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Abstract 

In this paper, we deal with the construction of an integral equation by potential 

for the Sturm-Liouville operator with a delay for the case when 

{ } [ ].,0,
5

2
,

3
,0\ 2 π∈





 ππ

∈τ∈ LqRz  We solved the integral equation by the 

step method, constructed the characteristic functions and solved the inverse 

problem for the given conditions. 
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1. Introduction 

Border task defined with 

( ) ( ) ( ) ( ) [ ],,0,
5

2
,

3
,, 2

2 π∈




 ππ

∈τ=λλ=τ−+′′− Lqzxyxyxqxy   (1) 

( ) [ ),,0,0 τ∈≡τ− xxy   (2) 

( ) ( ) ,,000 Rhhy ∈=−′   (3) 

( ) ( ) .,0 RHhy ∈=π+π′   (4) 

We will denote shorter by .22 yzyD =  

The solution (1)-(3) is equivalent to the integral equation 

( ) ( ) ( ) ( ) .,sin
1

sincos, 1111 dtztzytxtq
z

xz
z

h
xzzxy

x

τ−−++= ∫
τ

  (5) 

We will solve Equation (5) by the step method. For a brief record of the 

solution of Equation (5), we define the following functions: 

( ) ( ) ( ) ( ) ,cossin, 1111 tzdtztxtqzxa

x

sc τ−−= ∫
τ

  ( )16  

( ) ( ) ( ) ( ) ,sinsin, 11112 tzdtztxtqzxa

x

s
τ−−= ∫

τ

  ( )26  

( ) ( ) ( ) ( ) ,sincos, 1111 tzdtztxtqzxa

x

cs τ−−= ∫
τ

  ( )36  

( ) ( ) ( ) ( ) ,coscos, 11112 tzdtztxtqzxa

x

c
τ−−= ∫

τ

  ( )46  
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( ) ( ) ( ) ( ) ( ) ( ) ,cossinsin, 12221121

2

1

2 dttzdtzttztxtqtqzxa

tx

cs
τ−−τ−−= ∫∫

τ−

ττ

 

( )56  

( ) ( ) ( ) ( ) ( ) ( ) ,cossincos, 12221121

2

csc

1

dttzdtzttztxtqtqzxa

tx

τ−−τ−−= ∫∫
τ−

ττ

 

( )66  

( ) ( ) ( ) ( ) ( ) ( ) ,sinsinsin, 12221121

2

1

3 dttzdtzttztxtqtqzxa

tx

s
τ−−τ−−= ∫∫

τ−

ττ

 

( )76  

( ) ( ) ( ) ( ) ( ) ( ) ,sinsincos, 12221121

2

1

2 dtzdttzttztxtqtqzxa

tx

cs
τ−−τ−−= ∫∫

τ−

ττ

 

( )86  

For ( ],2, ττ∈x  the solution of Equation (5) is given by 

( ) ( ) ( ).,,
1

sincos, 22
zxa

z

h
zxa

z
xz

z

h
xzzxy

ssc +++=   ( )17  

For ( ],,2 πτ∈x  the solution has the form 

( ) ( ) ( ) ( ) xz
z

h
xzzxyzHyzyzF sincos,,, +=⋅π+π′=  

( ) ( ) ( ) ( ).,,
1

,,
1

322 322
zxa

z

h
zxa

z
zxa

z

h
zxa

z scsssc ++++  ( )27  
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Differentiating the function ( )27  by ,x  we obtain 

( ) ( ) ( )zxa
z

h
zxaxzhxzzzxy

dx

d
css

,,cossin, 2 +++−=  

( ) ( ).,,
1

22
zxa

z

h
zxa

z cscsc ++   (8) 

Putting π=x  in the relations ( )j6  and in further notations we omit ,π  

and then we use the boundary condition (4) we obtain the characteristic 

function of the operator yD2  in the following form: 

( ) ( ) ( ) ( ) ( )za
z

H
za

z

h
zazHhz

z

hH
zzF sccsc

+++π++π





 +−= 2cossin  

  ( ) ( ) ( ) ( ) ( ).
1

3222 322
za

z

hH
za

z

H
za

z

h
za

z
za

z

hH
scscscscs

+++++   (9) 

Function transformation F 

Let us define the following functions: 

( )












 τ

−π
τ

∈θ





 τ

+ϑ






 π

τ
−π





 τ

∈θ

=θ

,
2

,
2

,
2

,,
22

,0,0
1

q

q

∪

  ( )110  

( )( )

[ ) ( ]

( ) ( ) ( ) ( ) ( ) ( ) [ ]







τ−πτ∈θθ−θ−+τ+θ

πτ−πτ∈θ

=θ
∫∫∫
π

τ+θ

π

τ+θ

θ

τ

,,,

,,,0,0

1111111

2

dttqqdttqtqdttqq
Q

∪

 

( )210  

( )( )

[ ) ( ]

( ) ( ) ( ) ( ) ( ) ( ) [ ]







τ−πτ∈θθ+θ−+τ+θ−

πτ−πτ∈θ

=θ
∫∫∫
π

τ+θ

π

τ+θ

θ

τ

∗

,,,

,,,0,0

1111111

2

dttqqdttqtqdttqq
Q

∪

 

( )310  
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( )( ) ( )( ) ( ) ( )( ) ( )( ) ( ) ,2sin,2cos 2222 θθ−πθ=θθ−πθ= ∫∫
τ−π

τ

τ−π

τ

zdQzbzdQza  

( )410  

( )( ) ( )( ) ( ) ( )( ) ( )( ) ( ) ,2sin,2cos 2222 θθ−πθ=θθ−πθ= ∗

τ−π

τ

∗∗

τ−π

τ

∗ ∫∫ zdQzbzdQza  

( )510  

( ) ( ) ( ) ( ) ( ) ( ) .2sin,2cos 1
2

2

11
2

2

1 θθ−πθ=θθ−πθ= ∫∫

τ
−π

τ

τ
−π

τ

zdqzbzdqza  

( )610  

Besides, let’s put it 

( ) ( ) ( ) ( ) ., 1221

2

2
1

2

2

111

1

dtdttqtqIdqdttqI

t

∫∫∫∫
τ−

τ

π

τ

τ
−π

τ

π

τ

=θθ==   ( )710  

Using relations to translate the product of trigonometric functions into 

sums and using relations ( ) ,7,1,10 =ll  we obtain the following 

equations: 

( ) ( ) ( ) ( ) ( ) ( ) ,cos
22

1
,sin

22

1 1111
2 z

I
zazaz

I
zbza

ssc τ−π−=τ−π+=   ( )111  

( ) ( ) ( ) ( ) ( ) ( ) ,cos
22

1
,sin

22

1 1111
2 z

I
zazaz

I
zbza

ccs τ−π+=τ−π+−=  

( )211  
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( ) ( )( ) ( ) ( ) ( )( ) ( ) ,2cos
44

1
,2sin

44

1 2222
23 z

I
zazaz

I
zbza

css
τ−π−=τ−π−= ∗∗  

( )311  

( ) ( )( ) ( ) ( ) ( )( ) ( ) .2cos
44

1
,2sin

44

1 2222
2 z

I
zazaz

I
zbza

cscsc τ−π−=τ−π+−=  

( )411  

Using relations ( ) 7,1,10 =ll  and ( ) 4,1,11 =jj  the function F  is 

transformed into the following form: 

( ) ( ) ( ) ( )z
I

zazHhz
z

hH
zzF τ−π++π++π






 +−= cos

2
ˆ

2

1
cossin 1  

( ) ( ) ( ) ( )zI
z

hH
za

z

hH
zI

z

Hh
zb

z

hH
τ−π−+τ−π

+
+

−
+ cos

2
ˆ

2
2sin

2
ˆ

2 1221  

( )( ) ( ) ( )( )za
z

h
z

z

I
zb

z
∗+τ−π+− 2

2
22

4
2sin

44

1
 

( ) ( )( ) ( )z
z

HI
za

z

H
z

z

hI
τ−π−+τ−π− 2cos

44
2cos

4 2
22

22
2  

( )( ) ( ) .,2sin
44

23

2

3
RzzI

z

hH
zb

z

hH
∈τ−π−+ ∗   (12) 

We put 

ɵ ɵ ɵ ( )
2

20 1 1 0

2

1 2
, , cos 2 ,

2 4
n

h H
I a a q n d

τ
π−

τ

+ π
ξ = ξ = = = θ θ θ

π π ∫  

( ) .
22

1
, 22

12101 





−ξτ−π

π
=ηξξ

π

τ
−=η

I
 (13) 
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Zero nz  of functions F  have the following asymptotic decomposition: 

ɵ ( )20 1 1 2 2 2

1 1 1 1
cos sin sin 2 .

4
nnz n n a n n o

n n n

    = ± + ξ + ξ π + + η τ + η τ +       
 

Asymptotics of eigenvalues 2
nn z=λ  operator 2D  is given with 

πξ+ξ+=λ nnn cos22 10
2  

 ɵ ( ) 2
2 1 2

1 1
2 sin 2 sin 2 ,

2
n

na n n o
n n

η 
+ + η τ + η τ +  

 
  (14) 

where .22 Ln ∈η  

Inverse task setting 

If we vary the boundary condition at the right end of the segment 

[ ]π,0  with H  on ,2,1, =jH j  we get a pair of operators or a pair of 

boundary value tasks 

( ) .2,1,,,,, 2222 =τ== jqHhDDyzyD jjj   (15) 

For a given pair ,2,1,, 0 =∈λ jNnnj  eigenvalues determining 

parameters qHh j ,,,τ  operator 2
jD  we call the solution of the inverse 

spectral problem for the delay operator. Based on zero ,njnjz λ±=  

,2,1,0 =∈ jNn  characteristic functions ( )zF j  which are the whole 

functions of exponential type and unit degree of growth, is simply 

determined through the Adamar product 

( ) .2,1,,1sin1
22

2

1

2

2
1

0 =∈














+

−λ
+⋅π











λ
−

λ
λπ= ∏∏

∞

=

∞

=

jCz
zn

n
z

z

n
zF

nj

nnj

nj

n

jj ɺ  

(16) 
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Given own values njλ  have zero asymptotics (16), that is, 

πξ+ξ+=λ nnnj cos22 10
2  

ɵ ( ) 2
2 1 1 2

1 1
2 2 sin 2 sin 2 ,

4
n

n ja n n o
n n

η 
 + + η + η τ + η τ +   

 
 (17) 

where is ɵ ɵ2 22, .n n
a lη ∈  Suppose they are arrays 2nnj −λ  oscillating that 

is, it is .01 =/ξ  

Then let’s form a string 

( ) ( )[ ] ( ) ( )[ ]2
1

2
1

2
2

2
2 1122 −+λ−+−λ−+λ−+−λ=µ −+−+ nnnn jnjnjnjnnj  

( ) ( )
( ) ( )

( ) ( ).1cos21
1cos1cos

2cos2cos
oo

nn

nn
+τ=+

π−−π+

π−−π+
=  

It follows from here 

.2,1,lim
2

1
arccos =µ






=τ

∞→
jnj

n
  (18) 

In what follows, we consider it to be .
5

2
,

3





 ππ

∈τ  

Let’s choose substrings 
( ){ } ,2,1, =ln
l

k
 string { }kn  for which the 

conditions apply 
( )

0cos =/τl
n

k
 and 

( ) ( ) ( ).0coscos
12

k
kk

∀>δ≥τ−τ nn  

Then from (17), we have 

( ) ( )
( )( ) ( )

( )
( )( ) ( )







τ








−λ−τ








−λ=ξ+ξ

∞→

221122
0 coscoslim2 12 kkkk

k kk

nnnn
nnj  

( ) ( )
.coscos

12 τ−τ
kk

nn  

According to (17), we have 

( ) ( ),2
2

00 jjHh ξ+ξ=+
π

 

( ) .2,1,00 =ξ+ξπ=+ jHh jj   (19) 
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Further from (17) also follows 

( )
( )( ) ( ) ( )

,1,2,1,cos2lim2 00

2

,1 ==τ





ξ+ξ−−λ=ξ

∞→
ljnn

l
j

l

jn
l kk

k k

 

we put 

,2 11 ξ=I     ɵ0 1
4

.a = ξ
π

 (20) 

From (19) follows 

( ).010212 ξ+ξπ=− HH   (21) 

Putting in (12) ,2,1, == jHH j  and then using (21) we get 

.
2

1
2sin

22

1
2

2

1
22

1
2

lim 1
12

12 















τ





 +−











 +−






 +

−

+
=

∞→
kkk

k

k

I
FF

HH
h   (22) 

Now from (19) we still have 

( ) .2,1,00 =−ξ+ξπ= jhH jj   (23) 

In this way we proved the following result. 

Theorem 1. Using two sets of eigenvalues ,2,1,, 0 =∈λ jNnnj  with 

asymptotics (17) such that they are arrays 2nnj −λ  oscillating, the 

parameters are uniquely defined ɵ01 2, , , ,h H H aτ  operators .2,1,2 =jD j  

2. Construction of Integral Equation by Potential 

Characteristic functions jF  of the requested operator, whose 

eigenvalues are known are given with (16). The unknown potential q  

satisfies the identity system 
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( ) ( ) ɵ ( ) ( )11
sin cos cos

2 2

j
j

hH I
F z z z h H z a z z

z

 
− + π + + π + + π − τ 
 

 

( ) ( )1 sin 2
2 2

j jH h h H
b z I z

z z

− +
+ + π − τɵ ( )za

z

hH j
ˆ

2 2
+  

( ) ( )( ) ( )z
z

I
zb

z
zI

z

hH j
τ−π+−τ−π− 2sin

44

1
cos

2

22
12

 

( )( ) ( ) ( )( )za
z

H
z

z

hI
za

z

h j 2

22
22

2 4
2cos

44
+τ−π−+ ∗  

( ) ( )( ) ( )zI
z

hH
zb

z

hH
z

z

IH jjj
τ−π−+τ−π− ∗ 2sin

44
2cos

4
23

2

32

2
 

( ) .,2,1, CzjzF j ∈=≡   (24) 

Let’s introduce new functions 

( ) [ ( ) ( )] ( ) ,cossin2
2

12112
12

zIzzzFHzFH
HH

zc τ−π−π+−
−

=φ    ( )c25  

( ) [ ( ) ( )] ( ) .sinsin2cos2
2

112
12

zIzhzzzFzF
HH

z
zs τ−π−π−π−−

−
=φ  

( )s25  

Now the system (24) got in shape 

ɵ( )
( ) ( ) ( ) ( ) ( )2

1 2

ˆ sin sin 2

2

b z z b z
a z h hI I

z z z z

π − τ π − τ
− + − +  

( ) ( ) ( )
( )

2

22 2

cos 2
,

2 2
c

a z z
h hI z

z z

π − τ
+ − = φ

k

  ( )26c  

( )
ɵ ( ) ( ) ( ) ( ) ( )2

2 2

cos cos 2ˆ
2

a z z a z z
b z h hI I

z z z z

π − τ π − τ
+ − + −  

( ) ( ) ( )
( )

2

22 2

sin 2
.

2 2
s

b z z
h hI z

z z

π − τ
+ − = φ

k

  ( )26s  
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We will now take the fractions 
( )b̂ z

z
 and 
ɵ ( )a z

z
 once partially integrated on 

the interval ,,
2 



 θ

τ
 and fractions 

( )( )
z

zb 2

 and 
( )( )

,
2

z

za
 we will also 

partially integrate once, but at intervals [ ]., θτ  Next, fractions 
( )( )

2

2

2z

za k

 

and 
( )( )

2

2

2z

zb k

 we will partially integrate twice on the interval [ ]., θτ  For a 

brief note, we introduce the following notations: 

ɵ
( ) ɵ( ) ( )

1
2

1 1

2 2

cos 2 ,
qI qa z d zd

τ
π−

θ

τ τ

 
 
 = θ θ π − θ θ
 
 
 

∫ ∫   ( )27c  

ɵ
( ) ɵ ( ) ( )

1
2

1 1

2 2

sin 2 ,
qI qb z d zd

τ
π−

θ

τ τ

 
 
 = θ θ π − θ θ
 
 
 

∫ ∫    ( )27s  

( )
( ) ( ) ( ) ( )

21
2

2
1 1

2

cos 2 ,I Qa z Q d zd

τ
π−

θ

τ τ

 
 = θ θ π − θ θ
 
 

∫ ∫   ( )28c  

( )
( ) ( ) ( ) ( )

21
2

2
1 1

2

cos 2 ,I Qb z Q d zd

τ
π−

θ

τ τ

 
 = θ θ π − θ θ
 
 

∫ ∫    ( )28s  

( )
( ) ( ) ( ) ( )

1
22 2

2 2 1 cos 2 ,I Qa z Q d d d
∗

θπ−τ θ
∗

τ τ τ

 
 = θ θ θ π − θ θ
  
 
∫ ∫ ∫    ( )29c  

( )
( ) ( ) ( ) ( )

1
22 2

2 2 1 sin 2 .I Qb z Q d d d
∗

θπ−τ θ
∗

τ τ τ

 
 = θ θ θ π − θ θ
  
 
∫ ∫ ∫   ( )29s  
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By applying partial integration, we get 

( ) ( ) ɵ
( )

( )1

1 1

sin sin
2 2 ,I qb z z z

h hI ha z hI
z z z

π − τ π − τ
− + = − +
ɵ

  ( )30c  

ɵ ( ) ( ) ɵ
( )

1

1

cos
2 ,I qa z z

h hI hb z
z z

π − τ
− − = −   ( )30s  

( )( ) ( ) ( )
( )

( )
,

2sin

2

2sin

2 22

2 21

z

z
Iza

z

z
I

z

zb QI τ−π
+−=

τ−π
+−   ( )c31  

( )( ) ( ) ( )
( ),

2

2cos

2

22

2

2

zb
z

z
I

z

za QI−=
τ−π

+   ( )s31  

( )( ) ( ) ( )
( )zha

z

z
hI

z

za
h QI ∗

−=
τ−π

−
∗ 22

2
2

2cos

2 222

2

 

( )( )
( )

,
2sin

11
2

z

z
ddQh

τ−π
⋅θθθ+ ∗

θ

τ

τ−π

τ
∫∫   ( )c32  

( )( ) ( ) ( )
( )zhb

z

z
hI

z

zb
h QI ∗

−=
τ−π

−
∗ 22

2
2

2sin

2 222

2

 

( )( )
( )

z

z
ddQh

τ−π
⋅θθθ+ ∗

θ

τ

τ−π

τ
∫∫

2cos
11

2 ( )
.

2sin
22

z

z
hI

τ−π
−   ( )s32  

Using relations ) (( )sc 31-27  and ) (( )ss 31-27  system ( ),26c  receives a form 

ɵ( ) ɵ ( )
( )

( )
( )

( )
2 21 1 2

2 2I q I Q I Qa z ha z a z ha z
∗

− − −  

( ) ( ) ( )( )
( )














τ−π

⋅θθθ+
τ−π

+
τ−π

+ ∗

θ

τ

τ−π

τ
∫∫ z

z
ddQh

z

z
I

z

z
hI

2sin2sinsin
2 11

2
21  

( ),zcφ=   ( )c32  
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and 

( ) ɵ ( )
( )

( )
( )

( )
2 21 1 2

2 2I q I Q I Qz hb z b z hb zb
∗

− − −ɵ  

( )( )
( ) ( )

( ).
2sin2cos

2211
2 z

z

z
hI

z

z
ddQh sφ=














τ−π

−
τ−π

⋅θθθ+ ∗

θ

τ

τ−π

τ
∫∫  

( )s32  

How is it 

( ) ( ) ( ) ( )
.0limlimlimlim

20000

322

====φ
→→→→ z

a

z

a

z

a
z

zs

z

zcs

z

zs

z
s

z
 

Using the first relation in ( )311  and ( ),32s  we come to the conditions 

( )( ) ( ) ( )
,0

2sin2cos

lim
2

211
2

0
=

τ−π−τ−π⋅θθθ∗
θ

τ

τ−π

τ

→

∫∫
z

zIzzddQ

z
 

and hence follows 

( )( ) ( ) ,2 211
2 IddQ τ−π=θθθ∗

θ

τ

τ−π

τ
∫∫   (33) 

Let it be 

( ) ( )
( )

( ) ( ),,
sin

2 1 zzB
z

z
hIzzA sc φ=

τ−π
−φ=   (34) 

( ) ( )[ ]
( )

,
2sin

21
z

z
hz

τ−π
τ−π+=α  

( ) ( )
( ) ( )

.
2sin2cos

2
2 







 τ−π
−

τ−π
τ−π=β

z

z

z

z
hz  
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System ( )c32  and ( )s32  we rewrite in the following form: 

ɵ( ) ɵ ( )
( )

( )
( )

( ) ( ) ( )
2 21 1 2

22 2 ,I q I Q I Qa z ha z a z ha z I z A z
∗

− − − + α =    ( )35c  

( ) ɵ ( )
( )

( )
( )

( ) ( ) ( )
2 21 1 2

22 2 .I q I Q I Qz hb z b z hb z I z B zb
∗

− − − + β =ɵ   ( )35s  

Let it be { }\ 0 .R∈  In what follows, we will use the following sets of 

functions on the variable .y  

( ) ɵ( ) ( )
2

2

2

2
2 cos 2 ,ch

m qa y ch y m d

τ
π−

τ

= θ π − θ θ θ
π ∫  

( ) ɵ( ) ( )
2

2

2

2
2 sin 2 ,ch

m qb y ch y m d

τ
π−

τ

= θ π − θ θ θ
π ∫  

( ) ɵ( ) ( )
2

2

2

2
2 cos 2 ,sh

m qa y sh y m d

τ
π−

τ

= θ π − θ θ θ
π ∫  

( ) ɵ( ) ( )
2

2

2

2
2 sin 2 ,sh

m qb y sh y m d

τ
π−

τ

= θ π − θ θ θ
π ∫  

( ) ( ) ( ) ( ) ( )
2

2 2
2

2

2
2 cos 2 ,

ch
ma y Q ch y m d

τ
π−

τ

= θ π − θ θ θ
π ∫  
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( ) ( ) ( ) ( ) ( )
2

2 2
2

2

2
2 sin 2 ,

ch
mb y Q ch y m d

τ
π−

τ

= θ π − θ θ θ
π ∫  

( ) ɵ( ) ( )
1

2

2 1 1

2 2

2
2 cos 2 ,I ch

m qa y d ch y m d

τ
π−

θ

τ τ

 
 
 = θ θ π − θ θ θ

π  
 
 

∫ ∫  

( ) ɵ ( ) ( )
1

2

2 1 1

2 2

2
2 sin 2 ,I ch

m qb y d ch y m d

τ
π−

θ

τ τ

 
 
 = θ θ π − θ θ θ

π  
 
 

∫ ∫  

( ) ɵ( ) ( )
1

2

2 1 1

2 2

2
2 cos 2 ,I sh

m qa y d sh y m d

τ
π−

θ

τ τ

 
 
 = θ θ π − θ θ θ

π  
 
 

∫ ∫  

( ) ɵ( ) ( )
1

2

2 1 1

2 2

2
2 sin 2 ,I sh

m qb y d sh y m d

τ
π−

θ

τ τ

 
 
 = θ θ π − θ θ θ

π  
 
 

∫ ∫  

( ) ( ) ( ) ( ) ( )
2

2 2
2

2

2
2 cos 2 ,

sh
ma y Q sh y m d

τ
π−

τ

= θ π − θ θ θ
π ∫  

( ) ( ) ( ) ( ) ( )
2

2 2
2

2

2
2 sin 2 ,

sh
mb y Q sh y m d

τ
π−

τ

= θ π − θ θ θ
π ∫  
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( ) ( ) ( )( ) ( ) ( )
1
2

2
2

1 12

2 2

2
2 cos 2 ,

I ch
ma y d ch y m d

τ
π−

θ

τ τ

 
 
 = θ θ θ π − θ θ θ

π  
 
 

∫ ∫  

( ) ( ) ( )( ) ( ) ( )
1
2

2
2

1 12

2 2

2
2 sin 2 ,

I ch
mb y d ch y m d

τ
π−

θ

τ τ

 
 
 = θ θ θ π − θ θ θ

π  
 
 

∫ ∫  

( ) ( ) ( )( ) ( ) ( )
1
2

2
2

1 12

2 2

2
2 cos 2 ,

I sh
ma y d sh y m d

τ
π−

θ

τ τ

 
 
 = θ θ θ π − θ θ θ

π  
 
 

∫ ∫  

( ) ( ) ( )( ) ( ) ( )
1
2

2
2

1 12

2 2

2
2 sin 2 ,

I ch
mb y d sh y m d

τ
π−

θ

τ τ

 
 
 = θ θ θ π − θ θ θ

π  
 
 

∫ ∫  

( ) ( ) ( )( ) ( ) ,2cos2
2

122
2

2

2

2

2

1
2
2 θθθ−π



















θθθθ
π

= ∗

θ

τ

θ

τ

τ
−π

τ
∫∫∫∗ dmychddya

cha
m  

( ) ( ) ( )( ) ( ) ,2sin2
2

122
2

2

2

2

2

1
2
2 θθθ−π



















θθθθ
π

= ∗

θ

τ

θ

τ

τ
−π

τ
∫∫∫∗ dmychddyb

chI
m  

( ) ( ) ( )( ) ( ) ,2cos2
2

122
2

2

2

2

2

1
2
2 θθθ−π



















θθθθ
π

= ∗

θ

τ

θ

τ

τ
−π

τ
∫∫∫∗ dmyshddya

sha
m  

( ) ( ) ( )( ) ( ) .2sin2
2

122
2

2

2

2

2

1
2
2 θθθ−π



















θθθθ
π

= ∗

θ

τ

θ

τ

τ
−π

τ
∫∫∫∗ dmyshddyb

shI
m  
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Using the introduced sequences we come to relations 

ɵ ( ) ɵ ( ) ( ) ( ) ( ) ( )[ ]
2

2

cos 2 cos 2 sin 2 sin 2a m iy q iy iy d

τ
π−

τ

+ = θ π − θ π − θ − π − θ π − θ θ∫  

( ) ( ) ( )2 21 ,
2

m ch sh
m ma y ib y

π  = − +   

( ) ɵ ( ) ( ) ( ) ( ) ( )[ ]
2

2

sin 2 cos 2 cos 2 sin 2m iy q iy iy db

τ
π−

τ

+ = θ π − θ π − θ + π − θ π − θ θ∫ɵ  

( ) ( ) ( )2 21 .
2

m ch sh
m mb y ia y

π  = − − +   

Analogous to the existing one, the relations also apply 

  ( ) ( ) ( ) ( )
1 1 1 1

2 21 ,
2

mI q I ch I sh
m ma m iy b y ib y

π  + = − − +
  

 

( ) ( ) ( ) ( )
1 1 1 1

2 21 ,
2

mI q I ch I sh
m mb m iy b y ia y

π  + = − − +
  

 

 
( )

( ) ( ) ( ) ( ) ( ) ( )
1 121
2 2

2 21 ,
2

I ch I shmI Q
m ma m iy a y ib y

π  
+ = − +  

 

( )
( ) ( ) ( ) ( ) ( )

121 1
2

221 ,
2

I chmI Q I sh
mmb m iy b y ia y

π  
+ = − − +  

 

 
( )

( ) ( ) ( ) ( ) ( ) ( )
2 222
2 2

2 21 ,
2

I ch I shmI Q
m ma m iy a y ib y

∗
∗ ∗π  

+ = − +  
 

( )
( ) ( ) ( ) ( ) ( ) ( )

2 222
2 2

2 21 .
2

I ch I shmI Q
m mb m iy b y ia y

∗
∗ ∗π  

+ = − − +  
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Next, let’s put it on 

( ) ( ) ( )
( )

,2sin
1

1,,2
221 τ

+

γ+
−=τ−π=γ m

ym

m
ymbh

m
 

( ) ( )
( )

,2cos
1

1,
221 τ

+

γ+
−= m

ym

m
yma

m
 

( ) ( ) ,2sin
1

1,
222 τ

+

γ+
−= m

ym
ymb

m
 ( ) ( ) .2cos

1
1,

222 τ
+

γ+
−= m

ym
yma

m
 

Then we have 

( ) ( ) ( ) ( ) ( )yshymaychymbiym τ−π+τ−π−=+α 2,2, 11  

( ) ( ) ( ) ( )[ ].2,2, 22 yshymaychymbi τ−π+τ−π+  ( )c36  

Also, let’s introduce tags 

( )( ) ( )( )
( )

( )
,2sin,,2cos,

222

22
1

22

1 τ
+

−γ
=βτ

+

γ
=α m

ym

ym
ymm

ym

m
ym

ee rr
 

( )( ) ( )( )
( )

,2cos
2

,,2sin,
222

2

22

2 τ
+

γ
=ατ

+

γ
=β m

ym

my
ymm

ym

y
ym

ee rr
 

( ) ( ) ( ) ( )
( )

( )
,2cos,,2sin,

222

22
1

22

1 τ
+

−γ
=ατ

+

γ
=β m

ym

ym
ymm

ym

m
ym

mm ii
 

( )( ) ( )( )
( )

.2sin
2

,,2cos,
222

2

22

2 τ
+

γ
=βτ

+

γ
=α m

ym

my
ymm

ym

y
ym

mm ii
 

By performing elementary operations we come to a relation 

( ) ( ) ( )( ) ( )( )( ) ( )[ ychymymiym
ee rr

m τ−πβ+α−=+β 2,,1
11

 

( )( ) ( )( )( ) ( ) ]yshymym
ee rr

τ−πα+β+ 2,,
22

 

( ) ( ) ( ) ( )( )( ) ( )[ yshymymi
mm ii

m τ−πα−β−+ 2,,1
11

 

( )( ) ( )( )( ) ( ) ].2,,
22 ychymym
mm ii

τ−πβ+α−   ( )s36  
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From (16), we have 

( ) ( )( ) ( )( ) ,2,1,Im =+++=+ jiymFiiymFRiymF ej  

and then we have 

( ) ( )( ) ( )( ),Im iymAiiymARiymA e +++=+  

( ) ( )( ) ( )( ).Im iymBiiymBRiymB e +++=+  

Based on the latest transformations, we come to new relations 

( ) ( ) ( ) ( ) ( ) ( )yhayayhaya
chI

m
chI

m
chI

m
ch
m

2
2

1
2

1

2222 22 ∗−−−  

 ( ) ( ) ( ) ( ) 



 τ−π

π
+τ−π

π
−+ yshymaychymbI 2,

2
2,

2
112  

( ) ( )( ),
2

1 iymARe
m +

π
−=   ( )c37  

( ) ( ) ( ) ( ) ( ) ( )yhbybyhbyb
shI

m
shI

m
shI

m
sh
m

2
2

1
2

1

2222 22 ∗−−−  

( ) ( ) ( ) ( ) 



 τ−π

π
+τ−π

π
−+ yshymaychymbI 2,

2
2,

2
222  

( ) ( )( ),
2

1 iymAIm
m +

π
−=  ( )s37  

( ) ( ) ( ) ( ) ( ) ( )yhbybyhbyb
shI

m
chI

m
chI

m
ch
m

2
2

1
2

1

2222 22 ∗−−−  

( )( ) ( )( )( ) ( )[ ychymymI
ee rr

τ−πβ+α+ 2,,
11

2  

( )( ) ( )( )( ) ( ) ]yshymym
ee rr

τ−πα+β+ 2,,
22 ( ) ( )( ),

2
1

1
iymBRe

m +
π

−= +
 

( )s38  
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( ) ( ) ( ) ( ) ( ) ( )yhayayhaya
shI

m
shI

m
shI

m
sh
m

2
2

1
2

1

2222 22 ∗−−−  

 
( ) ( ) ( ) ( )( ) ( )[ yshymymI

mm ii
τ−πα+β+ 2,,

11
2  

 
( )( ) ( )( )( ) ( ) ] ( ) ( )( ).

2
12,,

22 iymBIychymym m
m

ii mm
+

π
−=τ−πβ+α−  

( )c38  

By the relation ( ),37c  a connection is established between the trigonometric 

cosine Fourier coefficients of unknown functions 

ɵ( ) ( ) ɵ( ) ( ) ( ) ( ) ( )2
1 1 1 1

2

2 , 2 , 2 ,q ch y q d ch y Q d ch y

θ θ

τ τ

 
  
  θ π − τ θ θ π − τ θ θ π − τ
  
  

 

∫ ∫  

( ) ( ) ( )
1

2
2 2 1 2 ,Q dQ dQ ch y

θθ
∗

τ τ

 
 θ π − τ
  
 
∫ ∫  

on the one hand, and trigonometric Fourier coefficients in cosines 

( ) ( )( )iymARe
m +

π
−

2
1  known functions ( )yf ,θ  and product of number 

2I  which is not determined with the cosine coefficients of the known 

function ( )., yθϕ  The relatio ( )s38  establishes a connection between the 

sine Fourier coefficients of the same functions as in ( ).37c   

Let us estimate the sine Fourier coefficients of the series and we will 

from ( )c37  and ( )s38  get the following equation: 

ɵ( ) ɵ ( ) ( ) ( ) ( ) ( )
1

2 2
1 1 1 1 2 2 1

2

2 2q h q d Q d h Q dQ dQ

θθ θ θ
∗

τ τ τ τ

θ − θ θ − θ θ − θ∫ ∫ ∫ ∫  

( )
( ) ( )[ ]1 2 1

1
, , .

2
f y I y

ch y
= θ − ϕ θ

π − τ
  ( )139  
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Analogously to proceed with ( )s37  and ( )c38  so far 0=/y  we will come to 

the equation  

ɵ( ) ɵ ( ) ( ) ( ) ( ) ( )
1

2 2
1 1 1 1 2 2 1

2

2 2q h q d Q d h Q dQ dQ

θθ θ θ
∗

τ τ τ τ

θ − θ θ − θ θ − θ∫ ∫ ∫ ∫  

( )
( ) ( )[ ]2 2 2

1
, , .

2
f y I y

sh y
= θ − ϕ θ

π − τ
 ( )239  

Since the left sides in ( ) 2,1,39 =ll  does not depend on y  it is clear that 

right sides do not depend on y  so we have 

( )
( ) ( )[ ] ( ) ( ),,,

2

1
121121 θϕ−θ=θϕ−θ

τ−π
∗∗ IfyIyf

ych
 

( )
( ) ( )[ ] ( ) ( ).,,

2

1
222222 θϕ−θ=θϕ−θ

τ−π
∗∗ IfyIyf

ysh
 

And since the left sides ( ) ,2,1,39 =ll  in equal, that is true 

( ) ( ) ( ) ( ) [ ].,,222121 τ−πτ∈θθϕ−θ≡θϕ−θ ∗∗∗∗ IfIf   (40) 

Therefore, 

( ( ) ( )) ( ) ( ),12122 θ−θ=θϕ−θϕ ∗∗∗∗ ffI  

( ) ( )
( ( ) ( )) [ ].,,

1
12

12

2 τ−πτ∈θ∀θ−θ
θϕ−θϕ

= ∗∗
∗∗

ffI   (41) 

We put 

( ) ( ) ( ) ( ) ( ) [ ].,,222121 τ−πτ∈θθϕ−θ=θϕ−θ=θ ∗∗∗∗ IfIff   (42) 
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In a special case for ,0=h  the calculation is significantly simplified, so 

let’s calculate directly funkcije ( )θϕ∗
1  and ( ) .0,2 =/θϕ∗ y  Relation ( )c36  at 

0=h  becomes  

( )
( )( )

[ ( )m
ym

iym

iym

iym
iym τ−π=

+

−
=

+

+τ−π
=+α 2sin

2sin
22

 

( ) ( ) ( ) ] [ ( ) chm
ym

iym
iymiy

m τ−−
+

−
=τ−πτ−π+τ−π 2sin12sin2cos2cos

22
 

( ) ( ) ]
( )

{[ ( ) yychmm
ym

yshmiy
m

+τ−πτ−
+

−
=τ−πτ+τ−π 22sin

1
22cos2

22
 

( ) ] [ ( ) ( ) ]}.22cos22sin22cos yshmmychmyiyshm τ−πτ+τ−πτ+τ−πτ  

From ( )s36  we see that it is ( ) .0≡+β iym  Relations ( )c37  and ( )s37  

become 

( ) ( ) ( )
( )

[ ( )ychmm
ym

I
yaya

chI
m

ch
m τ−πτ−

+π
+− 22sin

2

22
2

22

1
2  

( ) ] ( ),22cos 2 yAyshmy m=τ−πτ+    ( )c43  

( ) ( ) ( )
( )

[ ( )ychmy
ym

I
ybyb

shI
m

sh
m τ−πτ

+π
+− 22sin

2

22
2

22

1
2  

 ( ) ] ( ),22cos 2 yByshmm m=τ−πτ+   ( )s43  

relations ( )s38  and ( )c38  take shape 

( ) ( ) ( ) ( ) ( ),1
222

1
2 yBybyb m

chI
m

ch
m =−   ( )s44  

( ) ( ) ( ) ( ) ( ).1
222

1
2 yAyaya m

shI
m

sh
m =−   ( )c44  

Zero Fourier coefficient of the function ( )y,1 θϕ  is 
( )

y

ysh τ−π
⋅

π

22
 so it is 
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( )
( )

y

ysh
y

τ−π
=θϕ

2
,1  

( ) ( ) θ







τ−π

+

τ
+τ−π

+

τ−

π
+ ∑

∞

=

myysh
ym

m
ych

ym

mm

m

2cos2
2cos

2
2sin2

2222
1

 

( )
( )

( ) ( )[ ]





+

θ−τ+θ+τ−
τ−π

π
+

π

τ−π
= ∑

∞

=
22

1

2sin2sin
2

22

ym

mymm
ych

y

ysh

m

 

( )
( ) ( )

.
2sin2cos

2
22





+

θ−τ+θ+τ
τ−π+

ym

mm
yysh  

We now use known sums 

( ) ( )( )
( ) [ ],2,02,

2

12

2

2cos
222

1

π∈τ+θ−
π

τ+θ−ππ
=

+

τ+θ∑
∞

= yysh

ych

yym

m

m

 

( )145  

( ) ( )( )
( ) [ ],2,02,

2

12

2

2cos
222

1

π∈τ−θ−
π

τ−θ−ππ
=

+

τ−θ∑
∞

= yysh

ych

yym

m

m

 

( )245  

( ) ( )
22

1

2sin2sin

ym

mmmm

m +

τ+θ−τ−θ∑
∞

=

 

( ) ( )
22

1

2cos2cos

2 ym

mm

d

d

m +

τ+θ+τ−θ−

θ
= ∑

∞

=

 

( )( ) ( )( )








−

π

τ+θ−ππ
++

π

τ−θ−ππ
−

θ
=

yysh

ych

yyysh

ych

yd

d

2

12

22

12

22 2
 

( )( ) ( )( )ysh
ysh

ysh
ysh

τ+θ−π
π

π
−τ−θ−π

π

π
= 22

2
 

[ ( )( ) ( )( ) ].22
2

yshysh
ysh

τ+θ−π−τ−θ−π
π

π
=   ( )345  
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Therefore, 

( )
( )

( )
( )

[ ( )( ) ( )( ) ]yshysh
ysh

ych

yych

ysh
y τ+θ−π−τ−θ−π

π

τ−π
+

πτ−π

τ−π
=θϕ 22

2

2

2

2
,1  

( )
( ) ( )

[ ( ) ( )( )yychsh
yyshchyych

ysh
τ+θ−πτ−π

πτ−π
+

πτ−π

τ−π
− 22

22

1

2

2
 

( ) ( )( ) ],22 yychsh τ−θ−πτ−π+  

that is 

( )
( )

[ ( ) ( )( )yychsh
yyshch

y τ+θ−πτ−π
πτ−π

=θϕ 22
22

1
,1  

( ) ( )( ) ( ) ( )( )yyshchyychsh τ−θ−πτ−π+τ−θ−πτ−π+ 2222  

( ) ( )( )yyshch τ+θ−πτ−π− 22  

( )
( )( ).22

22

1
yshysh

yyshch
θ−π+θ

πτ−π
=  ( )445  

From ( ),44c  it is obvious that the zero Fourier coefficient of the function 

( )y,2 θϕ  equal to zero. Therefore 

( ) ( )



τ−π

+

τ

π
=θϕ ∑

∞

=

ych
ym

my
y

m

2
2sin2

,
22

1

2 ( ) θ



τ−π

+

τ
+ mysh

ym

mm
2sin2

2cos
22

 

 ( )
( ) ( )














+

τ+θ
−

+

τ−θ
τ−π

π
= ∑

∞

=
2222

1

2cos2cos
2

1

ym

m

ym

m
yych

m

 

( )
( ) ( )

.
2sin2sin

2
2222














+

τ−θ
+

+

τ+θ
τ−π

ym

mm

ym

mm
ysh  
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Now we use relations ( ) ,3,1,45 =ll  so we get 

( )
( )

( )( ) ( )( ) 



 τ+θ−π

π

π
−τ−θ−π

π

π

π

τ−π
=θϕ ych

yysh
ych

yysh

yych
y 2

2
2

2

2
,2  

( ) ( ) ( )















+

τ−θ
+

+

τ+θ

θπ

τ−π
− ∑∑

∞

=

∞

=
22

1
22

1

2cos2cos

2

2

ym

m

ym

m

d

dysh

mm

 

( )
( )( ) ( )( )[ ]ychych

ysh

ych
τ+θ−π−τ−θ−π

π

τ−π
= 22

2

2
 

( ) ( )( ) ( )( )








−

π

τ−θ−ππ
+

π

τ+θ−ππ

θπ

τ−π
−

22

12

2

2

22

2

yysh

ych

yysh

ych

yd

dysh
 

( )
( )( ) ( )( )[ ]ychych

ysh

ych
τ+θ−π−τ−θ−π

π

τ−π
= 22

2

2
 

( )
( )( ) ( )( ) .22

2

2




 τ−θ−π

π

π
−τ+θ−π

π

π
−

π

τ−π
− ysh

ysh
ysh

ysh

ysh
 

( )545  

Therefore, 

( )
( )

[ ( ) ( )( )yychch
yyshsh

y τ−θ−πτ−π
πθ−π

=θϕ 22
2

1
,2  

( ) ( )( ) ( ) ( )( )yyshshyychch τ+θ−πτ−π+τ+θ−πτ−π− 2222  

( ) ( )( ) ]yyshsh τ−θ−πτ−π+ 22  

( )
( )[ ].222

2

1
ychych

yyshsh
θ−θ−π

πθ−π
=  

( )645  

From ( )545  and ( ),456  we see that it is ( ) ( ) .0,,, 12 =/θϕ=/θϕ yyy  This 

condition is also met ,0=/h  but the account requires long calculations 

that are elementary character. 
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Conclusion 

In this paper, we construct an integral equation by potential for an 

inverse Sturm-Liouville type problem with a delay for the case when z  is 

a real number other than zero. It remains to construct an integral 

equation of potentials for the case when z  is a complex number in the 

following considerations and works. 
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