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Abstract 

In this article, we define an open-
∗δγ  sets via operation-γ  defined on δ  and 

investigate some of their properties. Moreover, we study the notion of 

dgeneralize-
∗δγ  closed set in topological spaces and present some of their 

respective features. Ultimately, we introduce and characterize eddisconnect-
∗δγ  

and component-
∗δγ  sets. 
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1. Introduction 

Generalized open sets play a very important role in General Topology 

and they are now the research topics of many topologists worldwide. 

Indeed a significant theme in General Topology and Real analysis 

concerns the various modified forms of continuity, separation axioms etc. 

by utilizing generalized open sets. Kasahara [9] defined the concept of 

operation on topological spaces and introduced closed-α  graphs of an 

operation. Ogata [11] called the operation α  as γ  operation and studied 

the notion of open-γ  sets. Ibrahim [8] presented and discussed an 

operation on the family of all open-α  sets, and he introduced the concept 

of open-γα  sets. Ibrahim [5] defined the notion of open-γR  sets by using 

an operation γ  on the family of all regular open sets in topological spaces, 

and also he introduced open-γP  sets [2]. Furthermore, Ibrahim [4] 

investigated the concept of open-∗δ  sets. Ibrahim [6] introduced the 

concept of closed-gbγ  sets in topological spaces. Soft set is a 

parameterized general mathematical tool which eals with a collection of 

approximate descriptions of objects. Each approximate description has 

two parts, a predicate and an approximate value set. The concept of soft 

sets was first introduced by Molodtsov [3] in 1999 as a general 

mathematical tool for dealing with uncertain objects. Ibrahim [7] studied 

some new classes of soft generalized closed sets by using soft γ~  open set. 

A subset A of a topological space ( )δ,Y  is said to be: 

(1) open-α  [10] if ( )( )( ).AIntClIntA ⊆  

(2) preopen [1] if ( )( ).AClIntA ⊆  

(3) regular open [12] if ( )( ) .AAClInt =  
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Let ( )δ,Y  be any topological space and let f be a function from X into ,Y  

then a subset G  in δ  is called open-∗δ  if ( ) φ=− Gf 1  or ( ) ,1 XGf =−  

that is { ( ) φ=δ∈=δ −∗ GfG 1:  or ( ) }.1 XGf =−  The family of all 

open-∗δ  sets in Y  is denoted by ∗δ  [4]. An operation γ  on a topology δ  

is a mapping from δ  into power set ( )YP  of Y  such that γ⊆ VV  for 

each ,δ∈V  where γV  denotes the value of γ  at V  [9]. A subset A  of Y  

with an operation γ  on δ  is called open-γ  if for each ,Ay ∈  there exists 

an open set U  such that Uy ∈  and .AU ⊆γ  The family of all open-γ  

sets in a topological space ( )δ,Y  is denoted by γδ  [11]. 

2. Open-
∗δγ  Sets 

Definition 2.1. Let ( )δ,Y  be any topological space and f  be a 

function from X  into .Y  Then, a subset A  of Y  with an operation γ  on 

δ  is called open-
∗δγ  if for each ,Ay ∈  there exists a open-∗δ  set U  

such that Uy ∈  and .AU ⊆γ  The family of all open-
∗δγ  sets in a 

topological space ( )δ,Y  is denoted by .∗δγ
δ  Complements of open-

∗δγ  

sets are called closed.-
∗δγ  

Theorem 2.2. If A is ,-open
∗δγ  then A is .-openγ  

Proof. Obvious.  � 

Remark 2.3. The converse of the above theorem need not be true in 

general as it is shown below. 
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Example 2.4. Consider { }baX ,=  and { }5,4,3,2,1=Y  with 

=δ { { } { } { } { } { } { } { } { }}.5,4,3,1,4,3,2,1,4,3,2,4,3,1,4,3,2,1,2,1,, Yφ  

Let YXf →:  be a function such that 

( )






=

=

=

.if5

,if1

bx

ax

xf  

Then, { { } { } { } { }}.5,4,3,1,4,3,2,4,3,2,, Yφ=δ∗  For each δ∈A  we 

define an operation γ  on δ  by 

{ } { } { }





 ⊆

=γ

.otherwise

,4,3,2if14,3,2

Y

A

A

∪

 

Then, { }4,3,2,1  is open-γ  but not open.-
∗δγ  

Theorem 2.5. Let ( )δ,Y  be any topological space and .YA ⊆  Then: 

(1) If A is ,-open
∗δγ  then A is .-open∗δ  

(2) If A is ,-open
∗δγ  then A is open. 

Proof. Obvious.  � 

Remark 2.6. The set { }4,3,2  in Example 2.4 is both open-∗δ  and 

open but it is not open.-
∗δγ  

Remark 2.7. Let γ  be the identity operation on δ  and .YA ⊆  Then, 

A  is open-
∗δγ  if and only if A is .open-∗δ  

Theorem 2.8. Let ( )δ,Y  be an indiscrete topological space, then 

.γγ
δ=δ ∗δ  

Theorem 2.9. Let ( )δ,Y  be any topological space and f be a constant 

function, then .γγ
δ=δ ∗δ  
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Remark 2.10. Let γ  be an operation on the family of all preopen sets 

[2]. Then: 

(1) If A is open,-
∗δγ  then A is both open-γα  and open.-γP  

(2) The concept of open-
∗δγ  and open-γR  are independent in general. 

Theorem 2.11. If iA  is open-
∗δγ  for every ,Ii ∈  then { }IiAi ∈:∪  

is .-open
∗δγ  

Proof. Let ,iIi Ay ∈∈ ∪  then iAy ∈  for some .Ii ∈  Since iA  is 

open,-
∗δγ  then there exists open-∗δ  U  such that ⊆⊆∈ γUUy  

.iIii AA ∈⊆ ∪  Therefore, iIi A∈∪  is open.-
∗δγ   � 

Remark 2.12. If A and B are two open-
∗δγ  sets in ( ),, δY  then the 

following example shows that BA ∩  need not be open.-
∗δγ  

Example 2.13. Consider { }cbaX ,,=  and { }3,2,1=Y  with  

{ { } { } { } { }}.3,2,2,1,3,2,, Yφ=δ  Let YXf →:  be a function such that 

( )













=

=

=

=

.if2

,if2

,if2

cx

bx

ax

xf  

And for each δ∈A  we define an operation γ  on δ  by 

( )







∈

∉

=γ

.3if

,3if

AA

AACl

A  

Then, it is obvious that the sets { }2,1  and { }3,2  are open,-
∗δγ  however 

their intersection {2} is not open.-
∗δγ  
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Remark 2.14. From the above example, we notice that the family of 

all open-
∗δγ  subsets of a space Y is a supratopology and need not be a 

topology in general. 

Theorem 2.15. The set A is open-∗δ  in the space Y if and only if for 

each .Ay ∈  there exists a open-∗δ  set B such that .ABy ⊆∈  

Definition 2.16. An operation γ  on δ  is said to be: 

(1) regular-∗δ  if for every open-∗δ  subsets U and V of Y containing 

,Yy ∈  there exists a open-∗δ  set W containing y such that 

.γγγ ⊆ VUW ∩  

(2) open-∗δ  if for every open-∗δ  set U in Y containing ,Yy ∈  there 

exists a open-
∗δγ  set V in Y such that Vy ∈  and .γ⊆ UV  

Theorem 2.17. Let γ  be a regular-∗δ  operation on .δ  If A and B are 

open-
∗δγ  sets in ,Y  then BA ∩  is also a open-

∗δγ  set and hence, ∗δγ
δ  

forms a topology on .Y  

Proof. Let ,BAy ∩∈  then Ay ∈  and .By ∈  Since A and B are 

open-
∗δγ  sets, then there exist open-∗δ  sets 1U  and U  such that 

AUUy ⊆⊆∈ γ
11  and .BUUy ⊆⊆∈ γ  Since γ  is regular,-∗δ  then 

there exists a open-∗δ  set K such that .1 BAUUKKy ∩∩ ⊆⊆⊆∈ γγγ  

This implies that BA ∩  is open-
∗δγ  set.  � 

Theorem 2.18. Let γ  be a monotone operation on ,δ  then ∗δγ
δ  forms 

a topology on .Y  
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Proof. Clearly ∗δγ
δ∈φ Y,  and by Theorem 2.11, the union of any 

family of open-
∗δγ  sets is open.-

∗δγ  To complete the proof it is enough to 

show that the finite intersection of open-
∗δγ  sets is open.-

∗δγ  Let A  and 

B  be two open-
∗δγ  sets and ,BAy ∩∈  then Ay ∈  and ,By ∈  so 

there exist open-
∗δγ  sets U  and V  such that AUUy ⊆⊆∈ γ  and 

,BVVy ⊆⊆∈ γ  since γ  is monotone and VU ∩  is open-
∗δγ  such 

that UVU ⊆∩  and ,VVU ⊆∩  this implies that ( ) ∩∩
γγ ⊆ UVU  

.BAV ∩⊆γ  Thus, BA ∩  is open.-
∗δγ  This completes the proof.  � 

Definition 2.19. Let ( )δ,Y  be any topological space and .YA ⊆  

Then: 

(1) A point Yy ∈  is in closure-∗δγ
Cl  of ,A  if φ=/

γ AU ∩  for each 

open-∗δ  set U  containing .y  The closure-∗δγ
Cl  of A  is denoted by 

( ).ACl ∗δγ
 

(2) The intersection of all closed-
∗δγ  sets containing A is called the 

closure-
∗δγ  of A and denoted by ( ).- ACl

∗δγ  

(3) A point Ay ∈  is said to be eriorint-
∗δγ  point of A if there exists a 

open-∗δ  set U in Y  containing y  such that .AU ⊆γ  We denote the set 

of all such points by ( ).AInt ∗δγ
 Thus, ( ) { ∗

γ
δ∈∈∈=∗δ UyAyAInt :  

and } .AAU ⊆⊆γ  

(4) The union of all open-
∗δγ  sets contained in A is called the 

eriorint-
∗δγ  of A  and denoted by ( ).- AInt

∗δγ  
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(5) A is said to be oodneighbourh-
∗δγ  of ,Yy ∈  if there exists a 

open-
∗δγ  set U  in Y  such that .AUy ⊆∈  

The proof of the following theorems are obvious and hence omitted. 

Theorem 2.20. For a point ( )AClyYy -,
∗δγ∈∈  if and only if every 

open-
∗δγ  subset of Y  containing y has a non empty intersection with .A  

Theorem 2.21. Let ( )δ,Y  be any topological space. For any subsets 

A  and B of ,Y  we have the following properties: 

(1) ( ) ( )AClAAClA ∗δγ

∗δ ⊆γ⊆ ,-  and ( ) .- AAInt ⊆γ
∗δ  

(2) ( )ACl-
∗δγ  is closed-

∗δγ  and ( )AInt-
∗δγ  is .-open

∗δγ  

(3) A is closed-
∗δγ  if and only if ( )AClA -

∗δγ=  and A is open-
∗δγ  if 

and only if ( ).- AIntA
∗δγ=  

(4) ( ) ( ) ( ) ( ) ∗δγ

∗δ∗δ∗δ∗δ =γφ=φγ=γφ=φγ ClYYIntIntYYClCl ,-,-,-,-  

( ) φ=φ  and ( ) .YYCl =∗δγ
 

(5) If ,BA ⊆  then ( ) ( ) ( ) ( ),,-- BClAClBClACl ∗δ∗δ γγ

∗δ∗δ ⊆γ⊆γ  

( ) ( )BIntAInt --
∗δ∗δ γ⊆γ  and ( ) ( ).BIntAInt ∗δ∗δ γγ

⊆  

(6) ( ) ( ) ( ) ( ) ( ) ⊆γγ⊇γ ∗δ∗δ γγ

∗δ∗δ∗δ BClAClBClAClBACl ∪∪∪ ,---  

( ) ( ) ( ) ( )BIntAIntBAIntBACl ---,
∗δ∗δ∗δ

γ
γγ⊇γ∗δ ∪∪∪  and ( ) ∪AInt ∗δγ

 

( ) ( ).BAIntBInt ∪∗δ∗δ γγ
⊆  

(7) ( ) ( ) ( ) ( ) ( )AClBAClBClAClBACl ∗δ∗δ γγ

∗δ∗δ∗δ ⊆γγ⊆γ ∩∩∩ ,---  

( )BCl ∗δγ
∩  and ( ) ( ) ( ).--- BIntAIntBAInt

∗δ∗δ∗δ γγ⊆γ ∩∩  
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(8) ( )ACl ∗δγ
 is closed-∗δ  and ( )AInt ∗δγ

 is .-open∗δ  

(9) If γ  is ,-open∗δ  then ( ) ( )AClACl -
∗δ

γ
γ=∗δ  and ( ( )) =∗δ∗δ γγ

AClCl  

( ),ACl ∗δγ
 and ( )ACl ∗δγ

 is .-closed
∗δγ  

(10) If γ  is ,-regular∗δ  then ( ) ( ) ( )BAIntBIntAInt ∪∩ ∗δ∗δ∗δ γγγ
=   

and ( ) ( ) ( ).BClAClBACl ∗δ∗δ∗δ γγγ
= ∪∪  

(11) A is open-
∗δγ  if and only if ( ) AAInt =∗δγ

 and A is closed-
∗δγ  if 

and only if ( ) .AACl =∗δγ
 

(12) A is open-
∗δγ  if and only if it is a oodneighbourh-

∗δγ  of each of 

its points. 

(13) If BA ⊆  and A is a oodneighbourh-
∗δγ  of a point ,Yy ∈  then B 

is also oodneighbourh-
∗δγ  of the same point .y  

Theorem 2.22. Let A be any subset of a topological space ( )., δY  

Then, the following relation holds: ( ) ( ) ( ).-- AClAClAClA
∗δ

γ
∗ γ⊆⊆δ⊆ ∗δ  

Theorem 2.23. Let ( )δ,Y  be any topological space and .YA ⊆  Then 

(1) ( ) ( )AClYAYInt ∗δ∗δ γγ
= \\  and ( ) ( ).-- AYClAIntY \\

∗δ∗δ γ=γ  

(2) ( ) ( )AIntYAYCl ∗δ∗δ γγ
= \\  and ( ) ( ).-- AYIntAClY \\

∗δ∗δ γ=γ  

(3) ( ) ( )AYClYAInt \\ ∗δ∗δ γγ
=  and ( ) ( ).-- AYClYAInt \\

∗δ∗δ γ=γ  

(4) ( ) ( )AYIntYACl \\ ∗δ∗δ γγ
=  and ( ) ( ).-- AYIntYACl \\

∗δ∗δ γ=γ  
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Theorem 2.24. Let γ  be a monotone operation on δ  and .YA ⊆  

Then: 

(1) For every open-
∗δγ  set G  of ,Y  we have ( ) ∗δ∗δ γγ

⊆ ClGACl ∩  

( ).GA ∩  

(2) For every closed-
∗δγ  set F of ,Y  we have ( ) ∗δ∗δ γγ

⊆ IntFAInt ∪  

( ) .FA ∪  

Proof. (1) Let ( ) GACly ∩∗δγ
∈  and U be a open-∗δ  set containing .y  

Since ( ),ACly ∗δγ
∈  implies that .φ=/

γ AU ∩  Since G  is a open-
∗δγ  set, 

there exists a open-∗δ  set V  in Y  containing y  such that .GV ⊆γ  

Thus ( ) ,φ=/
γ

AVU ∩∩  this implies that ( ) φ=/
γ GAU ∩∩  by 

monotone and hence ( ).GACly ∩∗δγ
∈  Therefore, ( ) ⊆∗δγ

GACl ∩  

( ).GACl ∩∗δγ
 

(2) Follows from (1) and Theorem 2.23 (3).  � 

Theorem 2.25. Let ( )δ,Y  be a topological space, A  be a subset of Y  

and γ  be .-open∗δ  Then, ( ( )) φ=∗δ∗δ γγ
AClInt  if and only if any one of 

the following conditions hold: 

(1) ( ( )) .YAClYCl =∗δ∗δ γγ
\  

(2) ( ( )).AClYClA ∗δ∗δ γγ
⊆ \  

Proof. (1) ( ( )) φ=∗δ∗δ γγ
AClInt  if and only if ( ( )) φ=∗δ∗δ γγ

AClYClY \\  

by Theorem 2.23 (3) if and only if ( ( )).AClYClY ∗δ∗δ γγ
= \  

(2) ( ( ))AClYClYA ∗δ∗δ γγ
=⊆ \  by (1). 
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Conversely, ( ( )),AClYClA ∗δ∗δ γγ
⊆ \  implies that ( ) ∗δ∗δ γγ

⊆ ClACl  

( ( ))AClY ∗δγ
\  by Theorem 2.21 (9). Since ( ) ( ( )),AClYAClY ∗δ∗δ γγ

= \∪  

implies that ( ( )) ( ( )) ( ( )).AClYClAClYAClYClY ∗δ∗δ∗δ∗δ∗δ γγγγγ
=⊆ \\\ ∪  

Thus, ( ( )).AClYClY ∗δ∗δ γγ
= \   � 

Theorem 2.26. Let ( )δ,Y  be a topological space, A  be a subset of Y  and 

the operation γ  be both regular-∗δ  and .-open∗δ  If ( ( )) ,φ=∗δ∗δ γγ
AClInt  

then every non empty open-
∗δγ  set U  contains a non empty open-

∗δγ  set 

B disjoint with .A  

Proof. Given ( ( )) .φ=∗δ∗δ γγ
AClInt  This implies that ( )ACl ∗δγ

 does 

not contain any non empty open-
∗δγ  set. Hence for any non empty 

open-
∗δγ set ( ( )) ., φ=/∗δγ

AClYUU \∩  Thus by Theorem 2.21 (9) and 

Theorem 2.17, ( ( )) ( )AClUAClYUB ∗δ∗δ γγ
== \\∩  is a non empty 

open-
∗δγ  set contained in U  and disjoint with .A   � 

Definition 2.27. Let A be a subset of a topological space ( )., δY  The 

kernel-
∗δγ  of ,A  denoted by ( )Aker-

∗δγ  is defined to be the set 

( ) { }.,:ker- ∗δγ

∗δ δ∈⊆=γ VVAVA ∩  

Proposition 2.28. Let ( )δ,Y  be a topological space and .Yx ∈  Then, 

{ }( )xy ker-
∗δγ∈  if and only if { }( ).- yClx

∗δγ∈  

Proof. Suppose that { }( ).ker- xy
∗δγ∈/  Then there exists an open-

∗δγ  

set V  containing x such that .Vy ∈/  Therefore by Theorem 2.20, we have 

{ }( ).- yClx
∗δγ∈/  The proof of the converse case can be done similarly.  � 
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Proposition 2.29. Let ( )δ,Y  be a topological space and A  be a 

subset of .Y  Then, ( ) { { }( ) }.-:ker- φ=/γ∈=γ
∗δ∗δ AxClYxA ∩  

Proof. Let ( )Ax ker-
∗δγ∈  and suppose { }( ) .- φ=/γ

∗δ AxCl ∩  Hence 

{ }( ),- xClYx
∗δγ∈/ \  which is a open-

∗δγ  set containing .A  This is 

impossible, since ( ).ker- Ax
∗δγ∈  Consequently, { }( ) .- φ=/γ

∗δ AxCl ∩  

Next, let Yx ∈  such that { }( ) φ=/γ
∗δ AxCl ∩-  and suppose that 

( ).ker- Ax
∗δγ∈/  Then, there exists a open-

∗δγ  set V  containing A  and 

.Vx ∈/  Let { }( ) .- AxCly ∩
∗δγ∈  Hence, V  is a open-

∗δγ  set containing 

y  which does not contain .x  By this contradiction ( )Ax ker-
∗δγ∈  and 

the claim.  � 

Proposition 2.30. The following properties hold for the subsets A and 

B of a topological space ( ):, δY  

(1) ( ).ker- AA
∗δγ⊆  

(2) BA ⊆  implies that ( ) ( ).ker-ker- BA
∗δ∗δ γ⊆γ  

(3) If A  is ,-open
∗δγ  then ( ).ker- AA

∗δγ=  

(4) ( ( )) ( ).ker-ker-ker- AA
∗δ∗δ∗δ γ=γγ  

Proof. (1), (2) and (3): Are immediate consequences of ( ) =γ
∗δ Aker-  

{ }.: UAU ⊆δ∈ ∗δγ
∩  

(4) First observe that by (1) and (2), we have ( ) ker-ker-
∗δ∗δ γ⊆γ A  

( ( )).ker- A
∗δγ  If ( ),ker- Ax

∗δγ∈/  then there exists ∗δγ
δ∈U  such that 

UA ⊆  and .Ux ∈/  Hence ( ) ,ker- UA ⊆γ
∗δ  and so we have ker-

∗δγ∈/x  

( ( )).ker- A
∗δγ  Thus ( ( )) ( ).ker-ker-ker- AA

∗δ∗δ∗δ γ=γγ   � 
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Proposition 2.31. The following statements are equivalent for any 

points x and y in a topological space ( ):, δY  

(1) { }( ) { }( ).ker-ker- yx
∗δ∗δ γ=/γ  

(2) { }( ) { }( ).-- yClxCl
∗δ∗δ γ=/γ  

Proof. ( ) ( ):21 ⇒  Suppose that { }( ) { }( ),ker-ker- yx
∗δ∗δ γ=/γ  then there 

exists a point z in Y such that { }( )xz ker-
∗δγ∈  and { }( ).ker- yz

∗δγ∈/  

From { }( ),ker- xz
∗δγ∈  it follows that { } { }( ) φ=/γ

∗δ zClx -∩  which implies 

{ }( ).- zClx
∗δγ∈  By { }( ),ker- yz

∗δγ∈/  we have { } { }( ) .- φ=γ
∗δ zCly ∩    

Since { }( ) { }( ) { }( )zClxClzClx --,-
∗δ∗δ∗δ γ⊆γγ∈  and { } { }( ) .- φ=γ

∗δ xCly ∩  

Therefore, it follows that { }( ) { }( ).-- yClxCl
∗δ∗δ γ=/γ  Now { }( )xker-

∗δγ  

{ }( )yker-
∗δγ=/  implies that { }( ) { }( ).-- yClxCl

∗δ∗δ γ=/γ  

( ) ( ):12 ⇒  Suppose that { }( ) { }( ).-- yClxCl
∗δ∗δ γ=/γ  Then there exists a 

point z in Y such that { }( )xClz -
∗δγ∈  and { }( ).- yClz

∗δγ∈/  Then, there 

exists an open-
∗δγ  set containing z and therefore x but not ,y  namely, 

{ }( )xy ker-
∗δγ∈/  and thus { }( ) { }( ).ker-ker- yx

∗δ∗δ γ=/γ   � 

Proposition 2.32. Let ( )δ,Y  be a topological space. Then, { Cl-
∗δγ∩  

{ }( ) } φ=∈ Yxx :  if and only if { }( ) Yx =/γ
∗δ ker-  for every .Yx ∈  

Proof. Necessity: Suppose that { { }( ) } .:- φ=∈γ
∗δ YxxCl∩  Assume 

that there is a point y in Y such that { }( ) .ker- Yy =γ
∗δ  Let x be any point 

of .Y  Then Vx ∈  for every open-
∗δγ  set V  containing y and hence 

{ }( )xCly -
∗δγ∈  for any .Yx ∈  This implies that { { }( ) }.:- YxxCly ∈γ∈

∗δ
∩  

But this is a contradiction. 
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Sufficiency: Assume that { }( ) Yx =/γ
∗δ ker-  for every .Yx ∈  If there 

exists a point y in Y such that { { }( ) },:- YxxCly ∈γ∈
∗δ

∩  then every 

open-
∗δγ  set containing y must contain every point of .Y  This implies 

that the space Y  is the unique open-
∗δγ  set containing .y  Hence 

{ }( ) Yy =γ
∗δ ker-  which is a contradiction. Therefore, { { }( ) xxCl :-

∗δγ∩  

} .φ=∈ Y   � 

Definition 2.33. A subset A  of a topological space ( )δ,Y  is said to 

be dgeneralize-
∗δγ  closed (briefly, )g.closed-

∗δγ  if ( ) UACl ⊆∗δγ
 

whenever UA ⊆  and U  is .open-
∗δγ  

Remark 2.34. It is clear that every closed-
∗δγ  set is g.closed,-

∗δγ  but 

the converse is not true in general as it is shown in the following example. 

Example 2.35. Consider { }cbaX ,,=  and { }3,2,1=Y  with 

{ { } { } { } { }}.3,1,2,1,2,1,, Yφ=δ  Let YXf →:  be a function such that  

( )













=

=

=

=

.if3

,if1

,if3

cx

bx

ax

xf  

And for each δ∈A  we define an operation γ  on δ  by 

{ } { }





 =

=γ

.otherwise

,3,1or2if

Y

AA

A  

Let { },1=A  since the only open-
∗δγ  supersets of A  are { }3,1  and ,Y  

then ( ) { }3,1=∗δγ
ACl  and so A  is g.closed.-

∗δγ  But it is easy to see that 

A  is not closed-
∗δγ  
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Theorem 2.36. If A  is open-
∗δγ  and ,-g.closed

∗δγ  then A is 

.-closed
∗δγ  

Proof. Suppose that A is open-
∗δγ  and g.closed.-

∗δγ  Since ,AA ⊆  

we have ( ) ,AACl ⊆∗δγ
 also ( ),AClA ∗δγ

⊆  therefore ( ) .AACl =∗δγ
 That 

is, A  is closed.-
∗δγ   � 

Theorem 2.37. Let A  a subset of a topological space ( )., δY  Then the 

following statements are equivalent: 

(1) A is ..- closedg
∗δγ  

(2) { }( ) φ=/γ
∗δ AxCl ∩-  for every ( ).AClx ∗δγ

∈  

(3) ( ) ( ).ker- AACl
∗δ

γ
γ⊆∗δ  

Proof. ( ) ( ):21 ⇒  Let A  be a g.closed-
∗δγ  set of ( )., δY  Suppose that 

there exists a point ( )AClx ∗δγ
∈  such that { }( ) .- φ=γ

∗δ AxCl ∩  By 

Theorem 2.21 (2), { }( )xCl-
∗δγ  is closed.-

∗δγ  Put { }( ).- xClYU
∗δγ= \  

Then, we have that UxUA ∈/⊆ ,  and U  is a open-
∗δγ  set of ( )., δY  

Since A  is a g.closed-
∗δγ  set, ( ) .UACl ⊆∗δγ

 Thus, we have 

( ).AClx ∗δγ
∈/  This is a contradiction. 

( ) ( ):32 ⇒  Follows from Proposition 2.29. 

( ) ( ):13 ⇒  Let U  be any open-
∗δγ  set such that .UA ⊆  Let x  be a 

point such that ( ).AClx ∗δγ
∈  By (3), ( ).ker- Ax

∗δγ∈  Namely, we have 

,Ux ∈  because UA ⊆  and .∗δγ
δ∈U   � 



HARIWAN Z. IBRAHIM 38 

Theorem 2.38. Let ( )δ,Y  be a topological space. If a subset A  of Y  

is ,.- closedg
∗δγ  then ( ) AACl \∗δγ

 does not contain any non-empty 

closed-
∗δγ  set. 

Proof. Suppose that there exists a non-empty closed-
∗δγ  set F such 

that ( ) .AAClF \∗δγ
⊆  Then we have FYA \⊆  and FY \  is open.-

∗δγ  

It follows from the assumption that ( ) FXACl \⊆∗δγ
 and so 

( ( ) ) ( ( )).AClYAAClF ∗δ∗δ γγ
⊆ \\ ∩  Therefore, we have .φ=F   � 

Remark 2.39. In the above theorem, if γ  is a open-∗δ  operation, 

then the converse of the above Theorem is true. 

Proof. Let U  be an open-
∗δγ  set such that .UA ⊆  Since γ  is a 

open-∗δ  operation, it follows from Theorem 2.21 (9), that ( )ACl ∗δγ
 is 

closed-
∗δγ  in ( )., δY  Thus by Definition 2.1 and Theorem 2.11, we have 

( ) ( ) FUYACl =∗δγ
\∩  is closed-

∗δγ  in ( )., δY  Since ,AYUY \\ ⊆  

( ) .AAClF \∗δγ
⊆  Using the assumptions of the converse of Theorem 2.38 

above, φ=F  and hence ( ) .UACl ⊆∗δγ
  � 

Theorem 2.40. Let ( )δ,Y  be a topological space. Then for each ,Yx ∈  

{ }x  is closed-
∗δγ  or { }xY \  is g.closed-

∗δγ  in ( )., δY  

Proof. Suppose that { }x  is not closed,-
∗δγ  then { }xY \  is not 

open.-
∗δγ  Let U  be any open-

∗δγ  set such that { } .UxY ⊆\  Then 

.YU =  Hence, ( { }) .UxYCl ⊆∗δγ
\  Thereore, { }xY \  is a g.closed-

∗δγ  

set.  � 
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Proposition 2.41. A subset A  of Y  is g.closed-
∗δγ  if and only if 

( )AIntF -
∗δγ⊆  whenever AF ⊆  and F  is closed-

∗δγ  in .Y  

Proof. Let A be g.open-
∗δγ  and AF ⊆  where F  is closed.-

∗δγ  

Since AY \  is g.closed-
∗δγ  and FY \  is a open-

∗δγ  set containing 

AY \  implies ( ) .- FYAYCl \\ ⊆γ
∗δ  By Theorem 2.23 (1), IntY -

∗δγ\  

( ) .FYA \⊆  That is ( ).- AIntF
∗δγ⊆  

Conversely, suppose that F  is closed-
∗δγ  and AF ⊆  implies 

( ).- AIntF
∗δγ⊆  Let ,UAY ⊆\  where U  is open.-

∗δγ  Then AUY ⊆\  

where UY \  is closed.-
∗δγ  By hypothesis ( ).- AIntUY

∗δγ⊆\  That is 

( ) .- UAIntY ⊆γ
∗δ\  By Theorem 2.23 (1), ( ) .- UAYCl ⊆γ

∗δ \  This 

implies AY \  is g.closed-
∗δγ  and A  is g.open.-

∗δγ   � 

Definition 2.42. Two subsets A  and B  of a topological space ( )δ,Y  

are called separated-
∗δγ  if ( ( ) ) ( ( )) .-- φ=γγ

∗δ∗δ BClABACl ∩∪∩  

Each two separated-
∗δγ  sets are always disjoint, since ∩∩ ABA ⊆  

( ) .- φ=γ
∗δ BCl  The converse may not be true in general, as it is shown in 

the following example. 

Example 2.43. Consider { }cbaX ,,=  and { }3,2,1=Y  with 

{ { } { } { }}.2,1,2,1,, Yφ=δ  Let YXf →:  be a function such that 

( )













=

=

=

=

.if2

,if2

,if2

cx

bx

ax

xf  
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And for each ,δ∈A  we define an operation γ  on δ  by 







∈/

∈

=γ

.2if

,2if

AY

AA

A  

Then, the sets { }1  and { }2  are disjoint subsets of ,Y  but not 

separated.-
∗δγ  

Theorem 2.44. If A and B are any two nonempty subsets in a space 

,Y  then the following statements are true: 

(1) If A and B are ,-separated
∗δγ  AA ⊆1  and ,1 BB ⊆  then 1A  and 

1B  are also .-separated
∗δγ  

(2) If φ=BA ∩  such that each of A  and B  are both closed-
∗δγ  

( ),-open
∗δγ  then A  and B  are .-separated

∗δγ  

(3) If each of A  and B  is closed-
∗δγ  ( )open-

∗δγ  and if 

( )BYAH \∩=  and ( ),BYBG \∩=  then H and G are .-separated
∗δγ  

Proof. (1) Since ,1 AA ⊆  then ( ) ( ).-- 1 AClACl
∗δ∗δ γ⊆γ  Then, 

( ) φ=γ
∗δ AClB -∩  implies ( ) φ=γ

∗δ AClB -1 ∩  and ( ) .- 11 φ=γ
∗δ AClB ∩  

Similarly ( ) .- 11 φ=γ
∗δ BClA ∩  Hence, 1A  and 1B  are .separated-

∗δγ  

(2) Since ( ) ( )BClBAClA -,-
∗δ∗δ γ=γ=  and ,φ=BA ∩  then 

( ) φ=γ
∗δ BACl ∩-  and ( ) .- φ=γ

∗δ ABCl ∩  Hence, A  and B  are 

.separated-
∗δγ  If A  and B  are open,-

∗δγ  then their complements are 

closed.-
∗δγ  Hence, ( ) BYACl \⊆γ

∗δ -  and ( ) .- AYBCl \⊆γ
∗δ  Therefore, 

A  and B  are .separated-
∗δγ  
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(3) If A  and B  are open,-
∗δγ  then AY \  and BY \  are closed.-

∗δγ  

Since ( ) ( ) BYBYClHClBYH \\\ =γ⊆γ⊆
∗δ∗δ --,  and so ( )HCl-

∗δγ  

.φ=B∩  Thus ( ) .- φ=γ
∗δ HClG ∩  Similarly, ( ) .- φ=γ

∗δ GClH ∩  Hence 

H  and G  are .separated-
∗δγ  If A  and B  are closed,-

∗δγ  then Cl-
∗δγ  

( ) AH ⊆  and ( ) .- BGCl ⊆γ
∗δ  Thus, H  and G  are .separated-

∗δγ   � 

Theorem 2.45. The sets A  and B  in a space Y  are .-separated
∗δγ  if 

and only if there exist U  and V  in ∗δγ
δ  such that VBUA ⊆⊆ ,  and 

φ=VA ∩  and .φ=UB ∩  

Proof. Let A  and B  be separated-
∗δγ  sets. Set ( )AClYV -

∗δγ= \  

and ( ).- BClYU
∗δγ= \  Then ∗δγ

δ∈VU ,  such that VBUA ⊆⊆ ,  and 

., φ=φ= UBVA ∩∩  On the other hand, let ∗δγ
δ∈VU ,  such that  

VBUA ⊆⊆ ,  and ., φ=φ= UBVA ∩∩  Since VY \  and UY \      

are closed,-
∗δγ  then ( ) BYVYACl \\ ⊆⊆γ

∗δ -  and ( )BCl-
∗δγ  

.AYUY \\ ⊆⊆  Thus ( ) φ=γ
∗δ BACl ∩-  and ( ) .- φ=γ

∗δ ABCl ∩   � 

Theorem 2.46. In any topological space ( ),, δY  the following 

statements are equivalent: 

(1) φ  and Y  are the only open-
∗δγ  and closed-

∗δγ  sets in .Y  

(2) Y  is not the union of two disjoint nonempty open-
∗δγ  sets. 

(3) Y  is not the union of two disjoint nonempty closed-
∗δγ  sets. 

(4) Y  is not the union of two nonempty separated-
∗δγ  sets. 
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Proof. ( ) ( ):21 ⇒  Suppose (2) is false and that ,BAY ∪=  where 

BA,  are disjoint nonempty open-
∗δγ  sets. Since BAY =\  is open-

∗δγ  

and nonempty, we have that B  is a nonempty proper open-
∗δγ  and 

closed-
∗δγ  set in ,Y  which shows that (1) is false. 

( ) ( ):32 ⇔  This is clear. 

( ) ( ):43 ⇒  If (4) is false, then ,BAY ∪=  where BA,  are nonempty 

and .separated-
∗δγ  Since ( ) ,- φ=γ

∗δ ABCl ∩  we conclude that 

( ) ,- BBCl ⊆γ
∗δ  so B  is closed.-

∗δγ  Similarly, A  must be closed.-
∗δγ  

Therefore, (3) is false. 

( ) ( ):14 ⇒  Suppose (1) is false and that A  is a nonempty proper 

open-
∗δγ  and closed-

∗δγ  subset of .Y  Then, AYB \=  is nonempty, 

open-
∗δγ  and closed,-

∗δγ  so A  and B  are separated-
∗δγ  and 

,BAY ∪=  so (4) is false.  � 

Definition 2.47. A subset C  of a space Y  is said to be 

eddisconnect-
∗δγ  if there are nonempty separated-

∗δγ  subsets A  and B  

of Y  such that ,BAC ∪=  otherwise C  is called connected.-
∗δγ  If C is 

ed,disconnect-
∗δγ  such a pair of sets BA,  will be called a 

iondisconnect-
∗δγ  of .C  

Example 2.48. Consider { }2,1=X  and { }cbaY ,,=  with 

{ { } { } { } { }}.,,,,,,, cbbabaYφ=δ  Let YXf →:  be an identity function 

such that 

( )






=

=

=

.2if

,1if

xb

xc

xf  
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And for each δ∈A  we define an operation γ  on δ  by 

( )





∈/

∈

=γ

.if

,if

AcACl

AcA

A  

Then, Y  is eddisconnect-
∗δγ  because there exist a pair { } { }cba ,,  subsets 

of Y  such that { } { } ,, Ycba =∪  and ( { }( ) { }) ({ }acbaCl ∪∩ ,-
∗δγ  

{ }( )) ({ } { }) ({ } { }) .,,,- φ==γ
∗δ cbacbacbCl ∩∪∩∩  

Remark 2.49. Every indiscrete topological space ( )δ,Y  is 

connected.-
∗δγ  

Remark 2.50. A space Y  is connected-
∗δγ  if any (therefore all) of the 

conditions (1)-(4) in Theorem 2.46 hold.  

Remark 2.51. According to the Definition 2.47 and Remark 2.50, a 

space Y  is eddisconnect-
∗δγ  if we can write ,BAY ∪=  where the 

following (equivalent) statements are true: 

(1) A  and B  are disjoint, nonempty and open.-
∗δγ  

(2) A and B are disjoint, nonempty and closed.-
∗δγ  

(3) A and B are nonempty and separated.-
∗δγ  

Theorem 2.52. A space Y  is eddisconnect-
∗δγ  if and only if there 

exists a nonempty proper subset A of Y  which is both .-open
∗δγ  and 

.-closed
∗δγ  in .Y  

Proof. Follows from Remark 2.51.  � 

Lemma 2.53. Suppose NM ,  are separated-
∗δγ  subsets of .Y  If 

NMC ∪⊆  and C  is ,-connected
∗δγ  then MC ⊆  or .NC ⊆  
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Proof. Since MMC ⊆∩  and ,NNC ⊆∩  then MC ∩  and 

NC ∩  are separated-
∗δγ  and ( ) ( ) ( ).NCMCNMCC ∩∪∩∪∩ ==  

But C  is connected-
∗δγ  so ( )MC ∩  and ( )NC ∩  can not form a 

iondisconnect-
∗δγ  of .C  Therefore, either ,φ=MC ∩  so NC ⊆  or 

,φ=NC ∩  so .MC ⊆  

� 

Theorem 2.54. Suppose C  and ( )IiCi ∈  are connected-
∗δγ  subsets 

of Y  and that for each iCi,  and C  are not .-separated
∗δγ  Then, 

iCCS ∪=  is .-connected
∗δγ  

Proof. Suppose that ,NMS ∪=  where M  and N  are 

separated.-
∗δγ  By Lemma 2.53, either MC ⊆  or .NC ⊆  Without loss 

of generality, assume .MC ⊆  By the same reasoning we conclude that 

for each ,i  either MCi ⊆  or .NCi ⊆  But if some ,NCi ⊆  then C  and 

iC  would be separated.-
∗δγ  Hence every .MCi ⊆  Therefore, φ=N  and 

the pair NM ,  is not a iondisconnect-
∗δγ  of .S   � 

Corollary 2.55. Suppose that for each iCIi ,∈  is a .-connected
∗δγ  

subset of Y  and that for all ., φ=/=/ ji CCji ∩  Then, { }IiCi ∈:∪  is 

.-connected
∗δγ  

Proof. If ,φ=I  then { } φ=∈ IiCi :∪  is connected-
∗δγ  If ,φ=/I  

pick Ii ∈0  and let 
0i

C  be the central set C  in Theorem 2.54. For all 

,,
0

φ=/∈ ii CCIi ∩  so iC  and 
0i

C  are not separated.-
∗δγ  By Theorem 

2.54, { }IiCi ∈:∪  is connected.-
∗δγ   � 



ON OPEN-
∗δγ  AND EDDISCONNECT-

∗δγ  SETS 
45 

Corollary 2.56. Suppose that for all ,, Yyx ∈  there exists 

connected-
∗δγ  set YCxy ⊆  with ., xyCyx ∈  Then, Y  is .-connected

∗δγ  

Proof. Certainly φ=Y  is connected.-
∗δγ  If ,φ=/Y  choose .Ya ∈  

By hypothesis there is, for each ,Yy ∈  a connected-
∗δγ  set ayC  

containing both a and .y  By Corollary 2.55, { }XyCY ay ∈= :∪  is 

connected.-
∗δγ   � 

Corollary 2.57. Suppose C  is a connected-
∗δγ  subset of Y  and 

.YA ⊆  If ( ),- CClAC
∗δγ⊆⊆  then A  is .-connected

∗δγ  

Proof. For each { }aAa ,∈  and C  are not separated.-
∗δγ  By 

Theorem 2.54, {{ } }AaaCA ∈= :∪∪  is connected.-
∗δγ   � 

Remark 2.58. In particular, the closure-
∗δγ  of a connected-

∗δγ  set is 

connected.-
∗δγ  

Definition 2.59. A set C  is called a maximal connected-
∗δγ  set if it 

is connected-
∗δγ  and if YDC ⊆⊆  where D  is connected,-

∗δγ  then 

.DC =  A maximal connected-
∗δγ  subset C  of a space Y  is called a 

component-
∗δγ  of .Y  If Y  is itself connected,-

∗δγ  then Y  is the only 

component-
∗δγ  of .Y  

Theorem 2.60. For each ,Yx ∈  there is exactly one component-
∗δγ  

of Y  containing .x  

Proof. For any ,Yx ∈  let { YAxACY ⊆∈= :∪  and A  is 

}.connected-
∗δγ  Then, { } ,xCx ∈  since xC  is a union of connected-

∗δγ  

sets each containing xCx,  is connected-
∗δγ  by Corollary 2.55. If 
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DCx ⊆  and D  is connected,-
∗δγ  then D  was one of the sets A  in the 

collection whose union defines ,xC  so xCD ⊆  and therefore .DCx =  

Therefore, xC  is component-
∗δγ  of Y  that contains .x   � 

Corollary 2.61. A space Y  is the union of its .-components
∗δγ  

Proof. Follows from Theorem 2.60.  � 

Corollary 2.62. Two components-
∗δγ  are either disjoint or coincide. 

Proof. Let xC  and yC  be components-
∗δγ  and .yx CC =/  If 

,yx CCp ∩∈  then by Corollary 2.55, yx CC ∪  would be a 

connected-
∗δγ  set strictly larger than .xC  Therefore, .φ=yx CC ∩   � 

Theorem 2.63. Each connected-
∗δγ  subset of Y  is contained in 

exactly one component-
∗δγ  of .Y  

Proof. Let A be a connected-
∗δγ  subset of Y  which is not in exactly 

one component-
∗δγ  of .Y  Suppose that 1C  and 2C  are components-

∗δγ  

of Y  such that 1CA ⊆  and .2CA ⊆  Since φ=/21 CC ∩  and by 

Corollary 2.55, 21 CC ∪  is aother connected-
∗δγ  set which contains 1C  

as well as ,2C  a contradiction to the fact that 1C  and 2C  are 

.components-
∗δγ  This proves that A is contained in exactly one 

component-
∗δγ  of .Y   � 

Theorem 2.64. A nonempty connected-
∗δγ  subset of Y  which is both 

open-
∗δγ  and closed-

∗δγ  is .-component
∗δγ  
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Proof. Suppose that A is connected-
∗δγ  subset of Y  which is both 

open-
∗δγ  and closed.-

∗δγ  By Theorem 2.63, A  is contained in exactly 

one component-
∗δγ  C  of .Y  If A  is a proper subset of ,C  then 

( ) ( )( )AYCACC \∩∪∩=  and ( ) ( )( )AYCAC \∩∩ ,  is a 

iondisconnect-
∗δγ  of ,C  which is acontradiction. Thus, .CA =   � 

Theorem 2.65. Every component-
∗δγ  of Y  is .-closed

∗δγ  

Proof. Suppose that C  is a component-
∗δγ  of .Y  Then, by Remark 

2.58, ( )CCl-
∗δγ  is connected-

∗δγ  containing component-
∗δγ  C  of .Y  

This implies that ( )CClC -
∗δγ=  and hence C  is closed.-

∗δγ   � 
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