16)

Combination of Equations (5), (6), (9), (10) and (11) gives the torsional
boundary value problem in terms of torsion function. A detailed
computation leads to the following Neumann’s type boundary value

problem for ® = o(r, ¢):

PR 1 %0 1 %0

0w 1 Jdw 0w 1 Jdw
(A55 g + A45(7a—(p + r))n, + (A45 g + A44(?a_(p + r])n(p =0,

(r, ¢) € 0A. (18)

The expression of torsional rigidity S in terms of ® = w(r, ) can be

represented as

i d oL}
S = :!;_A557"$ + A45(a_(l) + 7"2):|dA

I 0> 0m (1 dw 1 Jdw 2
= :!; A55($) +2A45 5(7%4'7')4'1444(7%4'7') :|dA (19)
The total strain energy of the bar is as follows:
W==9LS =="—L. (20)

3. Lower Bound for the Torsional Rigidity

In this case, the minimum principle of the complementary energy of

linear elasticity leads to the following inequality [16-18]:

[[ e =], [0c o). (1)
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where U =U(r, ¢) is a statically adissible stress function which satisfies

the homogeneous boundary condition

Ulr, 9)=0, (r, 9)c 04, (22)

and its second order partial derivatives with respect to r and ¢ are

continuous functionsin A = A U9JA and H c [U (r, (p)} is defined as

N2 .~ ~N2
s ol = af Gaa— o (20 _ 9o 12000 1 (20
HC |:U(r; (P)] - 4J. UdA J. a44{ o ] 2(145 - a(p o + Q55 r2 {a(pj dA.
A A
(23)
It must be noted that
s=]].we. . (24)

It is obvious if U(r, ¢) statically admissible stress function then AU(r, @)
is also a statically admissible function for the arbitrary value of A, that is
the following inequality is valid:

1A 190 U 1 920

a 20 9 2 302
s % r r 0@ or 2 3¢

dA, - < A < oo,

(25)

By a simple calculation can be derived the inequality relations formulated
in Equation (26)

~\2 ~ ~ ~\2
it fla (O}, 10000 1 (a0
l‘[UdA 7\« J.[a44(ar] 2(145 - a(P ar +a55 r2 (a(p]
A A
2
[J-:zﬁdA}
A

o (20Y 5, 10000, 1 (30
44| or By ap or %% 2 d¢

dA

<

, =00 < A < oo,

dA

l

(26)
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The correctness of the following lower bound formula follows from
inequalities (16) and (25)

o]

[la WY _,, 13090, 1 (20
J 44| or B 9p or % 2 de

dA

4. Upper Bound for the Torsional Rigidity

According to the minimum principle of potential energy of the linear

theory of elasticity, we have [16-18]

[T, 6@ en=]T, e ol (28)

where ®=®(r, ) is a kinematically admissible torsion function and

i ~ Ii)2 95 (1 96 196V
I_IL[(O(T, (p)]—:£|:A55 (g) +2A45 5(7%4'7)4'4444 (;%4'7‘) :|dA

(29)

In Equation (28), ®= ®(r, ®) is an arbitrary function whose second order

partial derivatives with respect to r and ¢ are continuous functions in

A=A UJA. Tt should be mentioned that
s=]], ot o). (30)

It is obvious if @ = @(r, ¢) kinematically admissible torsion function then
AO(r, @) is also a kinematically admissible torsion function for arbitrary
value of A, that the upper bound given by in equality (31) is valid for S
with arbitrary A
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-~ ~ 2
SJ[A%( aa)+2A457‘a (7; gz; )+A44(7‘3—$ rj }dA, Ceo <A < oo
A

(31)

The following inequality can be proven by a simple extreme value

calculation:

~ 2
I {A%(xg—“’) 124,022 = (7; gz; r)+A44 Gg—‘q‘)’wj }dA
A

> IA44r2dA - —
0 106006, , 1 (30
J.{A% (g)+2A457%3+A44 . (a(p) }dA
A
(32)

According to inequality relation (32) the form of the sharpest upper bound

in terms of @ = ®(r, @) is as follows:

2
(J‘ |:A45raa +A44 gm}dAJ
A

S < J' Agr2dA -

P& 1 9@ 0® 1 (96>
A e | ==
HA%(SJ #2405 1 505 A (a(p) }dA

for
[ @0, 9)7aa+o, (33)
A

and

S < j Aur2dA for J’ @(r, 0)>dA = 0. (34)
A
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5. Example: Cylindrical Anisotropic Elliptical Bar

Figure 2 shows the cross section of the cylindrical anisotropic elastic
bar. The equation of the boundary curve dA in polar coordinates r and

0 is
ab

= ,0<09<2m. (35)
\/az sin? o+ b? cos? (0]

R(9)

>
S
S
I
e

b

e g L

Figure 2. Cylindrical anisotropic elliptical cross section.

Assumed form of the statically admissible function U =U(r, ) is as

follows:

Ur, ¢) = a’b? - r? (a2 sin ¢ + b? cos® (p), (r, e AUJA. (36)

Substitution of U=l7(r, ¢) given by Equation (36) into lower bound
formula (27) gives

31.3
. 2a b°n ‘ (37)
055 (a +b )+ 2ab(a44 —055)

SZSL=

In the lower bound formula (37) for a4 = as5 the sign of the equality is

valid, in this case the considered bar is isotropic.
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By the use of kinematically admissible torsion function in upper

bound formula yields the result

3 A44a3b3 (A55a2 + 2A44ab + A55b2)75
Ayy (a4 + b4) + 4A55a2b2 + 2A44ab(a2 +ab+ bz) .

S<Sy (38)

In the upper bound formula (38) for A,y = A5 the sign of the equality is

valid that is we have [1, 5]

313
b
S = A44 —a T (39)
a® + b2

9 m? 9 m?
For @=0.06m, 56=0.12m, a4y =9.5x107" —, a5 =9%x107" —,

N N

9 m?
a5 =— 6.5x10° N the bounding formulae (37), (38) give the following
numerical result:

2128.891022Nm? < S < 2150.064306Nm?. (40)

6. Conclusions

In the present paper, the elastic torsion of cylindrical bar with solid
cross section made of cylindrical anisotropic material which displays
planes of elastic symmetry perpendicular to the axis of bar is considered.
Lower and upper bounds are derived to the torsional rigidity of the bar.
To formulate the upper and lower bounds of torsional rigidity two
minimum theorems of linear elasticity are used. The application of the
obtained formulae of torsional rigidity is illustrated in the example of

elliptical cross section.
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