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Abstract

Hom-hyporeductive triple algebras are defined as a twisted
generalization of hyporeductive triple algebras. Hom-hyporeductive
triple algebras generalize right Hom-Lie-Yamaguti and right Hom-Bol
algebras as the same way as hyporeductive triple algebras generalize
right Lie-Yamaguti and right Bol algebras. It is shown that the category

of Hom-hyporeductive triple algebras is closed under the process of
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taking nth derived binary-ternary Hom-algebras and by self-morphisms
of binary-ternary algebras. Some examples of Hom-hyporeductive triple

algebras are given.
1. Introduction

A hyporeductive triple algebra is a quadruple (V, -, %, (;, ))
consisting of a vector space V, bilinear maps -, *: VxV — V and a

trilinear map (;,) : VxV xV — V such that

D x-y=-y-x,

(2) xxy=-y=*x,

(3) (25 3, x) = = (25 x, y),

@) ofx - (y-2)—(x; 3, 2)} = 0,

(5) o{z * (x-y)} =0,

(6) o(t; z, x - y) =0,

M x-(y;z,t)—y- (2,8 +{y-x;2,t)—(zxt y, x) + (y *x; 2, t)
—yE e ) rar(yzt)-(@xt)x(yra)—(2%t) (y*x) =0,

@ u-(x-(yzt)—y-(xzt)y+{y x2t)+{uzt)y x)-((uy,
x); 2z t)+(w v, (x5 2, 8) — (w x, (y; 2, 8)) =0,

QD ux(x-(y;z,t)-y- (2 t)+(y x5 21t)) =0,

(10) (v; u, x - (y; 2z, t)—y-(x; 2, t) +(y - x; 2, t)) = 0,

A1) x-(y;z,8)—y-(x; 2, ) +{(y - x;2, )+t -(z; ¥, x)+(z - &; y, x) = 0,

(12) y*(x; z, t) —x *(y; 2z, t) + 2 % (t; y, x) =t *(z; y, x) = 0,

(18) D (=t yx)+t-(z 3, 0) =2+ (6 3, 0)); w, 0) + (w-v; (& v, %), 2)
o (s (6 oy, x ) 2)—u- (v (&, x), 2) = (v (2, %), £) + o (u; (2

y, %), t)—u-{v; (z v x), t))} = 0,
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(14) Z{((v; (t; ¥, x), 2)—(vs (25 3, x), t)) *u+ ((w; (25 y, x), ) — (u; (¢
y, x),2))*v}=0,
(15) Z{(w; (s (& 3, %), 2) = (Vs (& ¥, x), 1), u) + (w3 (5 (=5 p, x), t)
- (u; (t; ¥, x), 2)), v)} =0,

where 6 denotes the sum over cyclic permutation of x, y, z and Z 1s

the one over (z,t), (v, x), and (u,v) for all =x,y, 2t v,weV.

Hyporeductive algebras were introduced by Sabinin [22, 23], as an
infinitesimal tool for the study of smooth hyporeductive loops which are a
generalization of both smooth Bol loops and smooth reductive loops [22].
It is shown that the fundamental vector fields of any smooth
hyporeductive loop constitute an algebra called hyporeductive algebra of
vector fields. Further this notion has been extended to the one of abstract
hyporeductive triple algebra [12, 13, 23] meaning a finite-dimensional
vector space with two binary and one ternary operations satisfying some
specific conditions. It turns out that hyporeductive triple algebras
generalize right Bol algebras [20] and Lie triple algebras, i.e., Lie-
Yamaguti algebras [26]. The reader is referred to [11] for the
classification of real two-dimensional hyporeductive triple algebras. The
aim of this paper is a study of a Hom-type generalization of hyporeductive
triple algebras. Roughly, a Hom-type generalization of kind of algebra is
obtained by a certain twisting of the defining identities by a linear self-
map, called the twisting map, in such a way that when the twisting map
is the identity map, then one recovers the original kind of algebra. In this
scheme, e.g., associative algebras and Leibniz algebras are twisted into
Hom-associative algebras and Hom-Leibniz algebras respectively [19]
and, likewise, Hom-type analogues of alternative algebras, dJordan
algebras or Malcev algebras are defined and discussed in [18, 27]. The
Hom-type generalization of some classes of ternary algebras are discussed
in [3, 30]. One could say that the theory Hom-algebras originated in
[7, 15, 16] in a study of deformations of the Witt and Virasoro algebras (in
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fact, some g-deformations of the Witt and the Virasoro algebras have a
structure of a Hom-Lie algebra [7]). The Hom-type generalization of
binary algebras or ternary algebras is extended to the one of binary-
ternary algebras in [4, 5, 10]. Our present study of Hom-type
generalization of Hyporeductive algebras is included in this setting.

A description of the rest of this paper is as follows:

In Section 2, we first recall some basics on Hom-algebras and then
extend to binary-ternary Hom-algebras the notion of an n-th-derived
(binary) Hom-algebra introduced in [27] and which generalizes the one
introduced in [4]. Theorem 2.9 says that the category of right Hom-Lie-
Yamaguti algebras is closed under taking derived binary-ternary Hom-
algebras. Proposition 2.10 as well as Theorem 2.11 give a method for
constructing a right Hom-Lie-Yamaguti algebra from a left Leibniz
algebra and a Hom-Lie algebra respectively. Next, Theorem 2.15 allows
the construction of a right Hom-Bol algebra from a left alternative
algebra. In Section 3, we defined Hom-hyporeductive triple algebras and
we point out that hyporeductive triple algebras are particular instances of
Hom-hyporeductive triple algebras. Also Hom-hyporeductive triple
algebras generalize right Hom-Bol and right Hom-Lie-Yamaguti algebras
in the same way as hyporeductive triple algebras generalize right Bol and
right Lie-Yamaguti algebras. Next we prove some construction theorems
(Theorems 3.3, Corollary 3.4 and Corollary 3.5). The category of Hom-
hyporeductive triple algebras is closed under self-morphisms (Theorem
3.3) and, subsequently, every hyporeductive triple algebra is twisted,
along any self-morphism, into a Hom-hyporeductive algebra (Corollary
3.5). Theorem 3.6 says that the category of Hom-hyporeductive triple
algebras is closed under taking derived binary-ternary Hom-algebras. In
Section 4, relying on a classification of real 2-dimensional hyporeductive
triple algebras given in [11], we classify all the algebra morphisms on all
the real 2-dimensional hyporeductive triple algebras and then construct
(for the case of nontrivial hyporeductive triple algebras) their associated
Hom-hyporeductive triple algebras (applying thusly Corollary 3.5).
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Throughout this paper we will work over a ground field of

characteristic 0.
2. Preliminaries and Some Results

The main purpose of this section is to prove that any Leibniz (resp.,
alternative) algebra has a right Hom-Lie-Yamaguti (resp., right Hom-Bol)
algebra structure and that right Hom-Lie-Yamaguti algebras are close
under taking by n-th-derived binary-ternary Hom-algebras. We prove
also that any Hom-Lie algebra has a right Hom-Lie-Yamaguti algebra

structure.

Definition 2.1. Let n > 2, be an integer.

(i) An n-ary Hom-algebra (A, [, ..., ], @ = (a1, ..., &,_1)) consists of a
vector space A, an n-linear map [, -+, ]: A®” — A (the n-ary operation)
and linear maps o; : A — A (the twisting maps), i =1, ---, n — 1.

(i) An n-ary Hom-algebra (A4, [, ---, ], &) is said to be multiplicative

when the twisting maps «; are all equals, o; =-- = 0,1 =0 and

aol, -, ]=[ ] a®

(ii1) A linear map f : A — B of n-ary Hom-algebras is called a weak
morphism if fol, -, ], =[ -, ]g° f®". The weak morphism f is called

a morphism of the n-ary Hom-algebras A and B if fo(a;), = (a;)go for

Remark 2.2, If all n—1 twisting maps are the identity map Id in an

n-ary Hom-algebra (4, [..], @), then it reduces to an usual n-ary algebra
(A, [,---,]). In this case, the weak morphism coincides with the

morphism.
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If n=2 (resp., n =3), an n-ary Hom-algebra is called a binary,

(resp., ternary) Hom-algebra. In the sequel, for our purpose and
convenience, we shall consider only multiplicative Hom-algebras. Hom-
Lie algebras [7] constitute the first introduced class of (binary) Hom-

algebras.

Definition 2.3. A multiplicative Hom-algebra (L, -, o) is called a
Hom-Lie algebra if x -y = — y-x (skew-symmetry) and the Hom-Jacobi
identity o{(x - y)-o(z)} = 0 holds for all x, y, ze L. If oo = Id, a Hom-
Lie algebra reduces to Lie algebra.

Example 2.4 ([28]). There is a family of three-dimensional complex
Hom-Lie algebras sl(2, C), = (sl(2, C), |, ]Otx’ ay)(A #0) such that

are) = he, ay(f) = 5 £ ax () = h and[e, fly = h, b, fl = =2 1. [h e},

0 1 0 0
= 2\e with respect to a basis (e, f, h), where e = ( J, f= ( J,
0 0 1 0

1 0

and h = [ ] One can think of the collection {(s/(2, C), : A € C\{0}}

0 -1
as a one-parameter family of deformations of sl(2, C) into Hom-Lie
algebras.

The class of ternary Hom-algebras that are of interest in our setting
is the one of Hom-Lie-triple systems defined in [30]. Here, we consider a

right Hom-Lie triple system instead of the left one which is called a Hom-

Lie triple system [30] for short.
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Definition 2.5. A right Hom-Lie-triple system is a multiplicative
ternary Hom-algebra (4, (,,), a) that satisfies:

(z; 5, x) = —(z; x, y) (right skew-symmetry),

oz y, x) 0 (ternary Jacobi identity),

{(w; v, u); aly), alx))

((w; x, y); a(v), aw)) + (w); (v; x, y), Uu))
+ (aw); o), (u; x, ¥)), 1)
for all x, y, u, v, w e A.

When o = Id, we recover the usual notion of Lie triple systems [17].
The identity (1) is known as the ternary Hom-Nambu-Lie identity.
Ternary Hom-algebras such as ternary Hom-Nambu algebras, ternary
Hom-Nambu-Lie algebras and ternary Hom-Lie algebras are defined and

studied in [3] and Hom-Jordan triple systems are studied in [30].

For binary Hom-algebras, the notion of an n-th-derived Hom-algebra
is introduced and studied in [27] and extended and studied in binary-
ternary Hom-algebras case in [4]. Here, we give the definition of nth-
derived binary-ternary Hom-algebra for a binary-ternary Hom-algebra
with two binary operations and one ternary operation.

Definition 2.6. Let A = (A, [];,[ ]y, [..], @) be a binary-ternary
Hom-algebra and n > 0, an integer. Define on A the n-th-derived binary

operations |, ]gn), [, ](zn) and the n-th-derived ternary operation [,,]" by

L1 =02 o [1. [ = o o], and [ ]™ = 02" o[.] Then

A = (A LW, L1, L™, a2") will be called the n-th-derived

(binary-ternary) Hom-algebra of A.



32 S. ATTAN and D. GAPARAYI
Wenote A@ =4, 40 = (A4, [1Y =ao[1,, [ 1Y =ao ]y [P
=0o? o [,.], 0c2).

One observes that if [,]; =0 (or [,], =0), we get the notion of

n-th-derived binary-ternary Hom-algebra defined in [4]. Furthermore, if
[,,] =0, we get the notion of n-th-derived binary Hom-algebra defined in
[30].

Moving forward in general theory of Hom-algebras, a study of
“binary-ternary” Hom-algebras is initiated in [10] by defining the class of
Hom-Akivis algebras as a Hom-analogue of the class of Akivis algebras
[1, 2, 9]. Then, another classes of binary-ternary Hom-algebras such as
Hom-Lie-Yamaguti algebras [5] and Hom-Bol algebras [4] are introduced

and studied and both generalize Hom-Lie triple systems.

In this paper, we consider only a right Hom-Lie-Yamaguti algebra
instead the left one which is introduced and studied in [5] under the

name Hom-Lie-Yamaguti algebra.

Definition 2.7. A right Hom-Lie-Yamaguti algebra is a quadruple

”»

(L, -, {,,), o) in which L is K-vector space, “ is a binary operation

and “(,,)” is a ternary operation on L, and a : L — L is a linear map

such that
(HLY;) ofx - y) = alx) - a(y),
(HLY3) a((x; ¥, 2)) = (ax); a(y), a(z)),
(HLY;) x-y =— y-x,
(HLYy) (25 5, x) = - (& x, ),
(HLY;) o{(x-y)- a(z) +(x; y, 2)} = 0,

(HLYg) o{(au); a(z), y - x)} =0,

(HLY;) (v-w; a(y), a(x)) = (v; y, x) - o) + 0 (v) - (u; y, x),
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(HLYg) ((w; v, u); o2 (@) = ((w; ¥, x); 02(), a?(w)) + (0 (w);

(v 3, %), @) + (e W); &), (; ¥, x)),
for all u, v, w, x, y, z € L.
Remark 2.8. From a (left) Hom-Lie-Yamaguti algebra (L, *, {,; }, o),

one can get a right Hom-Lie-Yamaguti algebra (L, -, (;,), &), where
x-y=-yxx (2 ¥ x) = - {y, x; z} and conversely.

As Corollary 3.2 in [5], one can check that if (L, -, (;,)) is a (right)
Lie-Yamaguti algebra and o an endomorphism of (L, -, (;,)), then
Ly =(L, ¢ =00 {;,), =0a”0(;,), a) is a (right) Hom-Lie-Yamaguti
algebra.

Now, let prove the following result which says that a right Hom-Lie-
Yamaguti Algebra is closed under taking n-th-derived binary-ternary

Hom-algebras.
Theorem 2.9. Let (L, -,{;,), o) be a right Hom-Lie-Yamaguti algebra.

Then for each ne N, the n-th-derived Hom-algebra L™ = (L,- ) =

+1
o 1o, (;,)<"> —a2" 2, Gyy)s o2’ ) is also a right Hom-Lie-Yamaguti

algebra.

Proof. The identities (HLY;-HLYg) for L™ are obvious. Next, using

(HLY;) for L, the checking of (HLY;) for L™ is as it follows:

- o (y), " ()™

0c2n+1_2(<0c2”—1(v u); Oc2n_10€(y), 062”_106(35)))

_ Oc2n+1_20€2”—1(<(v . u); (X(y), (x(x)>)
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= a2 202" (s y, x) - a2(w) + 02() - (; y, x))

= oc2n+1_2(<v; y, x) (n) o?(u) + a?(v) () (u; v, x))
= (s 3 1) @ @)+ 0 ) (1 y, )"
= (v; v, x>(n) (n) (Oczn )2(u) + (062" )2(0) n) <U; Ys x>(n),

and thus (HLY,) holds for L. Finally using the identity (HLYg) for L,

the verification of (HLYg) for L™ is as follows:

((w; v, W)™; (@2 )2(y), (a2 ) (x))™

_ a2n+1_2(<a2n+1_2 2n+1

(s v, w); 0" (3), 02" ()

= (@ 2P (((w; v, w); 62(y), 02(x)))

= (@ 2P (s 3, 2); 020), aP(w))

+ (@ @); (v; p, x), (@) + (@ w); &), (u; , x)))
= ((w; 3. 2)™; 02" (), 0" ()™

+ (0" @) oy, 1), ()2

(u))(”)
+ (02" w); a2 ), (s y, x)™)™)

= ((w; v, ©)™; (0" ), (0" @)™
+ (@ Pw); (o5 y, )™, (0" )P (@)™
+ (@ P w); (06 )P2), (w5 y, x)™)".

Thus (HLYg) holds for L™ Therefore, we get that L™ is a right Hom-

Lie-Yamaguti algebra.
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We get the following way for constructing a right Hom-Lie-Yamaguti
algebra from a left Leibniz algebra. One can straightforward check that
the same result holds for a right Leibniz algebra.

Proposition 2.10. Let (L, ) be a left Leibniz algebra and B, an

endomorphism of L. Define on L, the operations

[x, ylg = Blx -y -y - x), @)

(z %, y)p = - By - 2). @)
Then (L, [, ]B’ (5 ’>B’ B) is a right Hom-Lie-Yamaguti.

Proof. Consider on L, the ternary operation (z; x, y) = — xy -z and
the commutator [x, y]=x-y—-y-x, Vx, y,z€ L, then (L, [,], (;,)) isa
right Lie-Yamaguti [14] (Proposition 3.3). Moreover, since [ is an
endomorphism of L, we have B([x, y])=PB(x-y-y-x)=B(x) B(y)-
B(y) B(x) =[Blx), B(y)] and B((z; x, y)) = B(= xy - 2) = — B(x)B(y) - B(2)
= (B(2); B(x), B(»)), then B is also an endomorphism of (L, [,], (,,))
and therefore, as a similar way as Corollary 3.2 in [5], (L, [, ]B’ (; ’>B’ B)

is a right Hom-Lie-Yamaguti algebra.
We get also the following:
Theorem 2.11. Let (A, -, o) be a Hom-Lie algebra. Then (A, -,[;,], a)
is a right Hom-Lie-Yamaguti algebra, where
25 v, x] = xy - al2), 4
forall x, y, z € A.

Proof. The proof of this theorem 1is to verify the identities
(HLY;)-(HLYg): As (L, -, ) is a multiplicative Hom-algebra, then the
identities (HLY;) and (HLYy) hold for (4, -,[;,], ). Using the skew-

13

symmetry of the operation “ - ” of (4, -, a), we compute

[2; 3, x] = (x - y) - alz) = = (y-x) - af2) = - [ «, y],
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and then the identities (HLY3) and (HLY,) hold for (A4, -,[;,], o). We
compute the identity (HLYj) as follows:

O, y, z){(x y)-olz) + [z y, x]} = Olx, y, z){(x -y)-olz)
+ (v x) - az)}
= 2 Q(x, ¥, z)(x : y) - oz)

0 (by the Hom-dJacobi identity).

Consider now Oy, y, z){[a(u); a(2), y - x]}. Then
Ote, 3, [0 6(e), 33} = Ope g,y ) o)} @)

= = O,y ollx - 3) - 6@} 02(w)

0 (again by the Hom-Jacobi identity).

So that we get (HLYg). Next,
O(x, y, 2)lU -1 aly), alx)] = (a(x)- aly)) - alv - u)
= afx-y)- (av) - a(u)) (by multiplicativity)
= - a%() - (@) (x - ) - a®() - ((x - 3)- o))
(by the Hom-Jacobi identity)

= 0*()- ((x - 3)- aw) + (x - 3) - v)) - &® ()

(by skew-symmetry)

= [y, %)) o) + o) [; 3, x)] (by (4)),
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which is (HLY;). Finally, the identity (HLYg) is computed as follows:
[[w; 3, x]; 0% (), &®@)] + [0*@W); [v; , x], @®@)]+ [0 w); o* (), [u; v, x]]
= o (w)o* () - oy - aw)) + 0P (@) (xy - Afv)) - & (w)
+ (xy - ) o’ (v) - o (w)
= o® ()0 (v) - oy - aw)) - &P w) - [a(a(w)) - (xy - ov))
+ ofa(v)) - (o) - xy)] (by skew-symmetry)

= o (u) o (v) - alxy - a(w)) + o (W) - (oxy) - o(v)ofu))
(by Hom-Jacobi identity)

= o2 (wv) - alxy)a W) + o (w) - alxy)a(vw) (by multiplicativity)

= o(a(wv)) - alxy) o) + a(a?w)) - a(uv)olxy) (by skew-symmetry)

- a?(xy) - a®(w)o(uv) (by Hom-Jacobi identity)
= (xz(x)oc2(y) ~oluv - a(w)) (by skew-symmetry and multiplicativity)
= [[w; v, ul; a2(y), a®(x)] (by (4)).
Therefore (4, -,[;,], &) is a right Hom-Lie-Yamaguti algebra. O

Example 2.12. From the family of three-dimensional complex Hom-
Lie algebras sl(2, C), = (sl(2, C), [, ]y, @r) (A # 0) with a basis (e, f, h)

0 1 0 0 1 0
where e = , f= , and h = of Example 2.4, we
0 0 1 0 0 -1

get thanks to Theorem 2.11, the family of three-dimensional
complex right Hom-Lie-Yamaguti algebras HLY(sl(2, C)), = (sl(2, C),

[ Togs 5T » @) (A # 0) defined by o (e) = e, 0 (f) = %f, o, (h) = h,
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le, 1), = h, [h, fl; = —%f, [h, e], = 2ke and [e; f, h]ocx = 2h, [f; h, e]m

2
=-2h,[ee, fly, =— 207 [f; f.ely, =- 2z [7; b, €], =437, [h; B, fg,

We think of the collection {HLY((sl(2, C)); : A € C\{0}} as a one-
parameter family of deformations of si(2, C) into Hom-Lie Yamaguti
algebras.

Left Hom-Bol algebras are studied in [4] under the name Hom-Bol
algebra. Here, we consider the right one and the reader is advised not to
confuse it with the one of Hom-Bol algebra.

Definition 2.13. A right Hom-Bol algebra is a quadruple (B, *, (;,), o)

3 ”»

in which B is K-vector space, “*” a binary operation, “(;,)” ternary

operation on B and o : B — B a linear map such that

(HB;) alx * y) = a(x) * oly),

(HBg) al(x; y, 2)) = (alx); aly), of2)),

(HBg) x*y = - y*ux,

(HBy) (25 5, x) = - (& x, ),

(HBj5) o(z; y, x) =0,

(HBg) (v u; a(y), alx)) = (v; , x) * a® () + &*(v) * (w; y, x)

— (oly) * alx)) * (aulv) * ofw)),

(HB7) ((w; v, u); o®(y), o®(x)) = ((w; y, x); a®(v), o®(w))
+ (0P W); (v; y, x), a®(u))
+ (0?w); &*(), (1 3, x)),

for all u, v, w, x, v, z € B.
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Remark 2.14. From a left Hom-Bol algebra (B, -, {,;}, &) one gets a
right Hom-Bol (B, *, (;,), o), where x *y = — y-x, (2, y, x) = — {y, x; 2}
and conversely.

Theorem 2.15. Let (A;,-) be a left alternative algebra and B an

endomorphism of A;. Define on A; the operations [, ] and (;,) by
[x, ] = Blx-y-y-x), (5)

(z:y,x) = PAx-yz-y-az—z-[x, y]), (6)
forall x, y, z € Ay, then (A, [,1, (; ,)/, B) is a right Hom-Bol algebra.

Proof. Consider on A;, the commutator [x, y] := x -y — y - x and the
ternary operation (z;y,x)=x-yz—-y-xz—z-[x, y], Vx, y, z€ A,
then similarly to [8, 20], one can check that (A4;, [, ], (;,)) is a right Bol
algebra. Moreover, since B is an endomorphism of (A4;,-), we have
B(lx, ¥1) = B(x) - B(y) = B(y) - Blx) = [B(x), B(y)]and B((z; ¥, x)) = B(x)- B
(v)B(2) = B(y) - B(x)B(2) - B(2) - [B(x), B(y)] = (B(2); B(¥), B(x)), then B
is also an endomorphism of (A4, [,], (;,)). Therefore, similarly to
Corollary 3.3 in [4] for right Bol algebra implies that (A4;, [, ], (;,), B) is
right Hom-Bol algebra.

Example 2.16. Consider one of the 4-dimensional left alternative
(but not associative) algebra (A4, -) over any field. With respect to a basis
(e, €1, €9, e3), the non-zero products are defined by eg-eg = eq,
€y € =€1,€ey €y =€y, €y €3 =€, 3 €y = €3, €3 - €9 = — € (see [6] .
144). Tt is easy to check that the linear map B defined by B(ey) = ¢y + eq,
B(ey) = 0, B(eg) = 2eq, B(es) = eg is a morphism of (A;,- ). Thus, thank to
Theorem 2.15, (4;, [, 1, (,,)’, B) is right Hom-Bol algebra where the non-

zero products are given by [eg, ey] = — 2e9, [ey, €3]’ = — ey and

(eg; es, e0>' = — dey, (ep; e3, eo)' = — 2e.
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Remark 2.17. We get the similar result for right alternative

algebras.
3. Definition and Construction Theorems

In this section, we define a Hom-hyporeductive triple algebra. It turns
out that Hom-hyporeductive triple algebras constitute a twisted
generalization of hyporeductive triple algebras. We prove some
construction theorems for Hom-hyporeductive triple algebras (Theorem
3.3, Theorm 3.6, Corollary 3.4, Corollary 3.5). Theorem 3.3 shows that the
category of Hom-hyporeductive triple algebras is closed under self-
morphisms while Corollary 3.5 says that every hyporeductive triple
algebra can be twisted, along any endomorphism, into a Hom-
hyporeductive triple algebra. Theorem 3.6 points out that Hom-
hyporeductive triple algebras are also closed under taking derived binary-
ternary Hom-algebras. We begin with the definition of the basic object of
this paper.

Definition 3.1. A Hom-hyporeductive triple algebra is a quintuple
vV, -, = (; ,), o) consisting of a vector space V, bilinear maps
% :VxV =V, atrilinear map (;,) : VxV xV — V and a linear map

o:V — V such that
(HH;) x-y=-y-x,
(HHg) x*y = - y*x,
(HH3) (25 5, x) = - (& x, ),
(HHy) ofx - y) = alx) - ofy),
(HHz) ofx * y) = alx) * o),

(HHg) af(z; v, x)) = (a(2); aly), alx)),
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(HH7) o{a(x)- (y-2) ~(x; », 2)} = 0,
(HHg) ofofz)* (x - )} =0,
(HHg) o(af(t); a(z), x - y) = 0,
(HHyp) o®(x)-(y; 2, ) — a®(y) - (x5 2, t) + {3y - x5 a(2), alt))
- (z x4 aly), alx)) + (v x; a(2), alt)) — o*(y) * (x; 2, 1)
+ 0P (x) * (3 2, 1) — (al2) * aft)) * (o) * afx))
= (afz) * al)) - (aly) * alx)) = O,
(HH;;) o) (0®(x) - (3 2, £) - o®(3) - (x5 2, £) + (y - 3 o(2), lt)))
+ (s 2, t); a®(y), 0P(x)) —((w v, x); &P(2), o(2))
+ (a?(W); @), (x; 2, 1)) = (@ @); 0*(x), (3; 2, 1)) = O,
(HH;p) o (@) * (0®(x)- (y; 2, t) = 0?(y) - (x5 2, £) + (3 x5 @l2), uft))) = O,
(HH;3) (0’ (v); o), a*(x) - (3; 2, £) = &*(9) - (x; 2, )
+ (x5 a2), alt)) = 0,
(HHyy) o®(x)- (3 2, t) — a®(y) - (x; 2, t) + (3 - 3 a(2), alt))
+o2(t)- (2 3, x) —a?(2) - (& v, x) + (2 - t; aly), alx)) = O,
(HHy5) o?(y) = (x; 2, t) — 02(x) * (y; 2, £) + a2 (2) = {t; y, x)

—a®(t)* (2 y, x) = 0,
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(HHzg) D {((z- 6 aly), alx)) + a*(1)- (2 3, x) - a*(@) - (& 3, 2));
o’ W), a®(©)) + (0 (u) - a*(v); (lt); aly), alx)), o (2)
+ot (0)- (o @); {3, %), 0 (2)) — o (W) (0® (); (& , %), 0 (2))
~(0® () 0? (0); (@(@); o), alx), a®(0)) + 0t 0) - (0 (w);
(3, %), 0% (0)) - & (W) -(a*©); (5 3, ), 2* (@)} = 0,
(HHy7) D {(0®©); (& 3, x), 0 (2)) = (0*(0); (23 3, %), & (@))) * 0* ()
+ (0P (@); (23 3, x), 0% () = (0 (w); (8 3, ), 4(2))) * a* (v)} = 0,
(HHy) D {(o* @) (@P); (& 3, x), 0*(2)) - (o*©); (2 v, %), o
@), ot @) + (a* @); (@ @); (z 3. x), *(@)) - (o (u);
(&, %), a®(2))), a* )} = 0,

where ¢ denotes the sum over cyclic permutation of x, y, z and Z 1s

the one over (z, t), (y, x) and (w, v) forall x, y, z, ¢, v, we V.

Remark 3.2. (i) If o = Id, then the Hom-hyporeductive triple
algebra (V, -, *, (;,), o) reduces to the hyporeductive triple algebra
(V, -, #,(;,)). So a hyporeductive triple algebra may be seen as a Hom-
hyporeductive triple algebras with the identity map Id as the twisting
map.

(i) If x*y =0, for all x, ye A, then (V,-, %, (;,), @) becomes a
right Hom-Lie-Yamaguti algebra (V, -, (;,), &) (see Definition 2.7).

(i) If x-y =0, for all x, ye A then (V,-, *, (;,), @) becomes a
right Hom-Bol algebra (V, *, (;,), o) (see Definition 2.13).
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The following result produces a sequence of Hom-hyporeductive triple
algebras. It says again that Hom-hyporeductive triple algebras are closed

by self-morphisms.

Theorem 3.3. Let (V,-,-, (;,), a) be a Hom-hyporeductive triple
algebra and B be a morphism of (V,-,-, (;,), a). Let g0 = Idy and for
n=0,p" =Ppp" (=P o P ). Define on V the operations: x gy =
B (x - y), x g Y = B"(x *y) and (x;y, Z>B” = an((x; y, 2)), for all
x,y,z2€ V. Then VB” =(V, “gns Fgns <;,>Bn, B"a) is a Hom-hyporeductive
triple algebra.

Proof. We observe that the skew-symmetry identities (HH;), (HH,),

and (HHg) for VB" follow from the skew-symmetry of *,- and (;,),
respectively. The condition Ba = off implies p"o = off” which with the

definition of g *Bn and (;,)Bn lead to the condition (HH,) to (HHg).

Next using the condition af = Bo, we have
o {B"a(x) gnly gnz) = (x; 3, 2)gn }
= o {B"(B"a(x) - (B"(y - 2))) - B*"((x; 7,2))}
= o {B*"((x) - (y - 2)) = B ((x; ¥,2))}
= p*" (o {alx)- (y-2) - (x; 3, 2)})

=0 by (HH,) in V.
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Then we get (HH;) for VB”’ similarly we get (HHg) and (HHg) for
Vﬁn. Using repeatedly the condition off = pa, we prove (HH;y) to

(HH;;) as it follows:

(B" ) (x) - gn(3; 2, £)gn = (B")*(3) - gn(x; 2, t)gn
+ (v s Bral2), Bralt))gn — (2 #gnts Braly), B ulx))gn
+ (3 #gn; Brau2), B a))gn — (B"e)* (9) g (x5 2, 1)
+ (B ) (@) #gn (3; 2, t)gn — (B 2) #gn B u(t)) #gn (B"auly) #gn B u(x))
— (B"(z) *gn B au(t)) - gn(B () #gn B 0u(x))

= B"(B*"a® (x) - B*"(; 2, 1)) - B" (B*"0* () - B*" (x; 2, 1)))
+ BP((B" (v - x); B"a(2), B (1)) = BP*((B" (2 * 1); B uly), B u(x)))
+ BP((B" (v * x); B au(2), B"aut))) — B" (B 0* () * B> ((x; 2, 1))
+ B (B0 (x) * B (3 2, 1)) = B" (B" (B"aulz) * B"ex(t))
« B (B () * B x(x)))
— B"(B"(B"al2) * B ault)) - B" (B"uly) * B x(x))

= B (0P (x) - (y; 2 t) — a®(y) - (x5 2, £) + (¥ a3 al2), alt))
— (2%t aly), alx)) + (y * x5 al2), alt)) — o (y) * (x; 2, t)
+ 02 (@) (33 2, £) = (0f2) * aft) * (aly) * o))

= (a(z) * aft)) - (ay) * ofx)))

=0 by (HH;yp) for V;
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(B"0)* @) - (B" ) () g (: 2, thgn = (B ) (3) -gnas 2, O)g
+ (v s B al2), B alt))gn ) + (5 2, thgns (B"0)* (), (B ) (x))gn
— (& 3, 2)gns (B ) (2), (B ) (1))gn
+ (B 0)* W) (B"0)* (), (x; 2, t)gn g
— (8"’ (@); (B"@)*(x), (3; 2, hgn )gn
= B" (B o® () (B" (B*" o () - B (31 2, £))) = B" (B?0? () - " ({w: 2, 1))
+ BB (v - x); B ulz), Bau(®))))
+ BB (s 2, 1); P a?(y), e (@)
- BB (s . x)); B*a®(2), B* e (t)))
+ B (B o (w); BP 0P (y), B2 ((x; 2, 1))
B ((B™ 0 (w); BP0 (x), B ((: 2, 1))
=B (@ (@) (a®(x) - (y; 2, t) = & (3) - (x5 2, £) + (3 - x5 @l2), at))
+ (s 2, 1); 0*(y), P(x) - (5 3, x)); &?(2), &*(2))

+ (o (w); o (y), (x; 2, 1)) — (0 (w); a?(x), (3; 2, t)))

=0 by (HH]_]_) fOI‘ VOU
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(B"0)’ (@) #gn ((B"0)*(x) -gn(ys 2, thgn = (B" () -gn(x; 2, g
(3 gu; Blau(2), B ot))n )
= B" (B e’ () * (B" (B a* (x) - B> ((1; 2, 1))
- B (B0 () B (x5 2 1)) + B ((B" (v - 2); B au(2), B x(2))))
= B" (B0 ) * (B0 (x) - B (33 2, 1)) — B0 (3) - B (s 2, 1))
+ B (v % alz), al0)))
= B (0P @)+ (0P (x) - (35 2 1) = 0*(9) - (s 2, 1) + (3 25 ale), (b))
=0 by (HH;y) for V;
((B"0)*@); (B" )’ (), (B" ) (x) -gn(; 2, t)gn
— (B ) (3) -gn{xs 2, t)gn + (3 -gnx; B (), B"0ut))gn )
= B (B0’ (v); B (), B" (BP0 (x) - B (35 2, 1))
- B (BP0 (y) - B (x5 2, 1)) + B ((B™ (v - x); B"u(2), B x(t)))))
B" (B> e’ ); B (w), B (@ () - (3 2, 1) = B (0* (¥) - (x; 2, 1))
B (v - x; afz), alt)))))
=B (0P 0); &P (), a®(x) - (3; 2, t) - a®(¥) - (x; 2, t))

+(y - x; of2), alt))))

=0 by (HH;3) for V,;
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(B ) Bn(y z, t>Bn - (B"a)? B”<x z, t)Bn
+ (3 s @), D)y + (B"0)(O)- (s 3, 2
=~ (B"a)? (=) gults v, ) + (2 - guts B (), B ()
= B"(B¥ o (x) - B ((3: 2, ) = B" (B () - B*"((x: 2. 1))
+ BB (v - 2); Bau(2), Bau(2))) + B (B a? (1) - B (=5 v, x)))
- B (B % (2) - B (15, x))) + BP((B" (2 - 1); B (), B ou(x)))
= B (0P (x) - (35 2, ) = B (0P (9) - (x5 2, 1)) + B (v - x5 au(2), uft)))
+ B (@) (2 3, %)) = B (0P (2) - (& 3, %)) + B (2 1 o), eu(x)))
= B (a®(x) (35 2, 1) — 0P () - (x5 2, 1) + (3 x5 &(2), ()
+aZ(t) (2 y, x) - 0?(2) - (t; 3, x) + (2 - &5 aly), alx)))
= 0 by (HHy) for V;
(B" ) () #gn (x5 2, £)gn — (B" ) (x) #gn (; 2, L)gn
+ (B )% (2) #n (1 3, )gn — (B"00)(t) #n (25 3, Xy
= B (B0 (v) * B ((x; 2, 1)) — B" (B*" e () * B ((3: 2, 1))
+ B (B0 (2) + B (1 3, %)) = B (B0 (1) * B (21 v, )
= B (a(y) * (x5 2, t) — o (%) * (y; 2, t) + a®(2) # {t; ¥, *)

— a%(t) % (2 y, x))

=0 by (HHy5) for V;
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D (2 - gt B (), B ulx)ygn + (B ) (1) - gn(z: , X
— (B"0)*(2) - gnlts 3 X)gn )i (B )’ (), (B )’ (v)

+((B"0)* (@) -pn (B )’ (v); (B"au(t); B (), B aulax))

+ (B o) (v) -pr((B")* W) (& v, x)gn, (B )’
~ (B"0) (@) - ((B"a)*); (& 3, X)gn, (B" @)’
— (B ) (@) -pn (B" ) (); (B"a(2); B uly)

+ (B"0)! (0) -pn( (B 0’ (W) (25 3, x)gn, (B )

— (3" () g (" (0): (=2 3. K)o (B 020 )}

grs (B")’(2)

)p

B g (B0 (1))

= S B2 (B¥ (B" (e 0): B (), B o)) + B" (B¥a®()- B ((2: 3, x))

- B (B 0% (2) - BT (8 3, x)))); B 0P (w), BP0 (v)))

+B2n(<ﬁn(ﬁ2nu2( ) B2n(x2 2n <l3 OC
B a(x))), B0’ (2)))

B (B4nu4 2n <B2n 2 2n(<t; ¥, x))’ [32n(12(2)>))
_ Bn(B4n 4 B2n <an 2 an«t Y, x)) BZna2(Z)>))
= (B ((B" (B*"o* (w) - B¥ e (v)); B ({B"ex(=); B" (),

B a(x))), (B0’ (1))

+ B (Bt (v) - B (B0 (w); B ((2; 3, x)), B a(1))))
— B (B*at (u) - P (B a2 (v); B2 (25 y, x)), B2 a2 (2)))))}
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= > BB (2 o), o)) + B (@ (1) - (23 3, x))

- B (0 (2) - (& 3, x))); B e (W), 0P (v)))

+ B (B (0% (w) - o®(0); B2 ((lt); aly), ), B’ (2)))

+ B (Bt (v) - B (P W); (5 3, %), dP(2))))

= B (B (w) - B (0 (); (& 3, %), ¢2(2))))

- (B ((B™ (e’ (@) - a®(0)); B ((al2); aly), (), ¥ (2)))

+ B (B ot ) - B (0P (w); (5 v, 7). 02(1))))

- B (B* ot () - B (0P (0); (25 v, x), 02(1))))}
=B Q{2+ & aly), o) + 62(0) - (2 3, %) - &) - (& 3, x)); 67 (@), 0 (0)))

+ (0P (W) - a®(); (at); aly), alx)), a?(2))

+ at) - (a®w); & v, x), a®(2))

- at() - (a?); (& v, x), 0*(2))

= (a®(@) - a®(©); (a(2); a(y), alx)), a?(2))

+ at(©) - ((a®@); (2 y, x), a®(t))

- ot (@) (a®W); (2 , x), &)}

=0 by (HHyg) for Vg;
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D (B P ©); (& 3, x)gn, (B ) (2))ge
— (B 0P W); (25 3, ), (B 0P @)gn) *pr (B")* ()
+ (((B"0)*(w); (25 3, x)gns (B 00)* ()
— (B ) @); (& 3, x)gn, (B")*(2))n ) g (B")* ()}
= > BB (B 0); B (5 3, %)), B*02(2)))
= B (BP0 v); B (z: v, %)), B (1)) * Bt ()
+ BB (B (w); B (= , x)), B0 (1))
= B (B0 (s B (8 3, X)), B ) (2)) * B et (0))}
= Y BB (o) (& v, %), @*(2))
= BT (?(0): (2 v, x), @?(0)) * Bt @)
+ BB ((0*W); (25 3, %), o))
= B (e @); (1 3, x), @)*(2))) + B ot (0)}
= B _{(0?); (& 3, %), a2(2) = (0P©); (2 3, x), &*(1)) * o' ()

+ (0 (@); (2 3, 2), o2(t)) — (0 (@); (& v, x), a®(2))) * a*(v)})

=0 by (HH17) fOI' VOL’
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D (B ) w); (B ) {85 3. xgn (B"e) (@)}
= (B0 ); (=5 3, x)gn, (B"af(t»ﬁn ), (B"a)* (w))ge
+ ((B"0) )i ((B"a)?(@); (25 3, x)gn, (B" ) (®))gn
— (") @); (&5 3, x)gn, (B"@)*(2))gn )s (B"0)* (v))gn }
= > B (B et w); (B (B (w); B (4 v, x)), B0 (2)))
- B2 (BP0 (0); BT (25 v, x)), BP0 (1)), B o ()
+ B (B0 (w); (B (B 0® (w); B (25 . %)), B> 0*(2)))
- B (B o (w); BPM(E; 3, %)), BT 0%(2)))), B et (0)))}
= Y BB ot w); (B (a2 ); (& 3, %), 02 (2)))
= B (e ); (2 v, x), a2(1)))), B et (w)))
+ B (B ) (w); (B (0P (@); (5 v, x), a®(1)))
- B (0P w); (& v, %), ¢*(2)))), B*"a* ()}
= B (D {(o* )i (& 3 %), @*(2)
— (a2 W); (2 ¥, x), a2(2))), a* (@)
+ () w); (0P (); (2 , x), 02(t))

— (@ @); (t; 3, x), 6*(2))), o* )}
= 0 by (HH,g) for V.
Therefore, we prove the validity for VB" of the set of identities of type
(HH;)-(HH;g) and so we get that VB" is a Hom-hyporeductive triple

algebra. This finishes the proof. O
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From the Theorem 3.3, we get the following:

Corollary 3.4. Let (V, , % (;,), B) be a Hom-hyporeductive triple
algebra. Then for each n > 0, the Hom-algebra Vi) = (v, *(n) = B o x,
%) = B o *, (;,)(n) =B o {(;,), B"*1) is a Hom-hyporeductive triple
algebra.

Proof. We get the proof from the one of Theorem 3.3 if set o = P.

Corollary 3.5. Let (V, -, %, (;,)) be a hyporeductive triple algebra and
B a morphism of (V,-,*,(;,)). If define on V the operations: x By =
(x-y), x#g vy = Blx * y) and (x; y, Z)B = BZ((x; Y, 2)), for all x, y, z in
V. Then Vg = (V,-g, *p, G ’>B’ B) is a Hom-hyporeductive triple algebra.

Proof. The proof follows from the one of Theorem 3.3 for o = Id and
n=1.

Observe that Corollary 3.5 gives a method for constructing a Hom-
hyporeductive triple algebra from a hyporeductive triple algebra. This is
an extension of a result due to Yau [28] giving a general construction
method of Hom-algebras from their corresponding untwisted version (see

[3, 4, 5, 10, 30] for a use for such an extension).

We have also the following Theorem which shows that Hom-
hyporeductive triple algebras are closed under taking derived binary-

ternary Hom-algebras.

Theorem 3.6. Let (V, , % (;,), B) be a Hom-hyporeductive triple
algebra. Then for each n > 0, the n-th derived binary ternary Hom-algebra
VO (v, &) 2 g2 o s) 2 B2 Y) S 216 (0 B2t g

also a Hom-hyporeductive triple algebra.
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Proof. Since VO = v, v = (v, «W =g o+, «W =g o, <§,>(1) =
B2o(;,), B) = Vi1) (see Corollary 3.4) and ver) - (v by an

induction argument, it suffices to prove the case n =1 which follows

from the proof of Corollary 3.4. O
4. Examples

In this section, we give some examples of Hom-hyporeductive triple
algebras. We do not classify all algebra morphisms of all the real
2-dimensional hyporeductive triple algebras considered and subsequently
real 2-dimensional Hom-hyporeductive triple algebras are not classified.
Such classification remains then an open problem. We consider only non
trivial cases, i.e., we omit mentioning Hom-Lie triple algebras (i.e., Hom-
Lie-Yamaguti algebras) and Hom-Bol algebras and the o-map as twisting
map since it is always an algebra morphism and it gives rise to the zero
Hom-algebra. If (V, - #(;,)) is a 2-dimensional hyporeductive algebra

with basis (i, v), then a linear map o : V — V defined by o(u) = xu +

yu, a(v) = zu + tv is a self-morphism of (V,-,*(;,)) if and only if
a(u - v) = ou) - av), alu *v) = afw) * av), al(w; u, vy)
= (ow); o), a(v)). (7

It is proved ([11], Theorem 2.4 and Corollary 2.6) that any non trivial
2-dimensional hyporeductive triple algebra over the field of real numbers

is isomorphic to only one of the algebras described below:
(V1) v v=au, uxv=cu+dv, (4 u, vy =0, (v; u, v)
= ku, (c, d) # (0, 0),
(Vo) u-v=au+bv, u*v=cu+dv (u u v)=0,(v;u v)y=0,

(@+0,b+0,(c,d)+ (0,0)),
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(V3) u-v=au+bv, u*v=cu+dv (u; u, v) = eu+ fu,
(v; u,v) =ku—ev, (@#0,b#0,e+0,f#0,k #0,
(c, d) £ (0, 0) af —be = 0 = bk + ae).

Now, with the linear map o given as above, we shall discuss the
condition (7) for each of the types (V;), (Vg), and (V3).

e Case of the type (V;):

For this type, conditions (7) lead to the following simultaneous

constraints on the coefficients x, y, z, ¢t of o : x(1 —¢) = xc(1 —t) + dz = dt

1-x)=ke(1-t?)=y=0. If x =0, from the equations above, we see

that non-zero morphism o is defined as
o(u) = 0, av) = zu + tv, (with (z, t) # (0, 0)), (8)

and, applying Corollary 3.5, we get that (V) is twisted into the Hom-
hyporeductive triple algebra (V, - o, *q, (;,)» @)

u-qv =0, u*, v=(dzu+(dth, (4 u,v), =0, (v;uv), =0,

(=, 1) # (0, 0)), )

if x # 0, then the equation x(1-¢) =0 (see above) implies ¢t =1 and

then the morphism o is defined as
o(u) = xu, av) = zu + v. (10)

Notice that this morphism is not the identity map if and only
(x, 2) # (1, 0). Then the application of Corollary 3.5 gives rise to the

Hom-hyporeductive triple algebra (V, - o, #q, (;,), )
u-qu = (xa)u, uxy v = (cx +dz)u + dv, (u; u, v), =0,

(05 u, V), = (ka?)u. (11)
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e Case of the type (Vy):

For this type, conditions (7) lead to the following simultaneous
constraints on the coefficients x, y, z,t for o : a(x —xt +yz)+bz =c
(x—xt+yz)+dz=ay+blt —xt+yz)=cy+d(t—xt+yz)=0.

We see that These constraints are very difficult to be solved. Two

particular non-zero morphisms are given by
ou) = xu, av) =0, x # 0, (12)
o(u) = u, o(v) = yv, y € R. (13)

Notice that the morphism defined in (10) is not the identity map and the
one defined in (11) is not the identity map if and only if y # 1.

For the morphism defined in (10), the application of Corollary 3.5

gives rise to the Hom-hyporeductive triple algebra (V, - o, *q, (;,) ., ®):

u-ov = (xau, uxq v = (cx)u, (u; u, v), = (w u, v), =0. (14)

For the morphism defined in (11), the application of Corollary 3.5 gives

rise to the Hom-hyporeductive triple algebra (V, - o, #¢, (;,),, @)

o’

u-qv = au+ (by)v, u sy v = cu+ (dy)v, (u; u, v), = (v; u, v), = 0.

(15)
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e Case of the type (V3);

For this type, conditions (7) lead to the following simultaneous

constraints on the coefficients
alx —xt +yz)+bz = clx —xt + yz)+dz = ay + bt — xt + yz)
=cy+dit—-xt+yz)=0,
e(x — x%t + xy2) + fz + k(zy% — xyt) = e(y + xyt — 2y%)
+ f(t —tx? + xyz) = 0,

e( —t+xt? — yzt) + f(— xyt + yz2) = e(— 2z — x2t + y2?2)

+ k(x — xt2 + yzt) = 0,

where the unknows are x, y, z,t and a, b, ¢, d, e, f, k are parameters
and satisfy (@ #0,b#0,e+0,f+0,k+0,(c,d)#(0,0),af —be=0
= bk + ae).

Therefore linear maps of (Vg) satisfying the above system are
morphisms of (Vg). Thus with these morphisms, the application of
Corollary 3.5 allows to twist (V3) into Hom-hyporeductive triple

algebras.
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