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Abstract

In this paper, we deal with the construction of an integral equation by potential

for the Sturm-Liouville operator with a delay for the case when

ze R\{0},te [%, 2—;), q € L0, t]. We solved the integral equation by the

step method, constructed the characteristic functions and solved the inverse

problem for the given conditions.
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1. Introduction

Border task defined with

— (%) + q(x)y(x — 1) = Ay(x), A = 2%, T € [g 2—;

yx-1)=0,x€[0,1),

¥'(0)-h(0)=0, h € R,

y' () + h(x) =0, H € R.
We will denote shorter by D? y = 22 V.

The solution (1)-(3) is equivalent to the integral equation

y(x, z) = cos xz + % sin xz +é q(ty) sin(x — 1 )zy(¢; — 7, 2)dt;.

A R

), q € Ly[0, 7],

(1)

@)
3)
(4)

®)

We will solve Equation (5) by the step method. For a brief record of the

solution of Equation (5), we define the following functions:

X

age(x, 2) = Iq(tl)sin(x —t1)z cos(t; — 1)zd ¢y,
T
X

as (x, 2) = Iq(tl) sin(x — ¢ )z sin(t; — 1)2d ¢,
T
X

Aes(x, 2) = Iq(tl)cos(x —t1)z sin(t; — 1)zd ¢,
T

X
az (x, 2) = Iq(tl) cos(x — ty)z cos(t; — 1)zd ¢,
T
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X Hh—-T
ay (x,2)= Iq(tl) I qlty)sin(x — 4, )z sinty — T — ty)z cos(ty — 1)2d todty,
27 T
(65)
h—-7

X
Aege (2, 2) = J qt,) I q(tg)cos(x —t;)zsin(t; — T — t9)z cos(ty — T)2d todt;,
2T T

(66)
X t]_—‘t
as(x, 2) = I aty) I qlt)sin(x — &)z sin(ly — 1 — t5)z sinlty — 7)zd todty,
27 T
(67)
h-7

X
a2 (x, 2) = Jq(tl) J q(tg)cos(x —ty)zsin(t; — T — t9)z sin(ty — T)2dtadly,
2T T

(63)
For x € (z, 21], the solution of Equation (5) is given by
h . 1 h
y(x, 2) = cos xz + —sin xz + — az.(x, 2) + — a o (x, 2). (71)
z z ZZ s
For x € (27, ], the solution has the form
, h .
F(z) = y'(n, 2) + Hy(m, z) - y(x, z) = cos xz + ~ sinaxz
1 h 1 h
+ age(x, 2) + 5 @2 (x, 2) + - asgc(x, z)+ a3 (x, 2). (79)

z < <
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Differentiating the function (75) by x, we obtain

. h
Ir y(x, 2) = — zsin xz + h cos xz + a2 (x, 2) + ;acs(x, z)
1 h
+ Qese (X, 2) + ) a,s (x, 2). (8)

Putting x = 7 in the relations (6;) and in further notations we omit ,
and then we use the boundary condition (4) we obtain the characteristic

function of the operator D? y in the following form:

F(z) = (—z +%)sin 7z + (h + H)cos mz + acz(z)+gacs(2)+gasc(z)

Function transformation F

Let us define the following functions:

0, be [o, l)u(n—i, n},
2 2 (107)

T T T
q(ﬂ‘l‘a), 0 e |:§, ﬁ—§:|,

0, 6e[0,7)U(n—-m, =@,

q'(0) =

0 T T
6+ T)I q(ty)dt; + I q(ty —0)g(ty)dt; — q(8) J q(ty)dty, 6 € [, m—1],

T 0+1 0+1

2)(g) =
@0 =1,

(102)

0, 6€[0,7)U(r-r1, n,
(2%) _ 6 b b1
GO g9 atwdn + [ at - 0kt)d +a0) [ att)dn, o< 7l

0+1 0+1

(103)
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-1 n—T
a®(z) = j Q®)(0) cos(r — 20)2d0, bP(2) = j Q®(0) sin(r — 26)2d6,
T T

(104)

T n—T

a®)(z) = j Q29(6) cos(r — 20)zd0, b29(z) = J' Q")(0) sin(x — 26)zd6,
(105)

q" () sin(x — 20)zds.

(106)
Besides, let’s put it
T
T 3 T Hh-1
I = [aw)dn = [ d@)ds, I = [a) [ a)dds.  (0)
T T 21 T

[

Using relations to translate the product of trigonometric functions into

sums and using relations (10;),1 = 1,7, we obtain the following
equations:

1 I . 1 I
a4 (2) = 3 bl(z) + ?1 sin(w — 1)z, az (=) = 3 al(z) - ?1 cos(mt— 1)z, (117)
aus(2) = —%bl(z) + 1—21 sin(® — 1)z, az (=) = %al(z) + % cos(®w — 1)z,
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as (2)= %b(Z*)(Z) - {72 sin(m — 21)z, a2 (2) = %a(%)(z) - % cos(m — 21) 2,
(113)
Qs (2) = —ib(z)(z) + %Sin(n -217)z, az, (2) = %a(z)(z) - ITZcos(n - 217)z.
(114)

Using relations (10;), [ = 1,7 and (11;), j =1, 4 the function F is

transformed into the following form:

F(z)= (—z+%)sinnz+ (h+ H)cosmz +%d(z)+l—21cos(n—r)z

h+H I sin(n - 21)z + ﬁd(,z) _hH I cos(m — 1)z
2z 222 222

_ L b(z)(z) + 1—2 sin(w — 21)z + Lz a(z*)(z)

4z z 4z

- —3 cos(m — 21)z + — a(2)(z) - HI22 cos(m — 21)z
4z 4z 4z

+ h—z b(z*)(z) - h_I-{; Iy sin(n - 21)z, z€ R. (12)
4z 4z

We put
h+H 1 T A 2 ~
o = T’ & = 511 = ZGO, a2n = P J q(0) cos 2n6de,

n = —%ﬁo‘ip Ng = ZLn{(n_ )2 —7}- (13)
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Zero z, of functions F' have the following asymptotic decomposition:

1. 1 . . 1 1
z, =i{n+(é’;0 +&; cos nn+Zaznj;+(n1 sin nt+ Mg sin 2n’c)¥+o[n—2]}.

Asymptotics of eigenvalues A, = z,% operator D? is given with
An = n? + 28, + 2&; cos nx

+ % aon + % (2n; sin nt + 21y sin 2n71) + 0 [n%j, (14)

where My, € Ls.

Inverse task setting

If we vary the boundary condition at the right end of the segment

[0, n] with H on Hj, j=1,2, we get a pair of operators or a pair of

boundary value tasks
D}y =2z%y, D} =Dt h Hj q), j=12 (15)
For a given pair A,j,ne Ny, j=1,2 eigenvalues determining

parameters T, h, H;, ¢ operator DJ2 we call the solution of the inverse

spectral problem for the delay operator. Based on zero Zpj = J_q/?unj
ne Ny, j =1, 2, characteristic functions Fj(z) which are the whole

functions of exponential type and unit degree of growth, is simply

determined through the Adamar product

2 i 2 > Ay —n’
Fj(z) = MOJHn_r;](l_%]Sinm'H(lJr%]’ zeC,j=1,2.

n=1
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Given own values knj have zero asymptotics (16), that is,
ln] = nz + 2&0 + 2&1 cos nm

1. 1 . . Mo
+ o G2n + [(2111 + 2n1j)sm nT + 219 sin 2nr] +o0 [T”j, a7

where is dgn, Ny, € ly. Suppose they are arrays Apj — n? oscillating that
is,itis & # 0.

Then let’s form a string
Wi = Posas = 0+ 202 = Mg + (0= 22 rj = (0 + 12 =y + (0= 1)2]

cos(n + 2)n — cos(n — 2)n
= ]_ = 2 1 .
cos(n + 1)1 — cos(n — 1)x +o(l) cos T+ o(1)

It follows from here

T = arccos(l) Lim [T j=1,2. (18)
2 ) n—eo

In what follows, we consider it to be T € [g, 2—;)

Let’s choose substrings {nlgl)}, l=1,2, string {n,} for which the

conditions apply cos n,(cl)r # 0 and ‘cos n,(cz)T - cos n,El)T‘ >8>0 (Vk).

Then from (17), we have

2 2
208 +&;) = klglg.o[(l 2) — (n,((z)) jcos n,(cl)r - (ln](}) - (n,((l)) jcos n]({z)r}/

Y

(2)

COs nk

(1)

T — COSs nk T.

According to (17), we have

ajlw

(h+Hj)=2& +&oj),

h+Hj:TC(<";0+&O]‘), j:1, 2. (19)
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Further from (17) also follows

2
2, = klgg,[x o ;- b —2(‘30]"“‘30)}/005”;@1, i=121=1,

nk 5
we put
~ 4
Il = 2&1, apg = EE"]‘ (20)

From (19) follows
Hy - Hy = n(Epg + &1 ) (21)

Putting in (12) H = Hj, j =1, 2, and then using (21) we get

1

2k + =
h=1 —= B 2%k += |- F|2k+=| |- = 2k + = |15, (22
P Hz—Hl[z( +2) 1( tg)| TSk (22
Now from (19) we still have
H_] = 75(";0 +§0j)_h’ j:]-’ 2 (23)

In this way we proved the following result.
Theorem 1. Using two sets of eigenvalues %nj’ ne Nq, j=1,2, with
asymptotics (17) such that they are arrays knj -n? oscillating, the

parameters are uniquely defined t, h, H,, Hy, Qo operators Dz, j=12.

2. Construction of Integral Equation by Potential

Characteristic functions F; of the requested operator, whose

eigenvalues are known are given with (16). The unknown potential ¢

satisfies the identity system
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hH ;) . I
F(z)|- z+ , sinz + (h + H;) cos nz + a(z)+?cos(n—r)z

N

H,-h. h+H;

J J ; _ J A
5 b(z) + I sin (m - 27)z + " a(z)
hH
- 222] I cos(m — 1)z — 4%2 b(z)(z) + i—i sin(w — 21)z

P a®)(z) - hly cos(n — 21)z + —L a@(2)

42> 42> 422
H:I hH ; hH ;
-2 cos(m — 21)z + —SJ b(z*)(z) - 31 I, sin(n - 21)z
4z 4z 4z
=Fijz), j=122€C. (24)

Let’s introduce new functions

0,(2) = ﬁ [HyFi(2) - HyFy(2)] + 22 sinniz — I, cos(n — 1)z, (25,)
0g(2) = ﬁ [Fy5(z) — Fi(z)] — 2z cos nz — 2h sin 1z — I sin(n — 1)z.
(25,)
Now the system (24) got in shape
A : _ @ in(m —
a(z) - h b(zz) R, sin (TCZ 9z b Z(z) 1, s1n(1;z 27)
(2k)
a z cos(n — 27)z
e (25,
. 4 _ @ _
b2) + h%z) yya cos(nz )z L9 z(z) _ 1, cos(n2z 21)z
b3 (2 sin(m — 21)2
e n 2B g, SRE20E () (26,)

222 222
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b(z) a(2)

We will now take the fractions -~ and — once partially integrated on

(2)
and 2 z(z), we will also

(2)
the interval [%, 9}, and fractions b_(z)

a(2k)(2)
222

partially integrate once, but at intervals [t, 8]. Next, fractions

b (2)
222

brief note, we introduce the following notations:

and we will partially integrate twice on the interval [t, 8]. For a

0
J' 3(6,)d0y | cos(n — 26) 2d, 27,)
x
2

q(6,)de, |sin (n — 26) zd6, (27,)

(ol
~
i
Q>
—_
N
N—
1l
—_—
N
D] Aty ©

=5
o' () = J' [J' Q(2)(91)d91Jcos(n—29)zd6, (28,)
T T
3
TC—E
'@ *(7 @
»1'@7 () j Q@ (6,)d8, | cos(n — 26)=de, (28,)
T T
]
12929 i 2%)
al @7 () = J' J' J' Q29 (0,)d0,d8, | cos (x — 26)d, 29,)
T T 7T
2 @) n-1(6 6
Fe™ ) = I '['[c;)(z*‘)(ez)dezde1 sin (1 — 26) 6. (29,)
T T 7T
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By applying partial integration, we get

A

_h b(zz) onf, SBOZYZ _opat'a ) 4 o, —Sm(nz_ oLy
G Gl P AN
z 1 ’
bP(z) . sin(n-21)z 1o sin(m - 27)z
- 22 +12 22 =—Q (2)+127,
a(z)(z) LT cos(m - 2t)z _ bIQQ(Q)(Z)
2z 2 2z B ’

(2%) _ .
e 2(,z) s cos(m 221)3 __ 2ha12Q(2 )(2)
2z 2z

n-1T 0 .
sin(n — 21)z

th j J.Q(2*)(61)d61d6-7,
:

T

(2*) ] _ *
A b (z) h, sin(n — 21)z _ 2hb]2Q(2 )(z)

222 222
n—1 0 9 ) )
+h J' IQ‘z*)(el)delde- cos(n — 21)z hl, s1n(7t; T)z
z
T T

Using relations (27.)-(31,) and (27,)-(31,) system (26,), receives a form

1a 1H(2 2(2%
a(2) - 2ha’(2) - o9 (2) - 2na 1% ()

. . n—-T 0
sin(n — 1)z + 1 sin{x — 2t) +h I IQ(z*)(eﬂdelde‘
T T

+ | 2h1;
4 4

sin(n — 27)z
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and

N 2 2 (2%
5(2) — 2670 (2) - 510 (3) — 2pp @™ ()

-1 0
* cos(m — 27)z sin(w — 21)z
+ hj JQ(z )(el)delde. ( ) - hi, ( - ) = 0,(2).
T T z
(32,)
How is it

a o a g 3
lim 0,(2) = lim —@ = lim S <€) _ 1y @) _
z—0 z—>0 2z z—0 z z—0 22

Using the first relation in (113) and (32,), we come to the conditions

n-T 00
J j. Q(z*)(el)de1d9 -zcos(m—21)z — I, sin(w - 21) 2
T T

hrn = 07
z—0 22

and hence follows

n—-1t 0

J' J' Q9 (6,)d0,do = (n — 21) I, (33)

T T
Let 1t be

sin(mt — 1)z

A(Z) = (])C(Z) - 2hIl > B(Z) = (])S(Z), (34)

z) =1+ h(x- zr)]Sin("—‘ZT)'2

’

B(z) = h{(n — %) cos(n — 21)z  sin(m — zr)z]

22
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System (32,) and (32,) we rewrite in the following form:

(29

a) - 2hal () - a9 (2) - 200 ) + L) = A(R),  (35,)

~ 2 ES
52 - 2168 (2) = 197 (2) — 2mb 1" () 4 LB (2) = B(2). (35,)
Let it be € R\{0}. In what follows, we will use the following sets of

functions on the variable y.

a§’,§l (v) = % I q(0) ch(m — 20) y cos 2meds,
T
2

bg’,; (y) = % I q(0) ch(rm — 26) y sin 2m6d8,
x
2

agiln (y) = % I q(8) sh(r — 26) y cos 2m0de,
x
2
_z
2 e
bg}riz () = T q(0) sh(m — 26) y sin 2m6de,

DO A ey

T

—1
2

angh (v) = 2 Q(z) (8) ch(m — 26) y cos 2m6de,

T

a

[\
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Ch 725 I Q 0) ch(m — 20) y sin 2m6de,
T
1 T2le
az(y) = % I 4(6,)d6, |ch(n — 26) y cos 2mOde,

T
1 eIk
bzlnfh (y) = % I q(6,)d6; |ch(m — 26) y sin 2m0d8,
T
2

sh(m — 20) y cos 2m6de,

bzlnfh (v) = % J q(6,)d6; |sh(n — 28) y sin 2m6de,

z
2
sh 2
p Q 0) sh(m — 260) y sin 2mode,
‘C
2

57
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n_i
2

1
all2)ch (y) = % J (9)(2) (8,)d6; | ch(m — 26) y cos 2m6d6,
T
2

D

2m

piL2)h () = % I ©)?(8,)d8, | ch(x — 26) y sin 2m0ds,
T
)
T
75—5 9
agr%)s}l (y) = % I (6)(2) (8;)d6; | sh(m — 26) y cos 2m6de,
T
)
T
1 Tz|e
piL2)eh () = % I ©)?(8,)d8, | sh(n — 26) y sin 2meds,
0
j j 02*)(9,)d0,d8; |ch(r — 20)y cos 2m6de,
E T
2
, 51 08
pyI2Jeh () =% I I 012)(0,)d0,d8, |ch(n — 20)y sin 2mOde,
T

012)(0,)d0,d0; |sh(r — 20)y sin 2m6de.

0 61
I I 02%)(8,)d6,d8, |sh(r — 28)y cos 2m6de,
i T
2
2 2
bérlnz* )Sh(y) =T J }

7
nola
N
@
A — P
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Using the introduced sequences we come to relations

a(m +1y) = J. q(0) [cos (t — 26) cos iy (T — 20) — sin (& — 26) sin iy (T — 26)|d6
2

b(m +1y)

1l
DO A Sy
Q>
—_
N>
N
.
=
—_
a
|
DO
2
Q
o
0
S
—_
a
|
DO
D
N—
+
Q
o
0
—
a
|
DO
N>
w
.
=
{2.
—
a
|
S
h—
U
[«5)

T h . sh
= (0" 3 [ b5 0) + a3, ()],
Analogous to the existing one, the relations also apply

11 ) 1 A
@' + i) = (- " 5| B )+ 64,7 ()]

b1 (m + iy) = (- )"

ol a

1 A
- B )+ iad" )]

2m

152) _ 1 (1
¥ v ) = (- 0" 5| )+ )

m

1
"% i) = - 1" - o )+ i ()],

224 , 2 (12
' v i) = - 0" F | ) it fE )

o i) = - 1" - BT )+ i ).

2m 2m
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Next, let’s put it on

Y = h(r - 22), by(m, 3) = (- 1" LD i o
m* +y
m L+ 7y)m
a (m, y)=(-1) 55 Cos 2m1,
m” +y
by(m, 3) = (- )" =Y sin2mr, ay(m, y) = (- 1) —T— cos 2me.
m* +y m* +y
Then we have
a(m +iy) = = by(m, y)ch(n - 21)y + a;(m, y)sh(n — 21)y
+ i[bg(m, y)ch(m — 21)y + ay(m, y)sh(n — 21)y]. (36,)
Also, let’s introduce tags
2 2
ocil)(m, y) = J—m cos 2mr, B(rl)(m, y) = % sin 2mr,
e m° +y ¢ (m= +y%)
_ §4 : 2) — 2ymy
B(2)(m, y) = —*——sin 2mr, o/ (m, y) = ————— cos 2mf,
Te mz +y2 Te (mz + y2 )2
2 .2
Bil) (m, y) = % sin 2mfc, agl)(m’ y) = % COs 2m‘C,
m m°+y m (m* +y%)
(2) __ W (2) __ 2ymy :
o (m, y) = —"——cos 2mr, B:*/(m, y) = ————— sin 2mr.
im m2 + y2 Im (m2 4 y2 )2
By performing elementary operations we come to a relation
Bom + i) = (= 1" [, ) + BV (m, ))eh(z - 20)y
+ (B2, )+ a@(m, y))sh(x - 21)y)]
+ i 1B (m, 3) - o (m, 3))sh — 20y
~ (@ m, )+ B m, ))eh( - 20)]. (36,)



INTEGRAL POTENTIAL EQUATION FOR STURM- ... 61
From (16), we have

Fi(m +iy) = R,(F(m +iy)) + i Im(F(m +iy)), j =1, 2,
and then we have
A(m +1y) = R, (A(m + 1y)) + i Im(A(m + 1y)),
B(m +iy) = R,(B(m + iy)) + i Im(B(m + iy)).

Based on the latest transformations, we come to new relations

1 1 2
a§h (v) - 2had, " (y) - al12)" (y) - 2hallzh (y)

2m
2 2
+ 12|:— = by (m, y)ch(n - 21)y + P ai(m, y)sh(m - 2‘5))’}
2 .
= ()"~ Re(Alm +iy)), (37¢)
1 1 2
b3 () = 2hb3," () = b2 ™ (v) - 2Rl ()
2 2
+ .[2|:— Ebz (m, y)ch(t - 21)y + Eag(m, ¥)sh(m — 217))’}
2

= (1" 2 Iy (Alm + ), (375)

1 1 2
b5 () = 2hb," () = by " () - 2hb5 7 " ()

2m

+ 12[(0Lg)(m, y) + ﬁg)(m, y))ch(n - 27)y

+ (B(rez)(m, )+ o (m, y))Sh(TC - 21:)y] = (- %Re (B(m + iy)),

Te

(38)
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afh (v) - 2hadsh () - aS M (y) - 2hallE R )

2m
+ Iz[ Erln)(m, y)+ ocgrln) (m, y))sh(n - 27)y

~ (P, )+ BB, )lentr~ 22| = - 1" 2 1, (Blm + i),

(38.)

By the relation (37,), a connection is established between the trigonometric

cosine Fourier coefficients of unknown functions

0
G(®) ch (n—29) y, | | 4(6,)d8, |chin - 27) y,{ Q@)(el)del] ch (x - 21) ,

[\')Ie\'—;CD

0 6;

[ [ @) 62d@ud@ | ch @ - 29,

on the one hand, and trigonometric Fourier coefficients in cosines
(=)™ %Re(A(m +1iy)) known functions f(6, y) and product of number

I, which is not determined with the cosine coefficients of the known
function @(8, y). The relatio (38,) establishes a connection between the

sine Fourier coefficients of the same functions as in (37,).

Let us estimate the sine Fourier coefficients of the series and we will

from (37,) and (38;) get the following equation:

0 0 6;
i00) - 24 (0,00, - [ 00,130, - 2] | @(0;)00,06,
T T 7T

[\3|,_|'—.q;

1

=W—2T[f1 6, ) - Loy (6, )]. (391)
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Analogously to proceed with (37,) and (38,) so far y # 0 we will come to

the equation

0 6 6;
a0 - 21 [ aer)de; - [ @V e)de, - 20 [ @*)(0,)dQudey

[\3|,_|'—.q;

1

= w29y ® 9106 )] (395)

Since the left sides in (39;), [ =1, 2 does not depend on y it is clear that

right sides do not depend on y so we have

ch(x - 20)y - Say 10 )= 2010, )] = £7(0) - 1201(0),

sh(n i 21)y [£2(8, ¥) = I502(8, ¥)] = f5(8) — I505(6).

And since the left sides (39;), [ = 1, 2, in equal, that is true

£(0) ~ 1507(8) = f5(6) ~ 1,05(6), 8 [, m— 1. (40)
Therefore,
Ty (93(0) - 95 (8)) = f5(8) — £;'(6),
Iy = M@(e)— £0)), Vo e [r, m—1l. (41)
We put

f(8) = /7(6) — I97(0) = f5(6) — I395(6), 6 € [1, m —1]. (42)
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In a special case for h = 0, the calculation is significantly simplified, so

let’s calculate directly funkcije ¢;(8) and ¢5(8), y # 0. Relation (36,) at

h = 0 becomes

om +iy) = ST ) Mol g
Y m+ iy 2 2
m- +y

cos(m — 21)iy + cos(n — 2t)m sin(n — 21)iy] = n;;zyz [ (= 1)™ sin 2mzch
m° +y

(GRS

m2+y2

(r — 27)y + i cos 2mtsh(n — 21)y] = {[- m sin 2mzch(n — 2T)y + y
cos 2mtsh(m — 21)y] + i[y sin 2mtch(n — 21)y + m cos 2mtsh(n — 21)y]}.

From (36;) we see that it is B(m + iy) = 0. Relations (37,) and (37)

become
1
ash, (y) - aé{f P (y) + % [— m sin 2mrch(n — 21)y
(m= + y*)
+ y cos 2mash(n — 21)y] = Ay, (), (43,)
! 21 ,
bg},; (v) - bé,l,% Jsh () + 2 2 3 [y sin 2m7tch(n — 27)y
n(m” + y*)
+ m cos 2mtsh(n — 21)y] = By, (), (434)

relations (38;) and (38,) take shape

1

bsh (v) - b12)R (y) = BY) (), (44)
1

agh (y) - al2h (3) = AD) (3). (44,)

sh(n — 21)y

Zero Fourier coefficient of the function ¢;(8, y) is % . 5
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h(m -2

2 - m sin 2m7t cos 2m1t
* Z {—2 ch(n — 21)y + ———— ysh(n — 21)3} cos 2m0

_ sh(m — 21)y N 2 Z ch(m — 21)y = m[sin 2m(t + 8) + y sin 2m(t — 0)]
y T - m2 + 2
m=1 Yy

2

+ ysh(n - 20)y cos 2m(t + 8) + sin 2m(t — 9)}'
m? + y?

We now use known sums

oo

Zcos2m9+r _moch(n-20+1)y 1
~ 2y shmy

5> 20 + 1) € [0, 2],

2y
(457)
Z cos 2m -1 _ @ ch(n-20-1)y 12  20-1)c [0, 2],
~ m? + y? T2y shmy 2y
(457)
Z m sin 2m(0 — 1) — m sin 2m(8 + 1)
— m? + y?
_d i - cos 2m(0 — 1) + cos 2m(6 + 1)
~2de m? + y2
. d n ch(m - 2(6 - 1))y N 1 L ch(r-20+1)y 1
2d0 2y shmy 2y2 2y shmy 2y

T T
= Sshny sh(n — 20 - 1))y - Shiy sh(mt — 2(8 + 1))y

Zsh [sh(m —2(6 — 1))y — sh(n — 2(6 + 1))y].
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Therefore,
01(0, 3) = B 20 M2 (g1 206 - D)y — sl - 20 + )]
_ shlm-2dy L [sh(x — 27)ych(r — 2(6 + )y

ch(n — 2t)yny  2ch(n — 21)yshmy
+ sh(m — 21)ych(m — 26 — 1))y],
that is

1

Do = 20)yshmy 1~ 2eychln =20 + 7))y

(Pl(e, y) =

+ sh(m — 21)ych(m — 2(8 — 1))y + ch(n — 21)ysh(n — 2(6 — 1))y
— ch(n — 27)ysh(n — 2(6 + 1))y

1
"~ 2ch(n - 21)yshmy

(sh20y + sh2(w — 0)y). (45,)

From (44,.), it is obvious that the zero Fourier coefficient of the function

©9(0, y) equal to zero. Therefore

2 2

5(0, ¥) =2 Z {y sin 2m‘c h(m — 27)y + m cos 2mt sh(m — 21:)y} sin 2m®
T m? + y2 m-+y

m=1

i{ych - 20)y {cos 2m(8 — 1) cos 2m(6 + ‘c)}
! m? + y? m? + y?

:—1Ir—‘

2 2 2

shim — ZT)y{m sin 2m(0 + 1) L msin 2m(92— ’C)} }
m® +y m? +y
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Now we use relations (45;), [ = 1,_3, so we get

_ ych(m - 21)y [ T 3 B . m 3 }
0306, ) = 2PEZZW [T chn - 200 - )y - 52 chim - 200+ D)y
_sh(n—-2t)y d Zcos2m9+r +icos2m
2n o &= 24y —op? gyt
_ ch(n - 21)y B B B B
R — [ch(m - 2(8 - 1))y — ch(n — 2(6 + T))y]
sh(n—2t)y d | ® ch(n-20+1))y = ch(mr—-2(06-1))y 1
— —_— + —
27 do| 2y shmy 2y shmy 9 y2
_ Chm =20y 0 a0 — )y — ch(n —
= ey [ch(m - 2(8 = 1))y — ch(n — 2(06 + T))y]
_ sh(n - 21)y [_ T B = 3 3 }
o Shiy sh(m — 2(8 + 1))y Shiy sh(nt — 26— 1))y |.
(455)
Therefore,
1
92(6, y) = [ch(n — 2t)ych(n - 2(8 - 1))y

sh(m — 20)yshmy
— ch(m — 27)ych(r — 2(8 + 1))y + sh(r — 21)ysh(t — 2(8 + 1))y
+ sh(m — 21)ysh(m — 20 — 1))y]

1
= Sh(r = 20)yshiy [ch2(m — 8)y — 2ch20y].

(454)

From (455) and (455), we see that it is @9(6, y) # ¢;(8, ¥), ¥ # 0. This
condition is also met h # 0, but the account requires long calculations

that are elementary character.
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Conclusion

In this paper, we construct an integral equation by potential for an

inverse Sturm-Liouville type problem with a delay for the case when z is

a real number other than zero. It remains to construct an integral

equation of potentials for the case when z is a complex number in the

following considerations and works.
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