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Abstract

The main purpose of this work is to obtain and describe the solutions of the
non-homogeneous first order linear singular differential equation of the
following type:

AxPy(x) + B Iy(x) = 8®)(x),

with A, B two real numbers, s and pe N,qge Z,, in the space of

generalized functions K.

N
We look for the solution of this equation in the form of y(x) = Zk—o CkS(k)(x)

with the unknown coefficients C}, to be determined.
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We also obtain and analyze the classical solutions of the homogeneous

equation.
1. Introduction

The importance of differential equations as scientific tools to
construct models of reality is well-known. However, sometimes solving
even very simple first order linear differential equation in some specific
cases may be not easy. Many scientific papers recently are devoted to
considerable interest in problems concerning the existence of solutions to
differential and functional differential equations (FDE) in various known
spaces of generalized functions. As we notice, a lot of serious areas in
theoretical and mathematical physics, theory of partial differential
equations, quantum electrodynamics, operational calculus, and functional
analysis use widely the methods of the distributions theory. This work is
devoted to the question of the investigation of the solvability in the space
of generalized functions, linear differential equations of the first order
with singularity and Dirac delta function (or its derivative of some order)
in the second hand side. Namely, we consider the equation of the

following type:
AxPy (@) + Bxly(x) = 3¢)(x), (1)
where A, B are real numbers and,
pe N, q, se NU{0}. 2)

Among others we can note similar investigations recently done by various
authors as Liangprom and Nonlaopon [10], Jhanthanam [11]. We also
remark, in particular following Abdourahman, see papers [12, 13-14]
which contain references to previous works that it is well-known that
normal linear homogeneous systems of ODE with infinitely smooth
coefficients have no generalized-function solutions other than the

classical solutions.
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Equation (1) is studied in the space of generalized functions K’. The
main characteristic of such equation is the fact that beside classical
solutions, the homogeneous equation (1) may admit solutions centered at

zero and more, their number in the case when p = ¢ —1 may be superior
than the natural number min(q, p —1) -1 for one and its appearance
already is connected not only with p and g, but also with coefficients A
and B. Other principal difference with the equation without singularity

is the fact that despite the linearity of the Equation (1) under certain

relationship between parameters, and namely, if
gq=p-1,Alg+s+1)-B =0, 3)

the non-homogeneous equation (1) at all is not solvable (in the case
AB # 0).

In this work, we give the complete description of the solutions of
Equation (1) in the space K’ as for homogeneous equation and as for the

non homogeneous equation (in the case of solvability).

The paper is organized as follow: In the beginning, separately we are
considering the case when AB = 0 in Section 1. In Section 2 in the case
AB = 0, we describe the solutions of Equation (1), centered at zero. In
Section 3, it is constructed the general solution as union of generalized
and classical solutions. In Section 4, we describe the classical solutions of
the Equation (1) in R! - {0}. Lastly, in Section 5, we show the possibility

of the existence of not centered at zero solutions. Finally, we summarize

our work in Section 7.
2. Preliminaries

In this section we briefly review the important notions of Fourier
transform, its properties and generalized function centered at a given
point (we refer to [7, 14, 15, 17] for a detailed study). We recall that K is

denoted the space of test functions, of finite infinitely differentiable on



30 ABDOURAHMAN
R! functions and K’ the space of generalized functions on K. For
function ¢(¢) € K, through Fo=¢ we denoted the Fourier transform
defined by the formula

+oo

(Fp) @) =06)= | ot)e™a ()

The Fourier transform of the generalized function fe K’ we define by

the rule (Parseval equality)
(F, ) =2n(f, 9). )

For the Fourier transform of generalized function many properties are
conserved as those taking place for Fourier transform for test functions,
and particularly formulas relationship between differentiability and

decreasement.

From them in particular follow that
F[8¥ ()] = (- ix)®, se NU{0}. (6)

We need the following assertions which can be found with their proofs
in the books for theory of generalized functions, see, for example, [15, 19,
20, 21].

Theorem 2.1. If f, g€ K and f = g/, then f—g =c.

Theorem 2.2. Let A(x)e C*(R'Y). The differential equations
y = A(x)y in the space K’ does not admit other solutions which are not
classical solutions.

Definition 2.1. Generalized function f € K’ is called centered at the

point xg, if (f, ¢(x)) = 0 for all ¢(x) € K, such x; € supp®.
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Theorem 2.3. Let f € K’ centered at zero. Then there exist m € N U {0}

such that

fl) = eV, (M)

Jj=0

where cj-are some constants.

Lemma 2.1. Let B(x) € C*(RY). Then it hold the formula

l
)= D 17 CipH 0" (x). ®)

Jj=0
The proof of Lemma 2.1 is given in [18].

k

As consequence from Lemma 2.1 when B(x)=x" we obtain the

following assertion.

Lemma 2.2. Let k, s € N U {0}. Then

0, if s<k,
x"86) (x) = 1) s! (s , 9)
o k)S! SR (), if s>k

Sometime we need in our investigation the following expression

gWx)

- We will understand this expression from the following
X

definition.

(s)
Definition 2.2. The quotient S—ix) is called a generalized function
X

y(x) e K’ which satisfy in the space K’ the equality

(x"y(x), 9(x)) = (6P (x), 0(x)), 0 € K. (10)
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From Lemma 2.2 and Definition 2.2, we deduce the following formula for

3(x)

xn

the computation of the generalized function

Lemma 2.3. Let n € N, s € NU{0}. It hold the following formula:

3 (@) _ (18! s(sn) ), N o gk
- G ) (x) + ; c;;0 (x). (11)

Proof. We use the Definition 2.2 and let apply the Fourier transform

to both sides of the equality x"y(x) = 5(8)(x) with consideration that

(ix)" y(x) = y(x)(€). Finally, we have

From the previous we reach

(- 1)"s!
(s+n)!

Y@ =P, 1)+ (- &)™,

where P,_;(§) is a polynomial with arbitrary coefficients. Applying the
inverse Fourier transform with respect to (6) we arrive to (11). The
lemma 1s proved.

Note that in the result of the division of the generalized function
) (x) by x" because of the “union” of singularity, it is not only

increasing the order of the derivative of delta function, but it arises some

arbitrary depending of n.
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3. The Degenerate Case
Let consider at the beginning Equation (1) in the case called
degenerate case, when
AB=0. (12)

This case is simple and allow us to obtain completed result as

consequence of Lemma 2.3.

Theorem 3.1. Let q, se NU{0}. The general solution of equation

Bx?y(x) = 8 (x) (13)
has the following form:
- 1)%s! Z _
o) = o 300+ IEEC] 1)
=1
Here and further we set
n
Za("’)(x) =0if n<m. (15)

m
It is clear that the Theorem 3.1 is just a reformulation of the Lemma 2.3.

Theorem 3.2. Let pe N, se NU{0}. The general solution of the

equation
AxPy(x) = 89)(x) (16)
has the following form:
_ CDPS erpen) o S s(he)
Yo = S8 (x) + ; 8 V() + e0@) +¢o, (A7)

where 6(x) is the Heaviside test function.



34 ABDOURAHMAN

The proof of this theorem also can be deduced from the formula (11).

In fact, we have

,189%) (1P (sip) o)
y _Z xp - A(s+p)‘6 (x)+kZ=;Cka (JC),

from there by integration, with respect to 8 = 8" we arrive to (17). The

theorem 1s proved.
4. The Non Degenerate Case

We here forward the consideration of the main case when
AB + 0, (18)

which we call non-degenerate case. The following theorem gives the

necessary conditions of the solvability of the Equation (1) in K.
Theorem 4.1. Let AB + 0, pe N, g € NU{0}. For the solvability of

the Equation (1) in the space K’ it necessary and sufficient that
(@-p+1)*+(B-Alg+s+1)7)#0. (19)

Proof. We just prove only the necessary part of the theorem. The
sufficient part of this theorem will be constructed below at the same time

with the construction of the solutions.

It is not difficult when proving to understand that the particular

solution y(x) of the non-homogeneous equation (1) should be a functional

centered in zero. If looking y(x) in the form of such functional

N
y(x) = Z ¢;89) (), (20)

where N is sufficient great number and suppose contrary (19), i.e., when

q=p-1,B=A(q+s+1), (21)
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then simple calculations with consideration of Lemma 2.2 give after
substitution (21) in the Equation (1)

N N
Axpz cj6(j+1)(x) + quz cJ-S(j)(x) = 5()(x).
Jj=0 j=0

From the previous we obtain

u +1)! . N 1)1 .
A Z G 1J ol cj5(1+l—p)(x) + BZ : J: 0,5(J+q)(x) _ 5(5)(x),
Jj=p-1 =q !

or after arrangement

N—(p-1)
A Cijrp-1— 7
j=0

1P+ p)! (J+p)' s0)(x) + B Z 1%+ ) (J+q ,)(x) ~ 59 (),

(23)
From the previous, if we equalize coefficient under &-functions and its

derivatives we obtain a non-homogeneous linear algebraic system for the

determination of the unknown coefficients ¢ ] of the following form:

) 1, if j=s,

= (24)
0, if j#s.

If we observe the equation in (24) when j = s under the choice ¢ = p —1,

then it is not difficult to see that it has the following form:

-1)%(q + s)!
% [B-Al(g +s+1)]cgys =1, (25)
and solvable with respect of the second condition in (21). Therefore the
algebraic system in (24) is solvable, that was to be prove. We note that the
analysis of system (24) in the cases (21) do not take place permit to

construct the solution of Equation (1). Nevertheless, we will use also
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other process for the construction of the general solution of Equation (1)

centered in zero. For that matter it is important to distinguish two cases:
(@ qg#p-1
b)) g=p-1B # A(g+s+1).

The most simple for investigation is the case (b). In this case, the solution
obtained when analyzing system (24) with consideration that at this time

Equation (25) is solvable.
Theorem 4.2. Let AB+ 0, pe N, ge NU{0} and be realized the
condition q = p —1,

B+ Alqg+s+1). (26)

Then, the centered in zero general solution of the Equation (1) has the

following form:
-1
_ (-1)7s! (g+s) < §()
S ey P ey R PR
in the case when
B-A(j+q+1)#0, je Z,. (28)
And if there exists j, € Z, —{s}, such that
B_A(j*+q+1)=09 j*€Z+—{S}, (29)
then, the solution has the following form:
(- 1)7s! @) 2§ s0) (s +a)
- - : q+s U ) Jeta
y(x) Gr O B-AG+q +1)]5 (x)+zc]5 (x) + ¢j, 449 (x).

Jj=0

(30)
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Proof. As we already noticed upstair, in this case we can use system

(24) which we can rewrite with respect to the condition p = ¢ +1 in the

following form:

C1)7( + 1, if j=s,
—'[B A(]+q+1]c]+q = 31)
J: 0, if j#s
Taking into consideration (26) it is clear that
(=18 1
‘0 T (51 g B-A(s+q+1) (32)

Concerning the remaining coefficients ¢j,.4, j € Z, - {s}, they are equal
to zero, when B— A(j+q+1)# 0 for all j e Z, and one (and only one
of them) will remain free, if there exists j, € Z, —{s}, such that

B-A(j. +q+1)=0. All these lead us to (27)-(30) with respect to

S(j)(x), j=0,1,..., g —1 are solutions of the homogeneous equation.

The proof is realized.

Now, let us move to the investigation of the most difficult case when

q+p-1.
Theorem 4.3. Let AB#0,pe N,qe NU{0} and realized the
condition

g<p-1. (33)

Then the centered in zero general solution of the Equation (1) is defined by

the formula

(-1)%s! "Zl Zl -
— — 3+(I P q
y(x)_B(S+q +J CJS S"rq =
A i s(stq-l(p-1-q)) Hl [s+p-m(p-1-gq)
><(B)a ) m=1[s+q-m(p-1-q)]'" (34)
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Proof. It is clear that when ¢ # p —1 the homogeneous equation (1)

is satisfied only (and only) the function Y )(x), j=0,1,..., min(g, p-1)-1

that is why for the main part of Theorem 4.3 (and to the next Theorem
4.4) it will be the proof of the fact, that the concentrated in zero particular
solution has the type described in (34). For the proof of that, we will use

this solution in the following form:

Wy = Y e (35)
=0

with unknown coefficients y;. Putting that in (1) gives us:

S S
p -1- q p -1- q
AxP Z 7,86+~ (0-1-0)) () 4 B9 Z v, 86+ Up=1=0)) () = §(5) ().
=0 =0

Note that s+q—-1-1l(p—-1-¢q) = q for all possible values of ! by the

S ]< S

»-1-q “p-1-q This lead us to the fact that when

virtue of [ <[

using Lemma 2.2 In the second member of the summation in the left

hand side all the members will be conserved, and in the first all, unless

the last one when [ = [ ]. That gives

s
p-1-¢q

s y EV ety

(P =1 -9 o(s-(1+1)(p-1-9))
[s-(+1)(p-1-9q) ST )

I

C1)%[s +q = Up =1 = @ (s-1p-1-0)) () = 5 ).

+B z:Yl [s—ip-1-4q)
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After changing [ +1 — [ in the first summation we obtain:

pl-q¢”  _\p T

A ( D[Et3£)_§%qgh qﬂlyhl§&ap4fmkx) (36)
1=1 -
p =g’ \q a4

e ( D[:Esfz(qp SE q;]v 5o 1010 ) = 5. ()
1=0 -

Therefore, for the unknown coefficient y; we obtain the following
algebraic system:

5D s +q)!

s! Yo =L

AG&WB+p—Kp—;—mNW4

+B(—1)q[s+q—(p—1—Q)]! 0,1=1,... [;],
p-1-g

which presents acquire the following recurrent relations:

_ (=198
Yo = B(s+q)!”’
)P A5+ p-Up-1-q)!
Bls+q-1(p-1-gq)

(38)
l.

Vi = Yo, l=1, ..., [

s
p-1-gq
Calculating 7y; from these recurrent relationships, it is easy to obtain

plqA

! [s+p-m(p-1-9g)' ,_ s
e Rl | BB o

(39)

and the previous lead us to the needed result. The theorem is proved.
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Analogously it can be investigated the case in the contrary inequality

in (33). Namely, it takes place.

Theorem 4.4. Let AB+0,pe N,qe NU{0} and realized the

condition
qg>p-1. (40)
Then, the centered in zero general solution of Equation (1) is given by the

following formula:

1)p3’ (s+p-1)
A(s + p)! o (x)

M |

—)Ps BT 4 - -l
" é(si;)' Z (E ) (= 1)fla-pH)§(s+p=1-llg=p=1)) ()
A

XIIZ [s+q-m(g—p+1)]! 41)

m=l[s+p-m@-p+1)|"
Proof. It is sufficient to find the particular solution of Equation (1).
For this matter set

s
q p+1

Z Ylas+p -1-1l(q- p+1))( ),
=0

with unknown coefficient y;. Putting into (1) we obtain

q p+1
AxP 7,88+ P=Ha=p+1))(y)
=0

s
q p+1

+ Bx4 Z YZS (s+q-1- l+1)(q—p+1))(x) _ 8(3)(x)
=0
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From the previous we now reach to the following recurrent relationships:

_ (=1Pst
Yo = B(s +q)!”’
17" Bls+q-llg—p+ 1)

_ Ll=12 .. [—S
v As+p-lg-p+Dl /72 1=
(42)
This lead us to the result
TP BTyl [stg-mlg-p+DI! 5
11 = Yol A )Hm=1[8+p—m(q—p+1)]!’l_l’”" q-p+1~
(43)

The theorem is proved.

5. Analysis of the Classical Solutions of the Homogeneous
Equation (1)

We suppose here that AB # 0. The homogeneous Equation (1) has

the following form:
’ B a-p

y=-—x

1 y. (44)

Let find the ordinary solutions of Equation (44): under condition

p # q +1, we have:

B .
2 ,q-p+l

(x) = ke A@=p+D) ;x <0,
Y - _qu—ml
kge Ala-p+1) , x> 0.

The corresponding solutions of Equation (44) in the sense of K~ have the

following type:

B ¢ B _¢mn
(@) = ke AP g(x) 4 ke AP (- ), (45)
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where 0(x) the Heaviside step function. From the different relationships
between the parameters p, g, A and B and taking into consideration
local integration of functions on R, we can bring out those of these

functions which are solutions of Equation (44).

Lemma 5.1. It is taking place the following assertions:

(1) If ¢ > p —1, then equation (44) has solution in the form of (45) for
all values of parameters A, B, ki, kg from R.

@) If gq<p-1, then we can distinguish different cases with

dependence of the parity of the number q — p and the sign of %

(a) Let % < 0 and q — p odd number then the equation (44) admit a

solution of the form (45) with all values of numbers A, B, ki, kg € R.

(b) Let % <0 and q-p even number then the solution of the
Equation (44) has the following:

B a-pt
y(x) = ke Alg-p+1) 8(x), (46)

with arbitrary values of parameters k;, A, B € R.

(c) Let % >0 and q — p odd number then the solution of Equation

(44) is defined by y(x) = 0.
B . .
(d) Let 1 > 0 and q — p even number then the solution of Equation
(44) has the following form:

_qu—pﬂ
y(x) = kge Ala=p+1) 0(- x), (47)

with arbitrary value of parameters kg, A, B € R.
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Next, let consider the case when p = q + 1. In this case the solution in

the sense of K’ of Equation (44) has the following form defined by:

_B B
y(x) = kix A0(x) + kolx| A 6(- x), (48)

with arbitrary value of parameters kg, A, B € R.

Taking into consideration the idea of local integrability of functions in

R, we arrive to the two situations describe below.

Lemma 5.2. It hold the next assertions:

(a) Let % < 1, then the Equation (44) admit solution of the form (48)

with arbitrary values A, B, ki, kg € R.

(b) Let % > 1, then the Equation (44) admit only trivial solution

y(x) = 0.

First of all we prove that (45) is the solution of Equation (44) under

q > p —1 and under arbitrary values of parameters A, B, k;, ky € R.
In fact putting y(x) in the Equation (44) we obtain V¢ € K

qu—p+1

(AxPy'(x) + Bx9y(x), o(x)) = (AxP (ke Aa-P+g(x)

_Bxd-p+1 ) ~ B La-p+1
+ kpe AP (= x)) + BxI (ke AP+ 0(x)

_qu—pﬂ
+ kge Alz-p+1) (- x), ¢(x)) = 0.
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Taking into consideration that Vf € K’, Vo € K(f'(x), ¢(x)) = (f(x), — ¢(x))

we have

(AxPy(x) + Bxy(x), olx)) = - k1j0 e AP (AxPe(x)) dx

Integrating part by part we obtain

(AxPy'(x) + BxIy(x), ¢(x)) = — kb AxPo(x)e Aa-P+1) s

B
_ li. AxPo(x) (B xa7Pe Ala=p+D) )dx
0

0 _qu—pﬂ
- leJ x%e Ala=p+1) o(x)dx
0

B ¢
— koAxPe Alg-p+1) <P(x)|9m

B _
0 A
- Ak2j %xq_pe Alg-p+1) xPo(x)dx

0 B a1
+ szI xe Ala-p+l) o(x)dx.
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Simple calculations lead us to the end of the proof. In the same way, we

can consider the case when ¢ < p — 1. Further, let verify that in the case

when p = ¢ +1 the solution of the equation defined by (44) and given by
the formula (48) when % <1 1is true. In fact when putting (48) into (44)
for every ¢(x) € K, we obtain:

B
(AxPy(x) + Bx9y(x), 9x)) = (AxP (kyx A6(x) + kylx| 7 0 )
_B B
+ Bx(kjx A6(x) + kolx| A0(- x), ¢o(x))

o _E ’ o _E
- J. kix A(AxPo(x)) dx + Bklj. x Ap(x)dx
0

0

o B , 0 B
- kzj. -x A(AxPo(x)) dx—BkZI x Ao(x)dx

—o0 —o0

B B
p

- Akyx _Z(p(x)|6° +Ak1(—§)J.O x A olx)dx

w g B _B
+ Bklj. x Ap(x)dx + Akzxp Ap(x) %
0

B 0

0o L, (B_
a5 [T 4 l)q)(x)dx—Bng.

P
A
el x o(x)dx.

—o0

After calculation and simplification we obtain what we need.

The verification in the second case when p = ¢ +1 and when % >1

is obvious.
Definition 5.1. Equation (1) is called particular when the conditions
p=q+1 and B = A(q +s +1) are realized and in the contrarily case it

is called non particular.
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Theorem 5.1. The general solution of the non particular Equation (1)

when AB #0, pe N, q e NUJ{0} has the following form:

W Ifqg>p-1
B g-pt B g-p+1 p—2
y(x) = kpe A(g-p+1) 0(x) + koe A(g-p+1) 0(— x) + Z C]F)(J)(x)
Jj=0
S
1
+ (_1—)1)5!5(“1?—1)(36) qf E - g-p+1)
A(s + p)! Als + p)! — A

’

Lo [s+q-mlqg=p+D] <(stp-1-i(g-p+1))
><I_anl [s+p—m(q—p+1)]!8 (x)

where ky, ko, A, B, cg, ..., Cp-g are arbitrary constants.

(2)Ifq<p—1,£<0 and q — p odd number.

A
B epn B a-pn ¢
Alg- P+1) A(g-p+1) . (-1)%s! 5+q)
y(x) = ke 0(x) + kge 6( x)+—A(s+q)!6 (x)
g-1 ) - 1 A
+ 20]5(])(36) s+q Z I(p-1- q B)l
J=0

! [3 +p-m(p-1- Q)]' (s+q-Il(p-1-q))
XHmzl [s+qg-m(p-1-q)] y (),

where ky, ko, A, B, cq, ..., Cq—1 are arbitrary constants.
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(3)Ifq<p—1,§>0 and q — p even number

B xq—p+l q-1

_ _ _1)}?
y(x) = ke A@-P+D 0(x) + ch5(1)(x) + f(‘(slj_ ;')' 5(5+9)(x)

S

[ ]
p-l-q
Caaran & (UG

=1

I [s+p-m(p-1-q)] (s+q-l(p-1-q))
><I_anl [s+q—m(p—1—q)]!8 (x)

>

where ky, ko, A, B, cq, ..., Cq—1 are arbitrary constants.

(4)Ifq<p—1,§>0andq—p odd number

_1)9 i
(=1)4s! .

yer) = B(s + q)

[ ]
D% N qe-1-9) By
+ Be+ q] ; (-1) ()

I [s+p-m(p-1-4q) (s+q-l(p-1-q))
><I_anl [s+q—m(p—1—q)]!8 (),

where ky, ko, A, B, cq, ..., Cq—1 are arbitrary constants.
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(5)Ifq<p—1,§>0 and q — p even number

A
B apn g-1
- Alg-p)” _ (178! s(s+q) §U)
¥) = ke 0 0) + oy oy 07 )+J;C,6 (x)

S

[

p-l-q
TS ooy

o=l

! [3 +p-m(p-1- Q)]‘ (s+q-Il(p-1-q))
XHmzl [s+q—m(p—1—q)]!8 (x)

’

where k9, A, B, cg, ..., Cq-1 are arbitrary constants.

Finally, we move to the next following case.

6. The Case g = p-1, B+ A(lg+s+1)

WIEB-A(j+q+1)#0V, e Z, and B <1

A
_ (= 1)q5! (s+q)
y(x) = (s+q)![B—A(q+s+1)]6 (x)
g1 _ _B B
+ 3 ¢;dV() + kyx A6(x) + halx| A 6(- x),
=0
where ki, kg, A, B, cq, ..., Cq—1 are arbitrary constants.

(2)If 3j, € Z, —{s} such that, B— A(j, +q+1)=0 and§<1,

(-1)%s!

Y) = G OB - Alg + 5+ 1] D +ejngd )
g1 _ _B B
+ 3 ¢;dV() + kyx A6(x) + holx| A 6(- ),
j=0

where k1, kg, Cjtqs A, B, cq, ..., Cq1, Cj,+q are arbitrary constants.
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@I B-A(j+q+1)+0,Vje Z, andgzl,

-1
¥x) = C1)7s 3040 + 3 80
(s+q)'[B- A(g +s+1)] g J ’
where A, B, c, ..., Cq-1 are arbitrary constants.
(4) If 3j, € Z, —{s} such that, B- A(j, +q¢+1) =0 and % >1,
_ (- 1)q3! (s+q)
yx) = (s+q)![B—A(q+s+1)]8 (x)
. q_l .
+ cj*+q8(]*+Q)(x) + Z ch(])(x),
7=0
where Cjo+q> A, B, cg, ..., Cq-1 are arbitrary constants.

7. Conclusion

In this paper, we completely investigated the solvability of the linear
singular differential equation of the first order in the space of generalized
functions K’ with a second right hand side in the form of an s-order
derivative of the Dirac delta function. All the results obtained are
described in the theorems we formulated. It would be very interesting to
further these investigations in a more widely generalized space

considering the solvability of the homogeneous equation.
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