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Abstract
In this paper, we study and prove some results on an algorithm that hides an
other algorithm. We present the main algorithms used in this work and the

associated convergence results.

1. Introduction

Algorithms and their convergences play a fundamental role in

mathematics applied to all applied sciences.
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In many different fields such as optimization, the performance of a
method is often characterized by its rate of convergence. However,
accelerating an algorithm requires a lot of knowledge about the problem’s
structure, and such improvement is done on a case-by-case basis. Many
accelerated schemes have been developed in the past few decades and are
massively used in practice. Despite their simplicity, such methods are
usually based on purely algebraic arguments and often do not have an

intuitive explanation.

Recently, heavy work has been done to link accelerated algorithms
with other fields of science, such as control theory, differential equations
or optimization. However, these explanations often rely on complex

arguments, usually using non-conventional tools in their analysis.

In this paper we study and prove some results on an algorithm that
hides an other algorithm. We present the main algorithms used in this

work and the associated convergence results.
2. Main Results

Theorem 1. Let o,pfe R with oo < B and let f be an increasing
convex function defined on I = [a, B] such that f(a) <0 < f(B). There

exists an unique { in I such that f({) = 0.

We consider the following algorithm:

starting from an arbitrary xg, xo € I we make n =0
@) if f(x,) =0 then stop;

(ii) else we take x,, € df(x,) and put

Xn+l = Xp — "

return to (1).
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Then we have
(a) if the sequence {x,,} is not finite, then we have

X > X9 >...>x, >...>(, Vn

(b) the sequence {x,} converges superlinearly to {, meaning that we

have

[nn =8 — 0 as n — oo

|xn - t.:l
() if f7(C) exists then the convergence is quadratic.

Proof. Let o, e R with o <. Let f be an increasing convex

function on I = [a, B].
f:I3x —> f(x) such that f(a) < 0 < f(B)
A1 e I such that f({) = 0. Let the following algorithm:
Algorithm 1:
(o) Initialization: xq € I, x( arbitrary, for n = 0;

@) if f(x,) = 0 = stop, else

(ii) take x, € 9f(x,) and we put

flxy,)
Xnel = Xpn — *n
Xn

return to (i).

(a) If {x,,} is not finite, then one has

X1 > X9 >...>X, > Xy >... >0, Vn
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Indeed; let us suppose that {x,} is infinite and that we never stopped.

Then we have

f(x,) fxn)

= Xp+1 —Xp =~
Xn Xn

Xn+l = Xp —

and
xp € Of (x) = flaps1) 2 flxy) + 2 (0500 — %)
(Xn41 = % )2, + fla,) = 0= flp) 20 = f(C)
and since f is an increasing function = x,,7 = {

and therefore

f(xp41) 2 0 and x, 41 2 €.

On the other hand

x, >0 and f(x,)>0Vn>1= x,,; —x, :—f(x”)<0:xn+1 < Xp.
xn
Therefore, we have
X1 > X9 >...> %X, > X, > ... >, Vn 2.1

() {x,} converges superlinearly to {, meaning that we have

w——)O as n — oo ?

|xn - Cl
e Let us show the sequence {x,} converges to {, else there exists
& > ¢ with {x,} — &

Or, f(€) > 0 = f(£) (because f is an increasing function)

xn+1—xn=—&*"):|xn+1—xn|=&*ﬂ)2}((§)>0 since {x,} is a
n Xn X1

decreasing sequence according to the expression (2.1), it is not possible,
then {x,} — C.



NOTE ON AN ALGORITHM THAT HIDES AN ... 57

e Superlinear convergence

tir G =y = L) g o SOOI e ) < 0

*
n xn

Or, since {x,}— { and x, >  according to (2.1), we have

f(8) = flxn) _

(n li{r_l'_oo) C’ -x, - f-i,—((;)a
and
tan =G =y - g LSO o, g - LR T,
*n (C_xn)xn
= o -0 = e - g0 - 28,

If n— +,x,— { and x, — f/({) by the continuity of sub-

differential therefore

Fnnn =8 o o n s e

|xn - §|
(c) If f7(C) exists the convergence is quadratic ?

Indeed, if f”({) exists, then f  exists in a neighbourhood of {,

namely, for n large enough, we have
f,(xn) = x;kl

Moreover

That is, by applying
flay) = f(Q) + (xp = OF(€) + (x, — Qlelex, = C),
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with
ex, —8)— 0, (x, —§ — 0), f(§) = £(C).

Then

f,(xn)) — |xn — Clz

1 = 8 = e, =1~ 70 70 (7€) + &lx,, - 0)),

hence the quadratic convergence.

Theorem 2. Consider the following problem of optimization:

o= Inf(%/x e C),

(P)

where C is a compact subset of R", f and g are defined and continuous

on C and g strictly positive on C. For any 0 € R, we associate the

following problem:

F(6) = ;fgé(f(x) - 6g(x)).

(Po)

Let M and M(®), respectively be the set of optimal solutions for the

problems (P) and (Py). Then we have

(a) the function F is strictly decreasing and concave on R, that

F(o) =0 and M(8)= M,
(b) if x € M(8) we have
F(u) < F(8)+ (8 -pg(x), VpeR;

(c) consider the following algorithm:
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Algorithm 2. (i) We start from an arbitrary xy € C and let n = 0;

(1) we put

If F(6,)) = 0 then stop; else take x,,; € M(9,), weput n = n+1 and we

return to (i1).

If the algorithm stops at step n then 6, = o. and x, € M, that in the
opposite case the sequence {0,,} tends superlinearly towards o decreasing

and that any adherence value of the sequence {x,} belongs to M.
Proof. Let

o= Inf(%/ xe C), (P)

C is a compact subset of R”, f and g are defined and continuous on

C,g>00n C, V 0e R, we associate the problem

F(8) = In(};(f(x) - 6g(x)). (Py)

M : the set of optimal solutions of (P);
M(®) : the set of optimal solutions of (Py).
(a)-(b) F strictly decreasing. Let & € M(6), then,
F(8) = f(€) - 0g(8) = f(&) — ng(8) + ng() - 6g(¢)
= F(6) = f(§) - ug(€) + (n - 0)g(8)

or,

f(€) - ng(€) = ,{Zé (f(x) — pg(x)) = F(u).

= F(6) = f(&) —ng€) + (u-0)g(&) > F(u) + (u - 0)g(&),
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then VE € M(0), we have

F(©) > F(u)+ (u - 0)g(&).

8(8) >0,
hence
F(u) < F(®)+(6-p)g€), vEe M(®), Vue R
This is question (b), it also implies F' strictly decreasing.

Let us show that F' is concave over R?

Show that F is a concave function over R, that F(a) = 0 and that
M(®) = M?

Indeed, 6 — f(x) — 6g(x) is concave Vx € C, hence

F(8) = Iné(f(x) - 6g(x))

1s concave.

Let us show that F(a) =0?

Indeed,;
_ f(x) f(x)
o = Iném:(xs o(x)’ vVx e C.
= f(x)—og(x) 20 Vxe C = F(a)>0.
Let £ € M, so,
o= L8 = f0-0g0) = 0= Fo 0.
Therefore,

F(a) =0 and M < M(a).
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Let us show that M(a) ¢ M ?

Indeed; if £ € M(a) then F(a) = 0, namely,

_ _ 1@
f(&)_ag(g):a_g(g)jgezw’

therefore M(a) € M and hence M(a) = M.

(b) Already done.
(c) Consider the following algorithm:

(1) we start from an arbitrary xy € C with n = 0,

(1) put

61

If F(8,,) = 0 = stop; else, take x,,,; € M(8,), we put n = n+1 and we

return to (i1).

Let us show that if the algorithm stops at step n then 6, = o and

x, € M, in the contrary case the sequence {0, } tends superlinearly to o

decreasing ?
Indeed;

F(u) < F(6)+ (8 -p)gx), Vue R

= - F)>~-F®)+W-0)g(x), Vue R

= glx) € d(-F(0)).

according to (a), F 1is concave and strictly decreasing therefore the

function H = — F 1is convex and strictly increasing.

Find a is to show that H(a) = 0, thatis, —F(a) = 0.
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Algorithm 1 (Theorem 1) is like building:

0,41 =0, — H(S”), where x, € 0H(8,,).

Xn

Right here
x;kl = g(xn+l)’ H(en) == f(xn+l) + eng(xn+l)-
So, we must take

0,41 =6, + fn1) = 8n8(xn11) _ fxps1) ‘

g(xn+l) g(xn+l)

Therefore

f(xn+l)

0,,, =+l
n+1 g(xn+l)

This is what Algorithm 2 (Theorem 2) does.

So we have convergence of 6,, — a superlinearly.
Any adherence value of the sequence {x,,} belongs to M ?

Indeed; let & be the adherence value of the sequence {x,}. So,

therefore £ € M. O

Theorem 3. Consider the optimization problem defined in Theorem 2

(Algorithm 2) with the following additional assumptions:

f is convex and positive on C, g is concave, C is convex.

Then the auxiliary problems (Pgn) intervening in the Algorithm 2 are

convex programming.
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Proof. Let

oc:Inf(gg), xe C). (P)

~

Let us given the following assumptions:

f 1s convex and positive on C, g is concave, C is convex.

Then, g concave :é is convex, therefore é is convex and (P) is a

convex optimization problem.

If f is convex > 0, g concave > 0, so a > 0 = 0,, > 0. Therefore

x — f(x)-6,8(x)

is convex. Then we have a convex programming problem for (Pgn ). O

We obtain the following special case:

Proposition 1. In the particular case where [ and g are affine and
C is a convex polyhedron, the dual problem of (Pg) is the dual in linear
programming.

Proof. We have

F(8) = In(};(f(x) - 6g(x)). (Py)

f, g are affine & f(x) =< a, x > +a, g(x) =< b, x > +P, then

F@®©) = Inf(< a, x > +a—6(< b, x > +B)/Cx < ¢)

X

=a-6B+ Inf(< a—06b, x > /Cx < c).
X
We take the dual in linear programming ([2], [3]). O
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