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Abstract

Engineers, economists, hydrologists, social scientists, and behavioural
scientists often deal with data belonging to the unit interval. One of the most
common approaches for modeling purposes is the use of unit distributions,
beginning with the classical power distribution. A simple way to improve its
applicability is proposed by the transmuted scheme. We propose an alternative
in this article by slightly modifying this scheme with a logarithmic weighted
function, thus creating the log-weighted power distribution. It can also be
thought of as a variant of the log-Lindley distribution, and some other derived
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unit distributions. We investigate its statistical and functional capabilities, and
discuss how it distinguishes between power and transmuted power
distributions. Among the functions derived from the log-weighted distribution
are the cumulative distribution, probability density, hazard rate, and quantile
functions. When appropriate, a shape analysis of them is performed to increase
the exibility of the proposed modelling. Various properties are investigated,
including stochastic ordering (first order), generalized logarithmic moments,
incomplete moments, Rényi entropy, order statistics, reliability measures, and
a list of new distributions derived from the main one are offered. Subsequently,
the estimation of the model parameters is discussed through the maximum
likelihood procedure. Then, the proposed distribution is tested on a few data
sets to show in what concrete statistical scenarios it may outperform the

transmuted power distribution.

1. Introduction

A vast number of continuous distributions with support equal to
(0, 1), called unit distributions, exist in the statistical literature. Within

these unit distributions, some, in particular, have proven useful in a

broad range of situations. This is the case for the power (P) distribution

described by the following cumulative distribution function (cdf):

1, x =1,
Fp(x; o) = 1%, x e (0,1), (1)
0, x <0,

where o > 0. Basically, it is the exponentiated version of the uniform

distribution over (0, 1). More elements, properties and applications of the

P distribution can be found in Johnson et al. [19], Kleiber and Kotz [20],
Balakrishnan and Nevzorov [4] and Zaka et al. [36]. Simple extensions of
it include the beta distribution studied extensively in Ferrari and Cribari-
Neto [13], Topp-Leone distribution introduced in Topp and Leone [34],
Kumaraswami distribution established in Kumaraswamy [23], standard
two-sided power distribution proposed in van Dorp and Kotz [35] and
transmuted power (TP) distribution developed in Shahzad and Asghar
[31]. More sophisticated extensions can be found in the mini review of
(Chesneau [7], Table 1), and the references therein. Recent advances in unit
distributions may be found in Chesneau [7, 8] and Chesneau et al. [9].
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The TP distribution, in particular, distinguishes itself from the
competition by striking a good balance between simplicity and efficiency.
It aims to combine the polynomial functionalities of the transmuted

scheme with those of the P distribution. As a result, the associated cdf is

1, x 2>1,
Frp(x; o, 1) = {x%w(x; o, A), x e (0,1), (2)
0, x <0,

where w(x; a, M) =1+ A1 -x%), with A e [-1,1] and a > 0. In some

sense, the cdf of the P distribution is thus multiplied by the weight

function w(x; o, A) for x € (0,1). The parameter A is a central
modulation parameter; the P distribution is obtained by setting A = 0,

the distribution of the maximum of two independent random variables

with the P distribution is obtained by setting A =-1, and the

distribution of the minimum of two independent random variables with
the P distribution is obtained by setting A =1. All the intermediate
decimal values of A € [- 1, 1]/{- 1, 0, 1} give intermediary distributions of

interest. According to Shahzad and Asghar [31], the TP distribution has
more flexible functions with interesting non-monotonic curves than the P
distribution. In particular, the probability density function (pdf) has
increasing-decreasing shapes and the hazard rate function (hrf) has
diverse levels of bathtub shapes, properties that are not observed for the
P distribution. Thanks to its flexible features, the TP distribution can be
used quite efficiently to analyze datasets in many fields, such as
engineering, economics, hydrology, finance, and behavioural sciences.
Further properties of the TP distribution can be found in Shahzad and
Asghar [31] and Tanis [33].
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In this paper, we focus on a simple alternative to the TP distribution.
It 1s based on a cdf similar to the one in Equation (2), but with the
following logarithmic weighted function: w(x; o, A) = 1 — Ao log(x) with

A e [0,1], for the case x e (0,1). Again, A is a key modulation

parameter; setting A = 0 yields the P distribution. All other values of A
produce alternative logarithmic distributions. The idea of modulating a
logarithmic term in a unit distribution is not new in stricto sensu; we may
refer the reader to the log-Lindley distribution established by Gémez-
Déniz et al. [16], as well as the three-parameter power logarithmic
distribution by Ahmed et al. [2], and the log-weighted power function
distribution by Mandouh and Mohamed [25]. The proposed distribution
can be viewed as a simple variant of these modern unit logarithmic
distributions, which has not received special attention in the literature, to
our knowledge. Its simplicity is a quality; its in-depth study is thus

possible on several aspects, which is one aim of the paper.

The following facts motivate the interest in the considered
distribution: (1) from a stochastic standpoint, it is strongly linked to the
TP proposed and P distributions, with a clear hierarchy of the
corresponding cdfs, (i1) the associated functions, such as the pdf, hrf, and
quantile function (qf), are simple and analytically comprehensive, (iii) the
asymmetry and tail properties of the pdf and hrf are modulable; in
particular, unlike the TP distribution, the pdf has a large panel of
decreasing and sharp (mesokurtic) left skewed increasing-decreasing
shapes, and the hrf presents flexible bathtub shapes, (iv) the associated
moment measures of various kinds, such as generalized logarithmic
moments and incomplete moments, are manageable, (v) its randomness
can be studied via standard entropy measures, (vi) the associated order
statistics and their properties are studyable, with expressible moment-
type measures, (vil) its main measure of reliability has a simple structure,
(viii) it can be used to define new distributions with diverse numbers of

parameters and supports, (ix) from a statistical standpoint, its
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parameters are estimable quite efficiently by the maximum likelihood
procedure, and (x) it can outperform the data fitting performance of the
TP distribution for some data sets. In the paper, all of these facts are

thoroughly explored.

The outline of the paper is as follows: Section 2 details the proposed
log-weighted power distribution with an emphasis on the key functions.
We discuss its quantile properties in Section 3. Section 4 performs a
moment analysis, and Section 5 an entropy analysis. The order statistics
of the proposed distribution are developed in Section 6. A measure of
reliability is given in Section 7. Some distributional results are presented
in Section 8. Applications in statistics are given in Section 9. Concluding

remarks are formulated in Section 10.
2. The Log-Weighted Power Distribution
This section presents the proposed alternative to the transmuted
power distribution, along with some of its functional facets.

2.1. Description

The following result shows a mathematically valid cdf, which will be

central to the investigation.

Proposition 2.1. Let oo >0 and Ae [0,1]. Then, the following

function has the properties of a valid cdf:

1, x 21,
F(x) = < x*[1 — ha log(x)], x e (0, 1),

0, x < 0.
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Proof. It is clear that lim, ,j F(x)=0 and lim,_,; F(x)=1.

Moreover, F(x) is continuous for x € R. For x € (0, 1), its derivative is

obtained as F'(x)=oax® 1 - - talog(x). Since 1-A>0 and
— Ao log(x) > 0, we have F’(x)> 0, implying that F(x) is strictly

increasing for x € (0, 1). All these facts combined validate F(x) as a cdf.

O

To our knowledge, the two-parameter cdf presented in Proposition 2.1
has not received special attention in the literature, but we can not claim
that it is completely new; it has some connections with existing functions.
First, it coincides with the cdf of the log-Lindley distribution under the

following specific configuration: A =1/(1 + A,a), where A, denotes the
“A” in the former definition of the log-Lindley distribution (see Gémez-

Déniz et al. [16]). Note that this particular A is connected with o and can
not be equal to 0. In addition, such a reparameterization could affect the
numerical estimation of the parameters. On these points, the proposed
cdf differs. Also, the proposed distribution is a special case of the three-
parameter power logarithmic distribution by Ahmed et al. [2]; it appears

by taking “a, = ao”, “B. =1-A", and “3, = Aa”, where a,, B. and 9.,

refer to the parameters of the three-parameter power logarithmic
distribution. However, the simplicity in the definition of the proposed
distribution is a quality, which allows an in-depth study for both the
mathematical and practical aspects. For this reason, we will take a close
look at it in this article. On the other hand, in the case of A =1, it
corresponds to the so-called lookback distortion, which is sometimes used

to define distortion risk measures in finance and insurance applications
(see Denuit et al. [12]).
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Hence, we present the log-weighted power (LP) distribution, specified
by the following cdf:

1, x 21,
Fip(x; o, &) = { x*[1 — Ao log(x)], x e (0, 1), (3)
0, x <0,

with A € [0, 1] and o > 0. It is also denoted as LP(a, A) distribution to

specify the parameters. As a first remark, it generalizes the P
distribution; the cdf of the P distribution is obtained by taking A = 0 in
Equation (3), and it provides a real alternative to the TP distribution.

This last claim is illustrated in the next result.

Proposition 2.2. The following inequalities hold: For any A e [0, 1]

and x € R, we have
Fp(x; a) < Fpp(x; o, &) < Fip(x; o, A).

Proof. For x < 0 or x > 1, the cdfs are equal to the same constants,
0 or 1. For A =0 and x € (0, 1), they are equal to x*. For A > 0 and
x € (0,1), since 1-x* >0 and A >0, we have Fp(x; a) = x* < x*
[1+A(1-x%)]= Fyrp(x; o, A). The first inequality is established. For
y e (0,1), the following inequality is valid: log(y) < y —1. By taking
y=x%e(0,1), we obtain Fip(x; o, A) = x*[1 — Alog(x*)] > x*[1 + A
(1-x%)] = Frp(x; a, A). The second inequality is obtained, ending the
proof of the proposition. O

The result above means that, for A € [0, 1], the TP distribution first

order stochastically dominates the LP distribution, implying different
objectives in terms of data fitting, among other things. More differences
between the TP and LP distributions will be discussed later.
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Figure 1 presents a panel of shapes of the cdf of the LP distribution.
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Figure 1. Curves for the cdf Fyp(x; a, A) for various values of o and A.
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Various concave and convex shapes, including diagonal and angular

shapes, attest to the flexibility of the cdf.
2.2. Distributional functions

We are interested in the expressions of the main functions of the LP
distribution. First, the pdf is derived from Equation (3) upon
differentiation, and is given implicitly in the proof of Proposition 2.1. It is

expressed as

ax® M1 = A - ha log(x)], x e (0, 1),
fLP(x; Q, 7") =
0, x ¢ (0,1).

For x € (0, 1), it is also related to Fyp(x; o, L) as

fip(x; a, A) = %FLP(x; o, A) - odx® ! o Fip(x; a, L)

= %fLP(x; o, )+ Ax?. (4)
This relationship will have its utility in some mathematical
developments.

Let us examine this pdf analytically using standard tools. For
x € (0, 1), the following limits hold:

0, o >1,
lim fip(x; o, A) = lim fip(x; o, A) = a(l —4).
x—0 oo, ae (0’ 1], x—1

The shape behaviour of the pdf is studied below.

Proposition 2.3. For a € (0,1] and A € [0. 1], fip(x; o, A) is strictly

decreasing for x € (0, 1).
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e For . >1 and Le ((a-1)/(200—1), 1], fip(x; o, A) is increasing-

decreasing for x € (0, 1), and the maximal point is given as

X, = e [a(2k—1)+1—k]/[(u—l)ak]_

e For a>1 and Ae |0, (a—-1)/(20-1)], fip(x; o, A) is strictly

increasing for x € (0, 1).

Proof. As a special case, for o« =1 and x € (0, 1), frp(x; o, A) =1-1A
— Alog(x) which is clearly decreasing. It is assumed in the following that

o # 1. The derivative of fip(x; a, L) is given as

fiple; o, &) = — ax® 2[(o0 — 1ok log(x) + a(2A —1) + 1 — A]. (5)

Therefore fip(x; o, A) is strictly decreasing if and only if f{p(x; a, A) < 0.
This inequality is equivalent to (o —1)ok log(x) + a(2h —1)+1 - A > 0.
Since lim,_, log(x) = —~ and log(l) = 0, this inequality is possible for
all xe (0,1) if and only if aae (0,1) and o2L-1)+1-X >0, so
AM200-1)+1-a > 0.

o If o € [1/ 2, 1), the inequality is obviously satisfied for all A € [0, 1].

o If a € (0,1/2), this inequality becomes A < (a0 —1)/(20 —1), and

this upper bound is strictly superior to 1, so we can keep the initial

assumption on A without restriction, so A € [0, 1].

As a result, for ae (0,1] and A€ [0, 1], fip(x, o, A) is strictly

decreasing for x € (0, 1).

e Based on Equation (5), we have f{p(x.; o, A) =0 if and only if

X, = e [oc(27»—1)+1—k]/[(0c—1)ock]'

Consequently, f{p(x; a, A) is non-monotonic
if x, € (0, 1). This condition is equivalent to [a(2A — 1) + 1 — A]/[(o — 1)ar] > 0

and A > 0.
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e If o >1, this inequality is equivalent to a(2A-1)+1-2A > 0,
hence M20 —1)+1-a > 0, so A > (a0 —1)/(200 — 1), and this lower bound
belongs to (0, 1).

o If o < 1, this inequality becomes a(2A —1)+1 - X < 0, so M2a — 1) +
1-a < 0. Therefore, if o € [1/2, 1), this inequality can not be satisfied
because the left term is positive. If o e (0,1/2), we have A > (o —1)/
(200 = 1), and this lower bound is strictly superior to 1. This contradicts

the initial assumption that A < 1.

As a result, for o >1 and Ae (@ -1)/(200 —1), 1], fip(x; &, X) 1is
non-monotonic for x € (0, 1) with an extremum at the point x = x, =

e~ o@A-1r1= A/l0-1)oM - Since Tim, o fip(a; @ A) = 0 with fip(x; o, A)

> 0 for all x € (0, 1), this point is a maximum point and the function is

increasing-decreasing.

e The last claim is a consequence of the two items above. Indeed, we

have shown that, if fip(x; o, A) is non-monotonic, it has only one mode.

So it is monotonic in other cases. And since the decreasing case is well-
identified, we deduce the increasing case as the last possible case,
reached with o >1 and A e [0, (o —1)/(2a —1)]. As an alternative proof

of this claim, we can proceed analytically as the first item to obtain the
same result.

This ends the proof of the proposition. O

As a consequence of Proposition 2.3, the LP distribution is unimodal
for the case o > 1 and A € ((o —1)/(2a — 1), 1], and the mode is given by x.,.
At this value, we have the maximum of the pdf given as

A - fa@r-1)41- 1))

fmax = fup(xs; o, A) =

We thus see the impact of A and o in this maximum. Figure 2 illustrates
the shape behaviour of the pdf of the LP distribution.
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From Figure 2, it can be noted that, unlike the pdf of the TP
distribution, the pdf of the LP distribution has a large panel of decreasing

and sharp (mesokurtic) left skewed increasing-decreasing shapes.

The hrf is calculated as

. __ hpls o, )
hLP(x’ % l) a 1- FLP(.?C; o, 7\.)
ax® 1L = A - Ao log(x)] xe(0.1)
= 1-x%[1 - Ao log(x)] T
0, x e (0,1).

Let us investigate this hrf by using standard analytical tools. For
x € (0, 1), the following limits hold:

0, o >1,
lim App(x; o, A) = lim App(x; o, A)
x—0 x—1
+ o0, o e (0,1],
= lim —— = too.
x—ol11l—x

Therefore, for all the values of the parameters, the hrf “explodes” at the

neighbourhood of x = 1, and this with a harmonic decrease.

The following result shows that the hrf can be an increasing function,
depending on the values of o and A.

Proposition 24. If o >5/4 and X >0, then hyp(x; o, A) is
increasing.

Proof. The proof is based on a result established by Glaser [15]. In

the context of the LP distribution, it may be formulated as follows. Let us set

_ fiplx; o, A)

Pl o, A) = Fp o )
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Then, according to Glaser [15], if ¥'(x; o, A) is strictly positive for
x € (0,1), then hyp(x; o, A) is increasing. Here, after some developments

and simplifications, we have

(. —1)or log(x) + (2 —1) +1 — A

vl 0, A) = * - A — Ao log(x)] ’
and

(o - D222 [log(x)]* + oA(cu(3A — 2) — 24 + 2) log(x)
W ) = +o”W + o207 - 3L +1) - (1- 1)

x2[1 = A — A log(x)]?

Hence, for determining the sign of %'(x; o, A), it is enough to find the
sign of the numerator term. This term is of the form P, (log(x)), where
P, (y) = agy? + byy + ¢q, where ag = (o —1)a?A%, b, = oA(a(3A — 2) — 2
A+2) and ¢y = a2 + (222 —3L +1) - (1 - A)%. After a fastidious
development, the discriminant of Py(y) is given as A = bé —4dagcy =

(5—406)0(47\,4. Therefore, we have A <O for a>5/4 and A >0,
implying that Py(y) has a constant sign for all y € R. Hence, let us

study the sign of the simple case described by P, (1) = ¢, = (a? + 20— 1)

A2+ (2 = 3a)A + o — 1. This quantity can be thought of as a polynomial in

terms of A, which we denote as @,(A). It has the discriminant
A, =502 — 403, which is strictly negative if o > 5/4. Therefore, the sign

of Q,(A) is constant, and it is in particular the one of @, (1) = a? > 0.
Therefore, P,(log(x)) > 0, implying that ¥'(x; o, ) > 0 and, by Glaser

[15], hyp(x; o, A) is increasing. The proposition is demonstrated. O

For the case of ae (0,1], in view of the limit properties of
hip(x; o, A), it is clear that A;p(x; o, A) has at least a minimum point.

Due to a high level of complexity in terms of analytical developments, we
propose a graphical analysis to complete these results. We plot several
curves of this hrf in Figure 3.
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From Figure 3, we see that hyp(x; o, A) has increasing and bathtub

shapes, which is consistent with Proposition 2.4 and the formulated
remarks. The wide range of bathtub shapes of the hrf of the LP
distribution is not observed for the hrf of the TP distribution.

3. Quantile Analysis

Quantiles are cut points in a probability distribution that split its
range into continuous intervals with equal probability. They are specific
values of the qf. The gf of the LP distribution is determined in the next

result.
Theorem 3.1. The gf of the LP distribution is expressed as
/e, A =0,
Qup(y; o, A) = yl/a[_ kW_l(—%e_l/hH_l/a, A >0, ye (0,1),

where W_1(x) is the secondary real branch of the Lambert function.

Proof. We have Qpp(y; o, A) = Ff,ﬁ(y; o, A). Thus, it satisfies the
following functional equation: Fyp(x; a, A) = y according to x. The case

A = 0 is immediate; we have y = x* implying the desired result. For the

case A > 0, with step-by-step progression, we get
y=Frp(x;o,A) o y=x%1-2xlogx)]

o log(x™®)=Lx %

—a
> o x% o X /le—l/l

>

B T S G V.Y Y o[- LA
& —yxe 3 € e X W—l( 2 € )

e x= yl/“[— XW_l(_%e—l/xﬂ‘l/“

The proof ends. O
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illustrates the shape behaviour of the ¢f of the LP
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Figure 4. Curves for the qf @ p(y; o, A) for various values of o and A.



22 CHRISTOPHE CHESNEAU

The flexibility of the gf is demonstrated by a variety of concave and

convex shapes, including diagonal and angular shapes.

Based on the gf, we can determine the median of the LP distribution

defined by M1p = Qp(1/2; a, A), corresponding to

9 e A =0,

Myp = 1o
2‘1/0‘[— kW_l(—%e_w‘ﬂ . A>o0.

The two other quartiles can be expressed in a similar manner, by taking
the values u = 1/4 and u = 3/4 in the definition of @ p(u; o, A).

Also, the following result in distribution holds. Let U be a random
variable with the uniform distribution on (0, 1) and V = Qi p(U; o, A),

corresponding to
ue, A =0,

V= -1
Ul/“[— XW_l(—%e_m‘ﬂ /a, A > 0.

Then V follows the LP(a, A) distribution. This result allows the

generation of values from the LP distribution based on generated values

from the uniform distribution on (0, 1). This can serve as the basis of a

simulation study to evaluate the efficiency of different estimates of the

parameters of the LP distribution.

More generally, the analytical expression of the gf allows for a more
detailed quantile study of the LP distribution, including expressions for
the quantile density and hazard qgfs, and diverse asymmetry and
plateness quantile measures. The role of these quantities in survival
experiments is shown in Gilchrist [14] and Nair and Sankaran [26],
among others. Also, the construction of the quantile LP regression model

has become possible.
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4. Moments Analysis

4.1. Classical approach

Various types of moments of a real random variable provide
indicators of important characteristics of this variable. These indicators
can be categorized as central, dispersed, or shape. Here, we first begin by

expressing the generalized logarithmic moments of the LP distribution.

Theorem 4.1. Let r be an integer such that r > — o, s be a positive

integer, and X be a random variable with the LP distribution. Then, the

(r, s)-th generalized logarithmic moment of X is given as

_ a(=1)s!

m% = E(X" [log(X)I) 52

[Ff@=2) + o + As))].
(r+a

Proof. We have

log
my-g

I_+mxr[10g(x)]stp(x; o, A)dx

00

1
aIO " og ()P = A — ha log(x)]dax

Oc[(l - %)J.; x % log(x)* dx — locj.; X" log(x)* dx}.

According to (Gradshteyn and Ryzhik [17], Equation (4.2726)), the

following formula is valid for any real number p > — 1:

le“[log(x)]sdx = (-1 Lsﬁ (6)
0 (u+1)
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Therefore
log _ s s! s+1 (s +1)!
mS =a1-2)(-1) ———-Aa(-1)"" ———
r,s { (r + OC)S+1 (r I OL)S+2
—_1)54! —_1)%g!
- oy [1-x+m S”} = DS g a4+ )l
(r + o)t r+ o 5+2

(r+a)

The desired result is obtained. O

From Theorem 4.1, we immediately derive the following moments-
type measures:

e For any positive integer r, the r-th ordinary moment of X is

m, = B(X") = m = Lz[ra “A)+al
’ (r+o)

Since dm, /oo = rla(h +1) + r(1 = 1)}/ (o0 + r)? >0, m, is increasing with

respect to o, and since dm,/dh = — oA/ (o + r)? <0, m, is decreasing

with respect to A.

We can determine the mean and variance of X by

(03

my =m(1—7\.+u), (52 = mgy —(m1)2
=L[2(1—7»)+0c]—a—2(1—7»+0c)2.
2+ o) 1+

The coefficient of variation can be calculated as CV = o/m;.
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“+ oo
Remark. Based on the alternative formula: m, = rf "Y1 - Fp

(x; a, A))dx and the relation in Equation (4), we have

1o x
m, = rJ. x" (1 _afLP(x§ a, k)—kx“)dx
0

! -1 r! 1 o+r-1
= rj x T dx ——J x" fip(x; o, A)dx — %rj x%T  dx
0 o Jo 0

r Ar

1-—m, — .
o+r

o r

By solving this equation with respect to m,, we find the expression of

m,.

e By the exponential series expansion, the moment generating

function of X defined by M(¢) = E(e'X ), can be expanded as

“+o0 ]C 00 k
t t o
M@= Som = > 5 (k1 =2) + a]
=k =0 Bk + )

e By the binomial formula, the r-th central moment of X follows as

r r
mf = B((X - my)") = Z{ ](— o)y

k=0\k

Zr: {r] (- 1)k i+ OC)ZI?(M 5 @-xr+ Oc)k[(r—k)(l -A)+al.
k=0\k

r—k+a)

With this quantity, we define the general coefficient of X by

¢, =m;/o". Using r =3 and r = 4, we describe the moment skewness

and kurtosis of X, respectively.
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Figure 5 presents some curves of €3 with respect to o for several

values of A.

Cs3(A=0.2)

-2

Cs(h=0.6)

-2
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Cs(r=1)

Figure 5. Curves for the moment skewness &3 with respect to o for

several values of A.

From Figure 5, we see that &3 is a purely decreasing function with

respect to o and can be either negative or positive, implying that the LP

distribution can be left or right skewed.
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Figure 6 shows some curves of &, with respect to o for several

values of A.

Ca(L=02)

C4(r=0.6)
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Cs(r=1)

Figure 6. Curves for the moment kurtosis &, with respect to o for

several values of A.

From Figure 6, we note that &, is a non-monotonic V-shaped

function. Furthermore, it can be less than 3, equal to 3, or greater than 3,
indicating that the LP distribution is platykurtic, mesokurtic, or

leptokurtic, respectively.

e For any integer v such that v < o, the v-th negative moment of X
1s

Lz[a — o1 =)

(o —v)

m; = E(X V)= m8

-0,0 =

In particular, for o > 1, the harmonic mean of X can be expressed as

mi=E(X ) =—2% (a-1+2).

(o — 1)

The variance and other moment measures of Y = X can be calculated

in a similar manner.
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e The s-th logarithmic moment of X is

miog = E([log(X)]°) = m%f% _C 1! 1+ As).

(XS

In particular, the geometric mean of X is given by

1+A
miog = E(log(X)) = - <

In a similar way, the variance and other moment measures of Y = log(X)
can be calculated.
As a result, the most important measures of the LP distribution can

be expressed in a straight-forward manner, which will be of interest in

future research.

We end this part by investigating the incomplete moments of the LP
distribution, which appear in several functions and measures of
importance.

Proposition 4.2. Let r be an integer such that r > — a,s be a
positive integer, t € [0, 1] and be X be a random variable with the LP
distribution. We define the truncated random variable X, by X, = X if
the event {X <t} is realized, and X, =0 elsewhere. Then, the r-th
incomplete moment of X is given as the r-th ordinary moment of X;, and

we have

me) = B(X]) = % t'+“{r(1’j+7“)a+ LY 1og(t)]

Proof. We have

t t
m,.(t) J x"fip(x; o, A)dx = (xj x" O - A - hat log(x)]dx

0

t t
oc[(l - k)J. x O gy — kaI x ol log(x)dx}.
0 0
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By applying an integration by part, we get

t

t 1 pRas
J. 2" log(x)dx = log(x)
0 r+ o 0
t r+o r+a
—J ad lalxz t (10g(t)— 1 j
or+ox r+a r+a
Therefore
tr+(x, x(xtr‘i'a 1
= 1— _ 1 _
m, (t) 0{( k)r+0c r+a (og(t) r+0c)}
-_¢ t”o‘[r(l —Mra Ao log(t)}.
r+o r+a
The desired result is obtained. O

We obviously re-obtain the r-th ordinary moments of X by taking
t =1 in Proposition 4.2. Also, the first incomplete moment of X is given
by

_«a 1+o| 1 _ A _
ml(t)_—r+oct [1 Toa kalog(t)}.

From this, the following moment-type measures can be expressed.

e The mean deviation of X around the mean is given as

D(my) = E(|X — my|) = 2m Fyp(my; o, &) — 2mq (my)

o+l
2 ¢ o oA
:1+u[m(1—}\.+a)J {l—kalog(m(l—k+a)J+1+a}_

e The mean deviation of X around the median M|p is obtained as

D(Mip) = B(X -~ Myp|) = my — 2my(Myp)

A
= ﬁ(l—}h+a)—2lf(xMifa[l—m—}halog(MLP)}.
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e The mean inactivity time of X is indicated as

M(t) = Bt - X|{X <)) =t - — 1)

FLP (t; o, A

t oA
1+a {1 * 1+ o)l -2ra 1og(t)]}’ te 1)

e The Bonferroni curve of the LP distribution is given as

my [Qrp(y; o, A)]
ym

B(y) =

Aol + o)

= %[QLP(D’? a, 7»)]““{1 - ﬁlog[QLp(y; a, 7»)]} y e (0,1).

Similarly, other income inequality measures can be expressed, such as

the Lorenz or Zenga curves.

Applications of superior order incomplete moments are common in
reversed residual lifetime analysis, as well as a variety of related
measures involving various conditional moments. In this regard, see Ruiz
and Navarro [29] and Cordeiro et al. [10].

4.2. Approximate approach

An approximate strategy can be used when the expectation of a
transformed random variable is difficult to evaluate and needs to be
controlled in an analytical or computational way. The following result
looks into such a strategy in the context of the LP distribution.

Proposition 4.3. Let q(x) be a function defined on (0, 1), and X be

a random variable with the LP distribution. We suppose that

1
mlq] = E(q(X)) exists, and the same for e;[q] = .[0 x % g(x)dx, for all

positive integer (. Subject to convergence of the involved series, for any

large integer t, the following approximation is acceptable:
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tk
mlq] = Z Zbk:,/,ek[Q],
k=0 (=0

k

where by = ol -A) and by, ={ J(— D(a®A/k) for k=1 and

L
=0,..,k

Proof. Basically, we have
+o0 1 1
mlq] = I q(x)fLp(x; o, A)dx = I q(x) {01 = & - Aot log(x)] .
oo 0

By virtue of the series expansion of the logarithmic function, and the

binomial formula, for x € (0, 1), we get

“+o0
ax® 11 - A - Ao log(x)] = ch“_lll - A+ 7»0(2 % (1- x)]‘]
k=1

_ ax“—1[1 . mi % Zk:m ] Z Z:; sl

k=1 (=0\ ¢

Therefore, provided the mathematical validity of the interchange of the

sum and integral signs, which depends on the definition of g(x) mainly,

we have

ook
mlg] = Z D b [:x““ g(x)dx = z Zbk relal.
k=0 (=0

The proof of Proposition 4.3 is now complete. O
In Proposition 4.3, it is implicitely supposed that the expression of
e;lg] is relatively simple. Hence, because the sums involved are finite,

the evaluation of m|q] is manageable and can be used for a variety of

mathematical and practical purposes.
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5. Entropy Analysis

An entropy measure of a random variable can be thought of as a
measure of uncertainty; the higher the entropy, the more chaos there is in the
randomness of the associated distribution. Among the most useful entropy
measures is the Rényi entropy proposed by Rényi [28]. The Rényi entropy
of a random variable X with the LP distribution may be defined as

1

- T

¢(r) = = log {B([fip (X; o, M)}

It is commonly assumed that T > 0 and T # 1. In the next result, we

express this entropy measure for special values of .

Proposition 5.1. Let T be a positive integer such that T > 2 and X
be a random variable with the LP distribution. Then the Rényi entropy of
X is given by

1 oo AetTa -t
€(1) = l_Tlog{Z T @ s }

k=0

Proof. It follows from the binomial formula and Equation (6) that

E([fp(X; o, M) = r: [fLp(x; o, A)]"dx

1
= I OchT(a_l)[l - A=t log(x)]"dx
0

_ ZT: T (- l)k:}\‘kak+7’(1 _ l)*r—kj.l xT(OL—l)[log(x)]kdx
i=0\k 0

_ ZT: T (_ l)k%k(xk+7(1 _ x)T—k (_ l)k k—'kl
=0k (r(a—1) +1)""

_ i 7! }\‘kak+7(1 _ l)T_k
= TP (- + )T

We end the proof by composition with the appropriate weighted
logarithmic function. O
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In the precise setting of the proof, the binomial formula can not be

extended in the case of any real number T; expressing the Rényi entropy

in this case remains a mathematical challenge. Note that the sum in
Proposition 5.1 is finite; the Rényi entropy of the LP distribution may be

calculated relatively easily.
6. Order Statistics

This section establishes some properties of the order statistics of the
LP distribution. The minimum and maximum of random variables are

special cases. The general theory can be found in Shahbaz et al. [30].
6.1. Main functions

Let (Xi,..., X,,) be a n-sample from the LP distribution, so the

components of this vector are n independent and identically distributed
random variables with the LP distribution as common distribution. Now
we organize these random variables in increasing order of magnitude to

obtain ordered random variables denoted by Xj.,,..., X,.,. Thus
defined, the event {X;., < X,., <... < X,,.,,} is certain. After that, for
any j =1,2,...,n, the cdf of X;., can be expressed through a general

known formula; it is obtained as

n n
Fj. (x5 0, X) = Z [Frp(x; o, MIF[L - Frp(a; o, V'™, xe R
k=j\k

Moreover, the pdf of X;.,, is specified by

n-1

fin(x; o, A) = n[ ]fm»(x; o, M) [Frp (e o, VYL - Fip(as o, V", xe R

j-1

(7)
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That is, in an expanded form, we have

1, x>1,
Fjp(x; 0,0) = Z [n]xak [1 - Aalog(x)] {1 — x*[1 - Aalog(x)}* %, xe (0,1),
- (fi x <0,
(8
and
finla; @, A)

n-1
n{ ]chaj_l [1-A-2Aolog(x)][1 - Ao log(x)]j_1
i-1

- x {1 — x*[1 — A log(x)]}y* xe (0,1),

0, x¢ (0,1).

The hrf of X ., is defined as hj., (x; &, A) = fj., (x; &, A)/[1 = Fj.,, (35 o, A,

x € R.These functions serve as the foundation for a more in-depth
examination of order statistics. To demonstrate this, a moment analysis is

shown below.
6.2. Moment analysis

The following theorem proposes a sum expression of the r-th moment
of X] n-

Theorem 6.1. Let r be an integer such that r > — a, n and j be two
positive integers such that j < n, and Xj., be the j-th order statistics of
an n-sample from the LP distribution. Then the r-th ordinary moment of

Xj.n is glven as

n—j k+j-1

order _ r _ ‘ 1 _ ro(l +1)
PR T TS 1 o) NN B O LU

=0 1= (r+afk + )™

ol
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n-1\(n-j\(k+j-1
q)j:n,k,( =n (— 1)k7\.(06(+1€!.
J-1)U k ‘

Proof. First, we have

where

d oo
moreer = J X" fj.p (25 @, A)dx.

jin,r

Let us now decompose f;. o (x; a, L) in a suitable way. It follows from the

binomial formula that

[1 - Ao og(x) {1 = x*[1 — Aot log(x)]f" ™

n=j(n—j .
= [ ](— 1P 2% [1 - Ao log(x)]F

n—jk+j-1(n—j\(k+j-1
= { ]{ J(— DF 0 ol x % [log(x)]’.
: 2

k=0 =0 /
Therefore
n—-1\n-jk+j-1(n — ] k + ] -1
f]n(x, Q, 7") =n Z (_ 1)k+47\’/u/+1
J—1)k=0 (= !

> {(1 _ }L)xoc(lﬁj)—l [10g(x)]ﬁ _ laxa(lﬁj)—l [log(x)]ﬁ+l }

It follows from this decomposition and Equation (6) that

n—1N\n-jk+tj-1(n—-j\(k+j-1
m;):rr(llef -n (- 1)k+€7\,[06[+1
J-1)k / k l

1 . 1 .
X {(1 - 7L)J. xR o0 ()] d — 7LOLJ. "I o ()] dx}
0 0

N
1]
=)
~
]
)
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n—-1\n-jk+j-1(n—-j\(k+j-1
= n (_ 1)k+47\’/u/5+1
j—1)k=0 ¢=0 k l

x {(1 - (1) G M}
(r + a(k + j)) (r + ok + j))

et 1 Aol +1)
=2, 2 Qi M e )
k=0 7=0 (r+alk+j)" r+ ok + )
We get the desired result. O

By taking j=n =1 we can verify that m;?:rgef = m,. One can

remark that the sums involved in Proposition 6.1 are finite; the ordinary
moments of order statistics are computable at no cost.
Also, we can calculate the mean and variance of X;.,; they can be

obtained as

and

(Gorder )2 _ ;)rs,e; _ ( order )2

) ' 1 Aol +1)
= Z ¢j;n,k,£( it )" {1_k+m}

n—j k+j-1 1 Aol +1) ’
. { Z Pt 1+ ofk + j)'! [l_ker}} |

The result below proposes a recurrence relation between the ordinary

moments of order statistics.
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Theorem 6.2. Let r be an integer such that r > — o, n and j be two
positive integers such that 3 < j < n, and Xj., be the j-th order statistics

of an n-sample from the LP distribution. Then the following recurrence

relation holds:

morder _ |:1 4 r :|morder

jin,r j-lin,r

Anr ( order order )
) j-Lin-1,0+r j—2:n-1,0+r/"

G-D(a+r B
Note that o +r is not necessary an integer, but the formal expectation

definitions of m;ioll?;_l a+r—m;g‘?2_l wiy @re still valid in the

mathematical sense.

Proof. Thanks to (Shahbaz et al. [30], Theorem 2.10, Equation (2.57))
applied to the context of the LP distribution, we have

n-1 oo

order order  _ r r-1 . j-1

mj:n,r _mj—l:n,r _n[. lJn_j_i_lJ._wx [FLP(x, Q, 7L)]
j-

X [1 - Fip(x; a, M dx. 9

By using the relation in Equation (4), it comes

n-1 oo

order order  _ r r—1 . j-2

mj:n,r _mj—l:n,r _n[. 1}”‘].4‘1.[—0036 [FLP(x, o, 7‘)]
j-

x [1 = Frp(x; a, "7 Fp(x; o, A)dx

" n-1 , oo Ly
_ "E . J—
ol n—j+1J._oox[LP(x’a’k)]

x [1 - Frp(x; a, 7»)]n_jJrl fip(x; o, A)dx
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nol r e 1 =)
+ An mj. x %7 [FLP(x; Q, 7\,)]]_
j-1)t T
x [1 = Frp(x; o, A"/ dx.

Now, from Equation (7), we have

+o00 . .
J- 2" [Frp(o; o, MV 2L - Frp (e o, W' fip (s o, A)dx

oo

_ 1 order

= m-
-1 j-lin,r’
ni;.l_2 )
Moreover, by adapting Equation (9), we get

+ o0 . .
J T Fp (o, M2 - Frp (e o, M)/ da

oo

1 ( order order )
_ order o |
(n_l)(?__zz)((l+r)/(n_j+1) j-l:n-1,0+r

Jj—2:n-1,a+r

By putting the above equalities together, after simplifications of the

constant terms, we obtain

order _ _order  _ r order
jin,r j-lin,r — (x(] _1) j-l:in,r
Anr order order
+ (] _ 1) (OC + r) ( j-lin-1,a+r — mj—2:n—1,oc+r)'
The stated result is established. O

The L-moments of a random variable are defined by a linear
combination of ordinary moments of the associated order statistics. In our

setting, for any integer r > — o and a random variable X with the LP

distribution, the r-th L-moment of X is specified by
1 r-1 (r-1
k d
4= > (= 1) "m0 1
k=0\ k
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The L-moments can be used to summarize the shape of a distribution in a
similar way to conventional moments. Based on the L-moments, we can
define various L-moment measures, such as the L-coefficient of variation,
L-skewness and L-kurtosis. For more information on these measures, we

can refer to Hosking [18].
7. Measure of Reliability

Many physics and engineering applications, such as strength loss and
system breakdown, need a valuable measure of reliability. In particular,
when a component of a system is exposed to random stress and is
subjected to random strength, the probability that the stress exceeds the
strength is of importance. In general, stress is modelled by a random
variable X5, strength is modelled by a random variable X;, and the

considered probability measure can be formulated as R = P(Xy < X;).

It is a key ingredient of the stress-strength model. We may refer to Kotz
et al. [22] for all the possible uses of this measure. In the following result,

we determine its expression in the context of the LP distribution.

Theorem 7.1. Let X; and Xy be two independent random variables
with the LP(ay, M) and LP(oq, Ay) distributions, respectively. Then, we

have
oy otghgfogdy + 0o + gl —2Aq)]

+ (Xl((xl + (Xz)[(ll + (Xz(]. - 7\.1)]

3
(0 +ag)
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Proof. The proof is mainly based on calculation. By using the

independence and distributions of X; and Xy, we obtain

-+ oo

R=PXy <Xq)= Frp(x; o9, ho)frp(x; oq, Ay)dx

—o0

1
=0y J. Mozl Aoty log(x)][1 — Ay — g0y log(x)]dx
0

1
= oy [ =2 - [0 - A Regoty + My ] Togx)
+ MAgoy g [log(x)] tdx

1
= (Xl (1 - 7\,1 )j xa1+a2_1dx - ul [(1 - 7\,1 )7&2&2 + 7\11&1]
0
t 1
X I x“17%27 Jog(x) dx
0

2 ! 1 2
+ A Ag0f 0c2j x17%2  og(x)]” dux.
0
By applying Equation (6), we get

R=o0-2) ooy 0 [(1 = A g0y + Aq0u] o+ o)

2

+ 7\117\,20,%(12 3
(0 + 0ig)

o ghgfogy + o + ag(l —2q)]

+ 0 (0 + ag) oy + ag(l _7"1)]‘

3
(0 +ag)

The intended result is achieved. O
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Based on Theorem 7.1, the analysis of stress-strength LP model is

conceivable. In particular, the estimation of o4, Ay, 09 and Ay yields the

estimation of R by the substitution approach. Without surprise, when

X, and X, are identically distributed, we get R = 1/2.

8. Some Distributional Results

The LP distribution can be modified to create new distributions with
a diverse number of parameters and support. This section presents some
of them.

Let us consider a random variable X with the LP(a, A) distribution.
e Basically, the random variable Y = X% follows the LP(1, A)
distribution.

e Let Y = BX with B > 0. Then the cdf of Y is determined by
1, x 2B,

F(x; o, B, ) = (%)a[l + Ao log(B) — Ao log(x)], x € (0, B),

0, x < 0.

It is a three-parameter tuned upper bound variant of the LP distribution.

We can use it for the analysis of bounded data beyond the unit interval.

eLet Y =B/X with B > 0. Then Y has the following cdf:

F(x; a, B, A) = 1- (%) [1 + Ao log(x) — Ao log(B)], x > B,

0, x < B.

It corresponds to a tuning lower bound on a special variant of the LP

distribution.
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eLet Y =1- X. Then the cdf of Y is given as

1, x >1,
Flx; o,A) =1 1-(1-x)*1-2axlogl - x)], x e (0,1),
0, x < 0.

The related distribution, which proposes a new alternative unit

distribution, is called the LP distribution of the second kind.

e Let Y = — log(X). Then Y has the following cdf:

1-@1+ hox)e ™™, x>0,
F(x; o, A) =
0, x < 0.

If we take A = 0, we obtain the cdf of the exponential (E) distribution

and, if we take A =1, it corresponds to the cdf of the length-biased
exponential (LBE) distribution introduced by Dara and Ahmad [11]. In

this sense, the associated distribution can be seen as a modern tradeoff

between the E and LBE distributions.

o Let Y =—-log(l-X%)/B with B> 0. Then the cdf of Y is

specified by

(1-eP¥)[1 - Alog(1 — e P¥)], x>0,
FO(x; B, A) =
0, x < 0.

It represents a two-parameter lifetime distribution that has never been
described before in the literature. It is like a modern-day variant of the

exponential distribution.
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eLet Y = (1/B)(1/X —1) with B > 0. Then the cdf of Y is given as

5 1-(1+PBx)*[1+Alog(1l+Bx)], x > 0,
F(x; o, B, A) =

0, x < 0.

If we take A =0, it corresponds to the cdf of the Lomax distribution

introduced by Lomax [24]. The associated distribution thus constitutes a

new three-parameter generalization.

eLet Y = log (X/(1 — X)) corresponding to the logistic transformation of

X. Then the cdf of Y is given as

Fl;o, M) =0+e ™) *[1+ralog(l+e™)], xeR

The cdf of the skew-logistic distribution corresponds to A = 0. As a result,
the proposed cdf defines a generalized skew-logistic distribution that can
be used to model characteristics with values spanning the entire real line.
To improve its modelling capability, we can add position and scale
parameters, and consider the cdf: ﬁ'(x; o, A, U, 6) = ﬁ'((x —u)/o; o, A),
with p e R and o > 0.

e Let Y = sup(Xy, ..., X,,), where (Xi, ..., X,,) is a n-sample from
the LP distribution. In terms of order statistics, we have Y = X,,.,,. Then,

as a special case of Equation (8), Y has the following cdf:

1, x >1,
FS(x; o, n, &) = < x**[1 — Ao log(x)]”, x € (0, 1),
0, x < 0.

The associated distribution is useful in the setting of the order statistics
theory. The cdf remains correct from a mathematical standpoint for every

real number n > 0.
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e Let Y = inf(Xy, ..., X,,), where (Xj, ..., X,,) is an n-sample from
the LP distribution. In terms of order statistics, we have ¥ = Xj.,,. Then,

as a special case of Equation (8), Y has the following cdf:

1, x >1,
F™ (o, n, 2) =4 1—{1 - x*[1 - Ao log(x)]}?, x e (0, 1),
0, x < 0.

This cdf holds true for every real number n > 0.

e With an analytical approach, original three-parameter extensions of

the LP distribution are possible. As an example, an interesting
perspective is offered by the following function:

1, x >1,
V.. _ 1 o -
FY(x; B, A) = T alogBrD " [1+Alog(B+x"%)], x € (0,1),
0, x <0,

with a0 > 0,3 >0 and A € [0, 1]. Then, one can prove that it is a valid
cdf. The LP distribution is obtained by taking B = 0. We call this new

unit distribution the three-parameter LP distribution.

e The LP distribution can be used to extend any continuous

distribution to reach new modelling perspectives. A simple strategy is
described below. Let G(x; {) be a cdf of a continuous distribution with {

as parameter(s), and Y = G_I(X; {). Then Y has the following cdf:

Fg(x; a, &, €) = Glx; )*[1 - Mo log(G(x; €))], xe R
This cdf defines a new family of distributions extending the baseline

distribution characterized by G(x; {). Such a family can be called the LP

generated (LP-G) family. Further information about such general families
can be found in Cordeiro et al. [10].
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e On the other hand, the LP distribution can be extended by using

existing general families of distributions, such as the exponentiated,
Marshall-Olkin, half-logistic, Kumaraswamy, beta, Topp-Leone, Weibull,
Burr-type and sine generated families. The details and references are

available in Brito et al. [5].

The majority of the above-mentioned distributions may be the subject
of independent investigation, with an emphasis on particular
implementations. They can also be extended in a variety of ways using

the power scheme.
9. Estimation and Data Applications

In this section, we focus on the LP model by assuming that the

parameters o and A are unknown.
9.1. Estimation
We propose to estimate unknown parameters by the maximum

likelihood procedure described as follows. Let xq, ..., x,, be observations

selected from the LP distribution. Then, the likelihood function of the LP

model for o and A can be written as

n

n o1 n
(a, A) = H fipla;; o, A) = oc”[H xi] H [1 - A — Ao log(x;)].
i=1 i=1

=1

Based on this function, the log-likelihood function for o and A is

Lo, &) = log[€(a, A)] = nlog(a) + (ot — 1)2”: log(x;)
=1

+

1

log [1 — A — Aot log(x;)].

n
=1
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Then the maximum likelihood estimates (MLEs) of o and A, say & and
A, are defined by (&, i) = arg max (g, 3)e(0, +e0)x[0, 1] £ A). We can

describe them via an analytical approach based on nonlinear equations,
as described as follows. When the log likelihood function is differentiated
with respect to o and A, the result is

5 ) log(x
= ax_—+210gxl le_x Xoclog( i)’

and

9
E7)

1+ alog(x;)
— 1-A—Aalog(x;)”

o, A) = —

Equating these partial derivatives to zero yields & and A. These
equations, however, can not be solved analytically and must be solved
numerically using statistical software. The estimates can be obtained
using iterative techniques such as the Newton-Raphson algorithm. In this
work, such estimates are obtained by the use of the function nlminb of the
R software (see R Core Team [27]).

Then, an estimation of the unknown pdf fip(x; o, A) is given by

}?LP (x) = fip(x; &, A). We can proceed similarly to estimate other
parametric functions related to the LP distribution.

In addition, we can derive the following well-established criteria from
¢(G, A): The Akaike information criterion (AIC) and Bayesian

information criterion (BIC) are defined as
AIC = — 20(6, &) + 2k, BIC = — 20(6, A) + & log(n),

respectively, where k denotes the number of parameters. The AIC and

BIC of several models can be calculated; the best model being the one
with the smallest AIC and BIC. We may refer to Casella and Berger [6]

for the details about the maximum likelihood procedure.
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9.2. Data applications

One artificial data set and two real-life data sets are now being
examined. We want to show how useful and adaptable the LP model is
when it comes to data fitting. We compare the LP and TP models in this
regard. We recall that the pdf of the LP distribution is given by Equation
(3), and the pdf of the TP distribution is derived from Equation (1) as

ax® 1+ A - 20x?), x e (0,1),
fre(x; o, A) =
0, xe (0,1).

Our applications are presented below.

e The first data set, called Data set 1, is artificial; it contains n = 100

values generated from the LP distribution with parameters o = 50 and
A =1. The data set is {0.9407981, 0.9447613, 0.9882597, 0.9570619,
0.9289420, 0.9862649, 0.9377094, 0.9785259, 0.9689801, 0.9701998,
0.9885426, 0.9630237, 0.9663357, 0.9648558, 0.9980493, 0.9343859,
0.9586432, 0.9960804, 0.9718961, 0.9491994, 0.9388389, 0.9439703,
0.9853174, 0.9746523, 0.9149421, 0.9758234, 0.9432352, 0.9693834,
0.9491918, 0.9851612, 0.9656517, 0.9267656, 0.9680509, 0.9723581,
0.9069665, 0.9133886, 0.9533500, 0.9342400, 0.9798710, 0.9492754,
0.9716584, 0.8734544, 0.9831862, 0.9643272, 0.9918818, 0.9334234,
0.9881646, 0.9949953, 0.9214476, 0.9689857, 0.9516179, 0.9333489,
0.9730641, 0.9400146, 0.9668169, 0.9654974, 0.9428985, 0.9812006,
0.9523705, 0.9837782, 0.9729954, 0.9902377, 0.9814711, 0.9662710,
0.8789145, 0.9562315, 0.9647483, 0.9767500, 0.9124355, 0.9561419,
0.9813736, 0.9502237, 0.9877244, 0.9746159, 0.9678454, 0.9388364,
0.9794370, 0.9186319, 0.9919013, 0.9622962, 0.9589765, 0.8991588,
0.9511993, 0.9129763, 0.9724723, 0.9736149, 0.9677164, 0.9432212,
0.9534555, 0.9289118, 0.9427475, 0.9737435, 0.9754736, 0.9983466,
0.9634858, 0.9646391, 0.9869528, 0.9941471, 0.9265261, 0.9872700}.
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Table 1 provides the mean, median, standard deviation (St.
deviation), variance, skewness, kurtosis, minimum and maximum of this

data set.

Table 1. Statistical description of Data set 1

Mean 0.959092
Median 0.9651766

St. deviation 0.02600243
Variance 0.0006761264
Skewness —0.9004576
Kurtosis 3.692149
Minimum 0.8734544
Maximum 0.9983466

We remark that the data are left skewed, mesokurtic, and with a very

small variance. The mean and median are almost the same.

For these data, we determine the MLEs & and A of o and A,

respectively, and standard information criteria. The results are given in
Table 2.

Table 2. Values of the MLEs, AIC and BIC for Data set 1

Distribution MLE & MLE 2 AIC BIC
LP 46.98128 0.9797222 —462.8919 — 457.6816
TP 11.86562 -1 —437.7862 —432.5759

As expected, the estimates & and A are close to the considered
parameter values of the LP distribution used to generate the data, which

are 50 and 1, respectively.
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In terms of AIC and BIC, the LP distribution is clearly the best. So a
best fit is expected for the related estimated functions in comparison to

the estimated functions of the TP distribution. This is visually confirmed

in Figure 7 which considers the estimated pdfs: fLP (x) = fip(x; &, A) and

frp(x) = frp(x; & ).
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Figure 7. Curves of the estimated pdfs of the LP and TP distributions for
Data set 1.

In Figure 7, we see that the LP distribution has well captured the top
of the histogram, contrary to the TP distribution. However, since the data
have been generated from the LP distribution, such a result was

expected.
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e The second data set, called Data set 2, is extracted from Klein and

Moeschberger [21]. It specifies the time it takes for kidney dialysis
patients to become infected in months. The data set is: {2.5, 2.5, 3.5, 3.5,
3.5,4.5,5.5, 6.5, 6.5, 7.5, 7.5, 7.5, 7.5, 8.5, 9.5, 10.5, 11.5, 12.5, 12.5, 13.5,
14.5, 14.5, 21.5, 21.5, 22.5, 22.5, 25.5, 27.5}. We perform a “unit range”
operation on these data by dividing them by 28.

As a basic analysis, Table 3 provides a statistical summary of the unit

data set.

Table 3. Statistical description of Data set 2

Mean 0.4043367
Median 0.3214286
St. deviation 0.2647846

Variance 0.07011088
Skewness 0.7650467
Kurtosis 2.421883
Minimum 0.08928571
Maximum 0.9821429

We remark that the data are right skewed, platykurtic and with a wide

range of values between (0, 1).

For these data, we determine the MLEs & and A of o and A,

respectively, and standard information criteria. The results are given in
Table 4.

Table 4. Values of the MLEs, AIC and BIC for Data set 2

Distribution MLE & MLE 2 AIC BIC

LP 1.568727 0.7910807 - 0.8855648 1.778844
TP 1.190114 0.7221261 - 0.1178869 2.546522
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Since it has the lowest AIC and BIC, the LP distribution is preferable to
the TP distribution. Figure 8 displays the estimated pdfs of these two

distributions.
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Figure 8. Curves of the estimated pdfs of the LP and TP distributions for
Data set 2.

Figure 8 shows that the difference between the two estimated pdfs is
primarily for the values into (0.2, 0.4); the LP distribution is slightly
better than the TP distribution on this interval.

e The third data set, called Data set 3, exhibits the vinyl chloride data

collected from clean upgrading, monitoring wells in mg/L. It is derived
from Bhaumik et al. [3]. The data set 1s: {5.1, 1.2, 1.3, 0.6, 0.5, 2.4, 0.5,
1.1, 8.0, 0.8, 0.4, 0.6, 0.9, 0.4, 2.0, 0.5, 5.3,3.2, 2.7, 2.9, 2.5, 2.3, 1.0, 0.2,
0.1, 0.1, 1.8, 0.9, 2.0, 4.0, 6.8, 1.2, 0.4, 0.2}. Again, we perform a “unit
range” operation by dividing these data by 8.1 to obtain data ranging
between (0, 1).



54 CHRISTOPHE CHESNEAU

Table 5 offers a simple statistical summary of the unit data set.

Table 5. Statistical description of Data set 3

Mean 0.2320261
Median 0.1419753
St. deviation 0.24106

Variance 0.05810995
Skewness 1.603688
Kurtosis 5.005408
Minimum 0.01234568
Maximum 0.9876543

We remark that the data are right skewed, mesokurtic and with a wide

range of values between (0, 1). In view of the shape properties of its pdf,

the LP distribution is able to fit such data. The MLEs & and A of o and

A, respectively, and standard information criteria are presented in Table 6.

Table 6. Values of the MLEs, AIC and BIC for Data set 3

Distribution MLE & MLE A AIC BIC
LP 0.9404668 0.8811955 - 25.52001 —22.46729
TP 0.6982504 0.8388123 — 24.38845 —21.33572

Since it has the lowest AIC and BIC, the LP distribution can be
considered as the best from the fitting point of view. Figure 9 presents the

estimated pdfs of these two distributions.
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Figure 9. Curves of the estimated pdfs of the LP and TP distributions for
Data set 3.

The fits in Figure 9 are almost similar, showing that the LP

distribution is also competitive for data well fitted by the TP distribution.

10. Summary and Discussion

In the last decade, researchers have been very interested in the idea
of extending the power distribution. An interesting extension combining
simplicity and applicability was given by the transmuted power (TP)
distribution. In this article, we have proposed an alternative unit
distribution, called the log-weighted power (LP) distribution. It is defined
by modifying the cumulative distribution function of the TP distribution
through the use of an original logarithmic weighted function. It can be

seen as a simple variant of the log-Lindley distribution established by
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Gomez-Déniz et al. [16]. With its definition, a clear stochastic ordering
implying power, transmuted power and log-weighted power distributions
is established. Furthermore, some shape properties of the central
functions of the LP distribution are not observed for the TP distribution,
including a large panel of decreasing and sharp (mesokurtic) left skewed
increasing-decreasing shapes for the probability density function, and
flexible bathtub shapes for the hazard rate function. As a result, the LP
distribution provides a statistical alternative to the TP distribution. With
this motivation in mind, we have studied the LP distribution in-depth,
exploring its generalized logarithmic moments, incomplete moments,
Rényi entropy, order statistics, and reliability measures. We have also
presented a panel of new distributions that naturally emerge from the LP
distribution. The two parameters of the LP distribution are estimated
using the maximum likelihood procedure for a data fitting objective.
Then, using one artificial data set and two real data sets, we showed that
the LP distribution can provide a better fit than the TP distribution.

Future directions of research include the investigation of univariate
distributions derived from the LP distribution, the construction of
bivariate distributions on the unit square with the LP distribution as the
marginal distribution(s), the consideration of other estimation
procedures, including those used in a more complex statistical setting
with censored samples or others, and the development of regression-type

models.
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