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Abstract 

Hom-hyporeductive triple algebras are defined as a twisted 

generalization of hyporeductive triple algebras. Hom-hyporeductive 

triple algebras generalize right Hom-Lie-Yamaguti and right Hom-Bol 

algebras as the same way as hyporeductive triple algebras generalize 

right Lie-Yamaguti and right Bol algebras. It is shown that the category 

of Hom-hyporeductive triple algebras is closed under the process of 



S. ATTAN and D. GAPARAYI 

 

26 

taking nth derived binary-ternary Hom-algebras and by self-morphisms 

of binary-ternary algebras. Some examples of Hom-hyporeductive triple 

algebras are given. 

1. Introduction 

A hyporeductive triple algebra is a quadruple ( ),;,,, ∗⋅V  

consisting of a vector space ,V  bilinear maps VVV →×∗⋅ :,  and a 

trilinear map VVVV →××:,;  such that 

(1) ,xyyx ⋅−=⋅  

(2) ,xyyx ∗−=∗  

(3) ,,;,; yxzxyz −=  

(4) ( ){ } ,0,; =−⋅⋅σ zyxzyx  

(5) ( ){ } ,0=⋅∗σ yxz  

(6) ,0,; =⋅σ yxzt  

(7) tzxyxytztzxytzxytzyx ,;,;,;,;,; ∗+∗−⋅+⋅−⋅  

( ) ( ) ( ) ( ) ,0,;,; =∗⋅∗−∗∗∗−∗+∗− xytzxytztzyxtzxy  

(8) ( ) ,;,;,;,;,;,; yuxytzutzxytzxytzyxu −+⋅+⋅−⋅⋅  

,0,;,;,;,;,; =−+ tzyxutzxyutzx  

(9) ( ) ,0,;,;,; =⋅+⋅−⋅∗ tzxytzxytzyxu  

(10) ,0,;,;,;,; =⋅+⋅−⋅ tzxytzxytzyxuv  

(11) ,0,;,;,;,;,; =⋅+⋅+⋅+⋅−⋅ xytzxyzttzxytzxytzyx  

(12) ,0,;,;,;,; =∗−∗+∗−∗ xyztxytztzyxtzxy  

(13) { ( ) zxytvuvuxytzxyztxytz ,,;;,;,;,;,; ⋅+⋅−⋅+⋅∑  

( ;;,,;;,,;;,,;; zuvtxyzvuzxytvuzxytuv ⋅+⋅−⋅−⋅+  

)} ,0,,;;,, =⋅− txyzvutxy  
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(14) {( ) ( ;;,,;;,,;;,,;; tutxyzuutxyzvzxytv −+∗−∑  

) } ,0,, =∗ vzxy  

(15) { ( ) ( txyzuwutxyzvzxytvw ,,;;;,,,;;,,;;; +−∑  

) } ,0,,,;; =− vzxytu  

where σ  denotes the sum over cyclic permutation of zyx ,,  and ∑  is 

the one over ( ) ( ),,,, xytz  and ( )vu,  for all .,,,,, Vwvtzyx ∈  

Hyporeductive algebras were introduced by Sabinin [22, 23], as an 

infinitesimal tool for the study of smooth hyporeductive loops which are a 

generalization of both smooth Bol loops and smooth reductive loops [22]. 

It is shown that the fundamental vector fields of any smooth 

hyporeductive loop constitute an algebra called hyporeductive algebra of 

vector fields. Further this notion has been extended to the one of abstract 

hyporeductive triple algebra [12, 13, 23] meaning a finite-dimensional 

vector space with two binary and one ternary operations satisfying some 

specific conditions. It turns out that hyporeductive triple algebras 

generalize right Bol algebras [20] and Lie triple algebras, i.e., Lie-

Yamaguti algebras [26]. The reader is referred to [11] for the 

classification of real two-dimensional hyporeductive triple algebras. The 

aim of this paper is a study of a Hom-type generalization of hyporeductive 

triple algebras. Roughly, a Hom-type generalization of kind of algebra is 

obtained by a certain twisting of the defining identities by a linear self-

map, called the twisting map, in such a way that when the twisting map 

is the identity map, then one recovers the original kind of algebra. In this 

scheme, e.g., associative algebras and Leibniz algebras are twisted into 

Hom-associative algebras and Hom-Leibniz algebras respectively [19] 

and, likewise, Hom-type analogues of alternative algebras, Jordan 

algebras or Malcev algebras are defined and discussed in [18, 27]. The 

Hom-type generalization of some classes of ternary algebras are discussed 

in [3, 30]. One could say that the theory Hom-algebras originated in       

[7, 15, 16] in a study of deformations of the Witt and Virasoro algebras (in 
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fact, some q-deformations of the Witt and the Virasoro algebras have a 

structure of a Hom-Lie algebra [7]). The Hom-type generalization of 

binary algebras or ternary algebras is extended to the one of binary-

ternary algebras in [4, 5, 10]. Our present study of Hom-type 

generalization of Hyporeductive algebras is included in this setting. 

A description of the rest of this paper is as follows: 

In Section 2, we first recall some basics on Hom-algebras and then 

extend to binary-ternary Hom-algebras the notion of an n-th-derived 

(binary) Hom-algebra introduced in [27] and which generalizes the one 

introduced in [4]. Theorem 2.9 says that the category of right Hom-Lie-

Yamaguti algebras is closed under taking derived binary-ternary Hom-

algebras. Proposition 2.10 as well as Theorem 2.11 give a method for 

constructing a right Hom-Lie-Yamaguti algebra from a left Leibniz 

algebra and a Hom-Lie algebra respectively. Next, Theorem 2.15 allows 

the construction of a right Hom-Bol algebra from a left alternative 

algebra. In Section 3, we defined Hom-hyporeductive triple algebras and 

we point out that hyporeductive triple algebras are particular instances of 

Hom-hyporeductive triple algebras. Also Hom-hyporeductive triple 

algebras generalize right Hom-Bol and right Hom-Lie-Yamaguti algebras 

in the same way as hyporeductive triple algebras generalize right Bol and 

right Lie-Yamaguti algebras. Next we prove some construction theorems 

(Theorems 3.3, Corollary 3.4 and Corollary 3.5). The category of Hom-

hyporeductive triple algebras is closed under self-morphisms (Theorem 

3.3) and, subsequently, every hyporeductive triple algebra is twisted, 

along any self-morphism, into a Hom-hyporeductive algebra (Corollary 

3.5). Theorem 3.6 says that the category of Hom-hyporeductive triple 

algebras is closed under taking derived binary-ternary Hom-algebras. In 

Section 4, relying on a classification of real 2-dimensional hyporeductive 

triple algebras given in [11], we classify all the algebra morphisms on all 

the real 2-dimensional hyporeductive triple algebras and then construct 

(for the case of nontrivial hyporeductive triple algebras) their associated 

Hom-hyporeductive triple algebras (applying thusly Corollary 3.5). 



HOM-HYPOREDUCTIVE TRIPLE ALGEBRAS 

 

29 

Throughout this paper we will work over a ground field of 

characteristic 0. 

2. Preliminaries and Some Results 

The main purpose of this section is to prove that any Leibniz (resp., 

alternative) algebra has a right Hom-Lie-Yamaguti (resp., right Hom-Bol) 

algebra structure and that right Hom-Lie-Yamaguti algebras are close 

under taking by n-th-derived binary-ternary Hom-algebras. We prove 

also that any Hom-Lie algebra has a right Hom-Lie-Yamaguti algebra 

structure. 

Definition 2.1. Let ,2≥n  be an integer. 

(i) An n-ary Hom-algebra [ ] ( )( )11 ,,,,,, −α=α naA ……  consists of a 

vector space ,A  an n-linear map [ ] AA n →⊗:,,⋯  (the n-ary operation) 

and linear maps AAi →α :  (the twisting maps), .1,,1 −= ni ⋯  

(ii) An n-ary Hom-algebra [ ]( )α,,,, ⋯A  is said to be multiplicative 

when the twisting maps iα  are all equals, α=α==α − :11 n⋯  and 

[ ] [ ] .,,,, n⊗α=α �⋯⋯�  

(iii) A linear map BAf →:  of n-ary Hom-algebras is called a weak 

morphism if [ ] [ ] .,,,, n
BA ff ⊗= �� ⋯⋯  The weak morphism f is called 

a morphism of the n-ary Hom-algebras A and B if ( ) ( ) �� BiAif α=α  for 

.1,,1 −= ni ⋯  

Remark 2.2. If all n�1 twisting maps are the identity map Id in an   

n-ary Hom-algebra [ ]( ),,.., αA  then it reduces to an usual n-ary algebra 

[ ]( ).,,, ⋯A  In this case, the weak morphism coincides with the 

morphism. 
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If 2=n  (resp., ),3=n  an n-ary Hom-algebra is called a binary, 

(resp., ternary) Hom-algebra. In the sequel, for our purpose and 

convenience, we shall consider only multiplicative Hom-algebras. Hom-

Lie algebras [7] constitute the first introduced class of (binary) Hom-

algebras. 

Definition 2.3. A multiplicative Hom-algebra ( )α⋅ ,,L  is called a 

Hom-Lie algebra if xyyx ⋅−=⋅  (skew-symmetry) and the Hom-Jacobi 

identity ( ) ( ){ } 0=α⋅⋅σ zyx  holds for all .,, Lzyx ∈  If ,Id=α  a Hom-

Lie algebra reduces to Lie algebra. 

Example 2.4 ([28]). There is a family of three-dimensional complex 

Hom-Lie algebras ( ) ( ( ) [ ] ) ( )0,,,,2,2 =/λα= λαλ λ
CC slsl  such that 

( ) ( ) ( ) hhffee =α
λ

=αλ=α λλλ ,
1

,  and [ ] [ ] [ ]λλλ λ
−== ehffhhfe ,,

2
,,,  

eλ= 2  with respect to a basis ( ),,, hfe  where ,
01

00
,

00

10














=














= fe  

and .
10

01















−
=h  One can think of the collection {( ( ) { }}0\:,2 CC ∈λλsl  

as a one-parameter family of deformations of ( )C,2sl  into Hom-Lie 

algebras. 

The class of ternary Hom-algebras that are of interest in our setting 

is the one of Hom-Lie-triple systems defined in [30]. Here, we consider a 

right Hom-Lie triple system instead of the left one which is called a Hom-

Lie triple system [30] for short. 
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Definition 2.5. A right Hom-Lie-triple system is a multiplicative 

ternary Hom-algebra ( )α,,,,A  that satisfies: 

 yxzxyz ,;,; −=  (right skew-symmetry), 

    0,; =σ xyz (ternary Jacobi identity), 

( ) ( ) ( ) ( ) ( ) ( )uyxvwuvyxwxyuvw αα+αα=αα ,,;;,;,;,;,;   

( ) ( ) ,,;,; yxuvw αα+   (1) 

for all .,,,, Awvuyx ∈  

When ,Id=α  we recover the usual notion of Lie triple systems [17]. 

The identity (1) is known as the ternary Hom-Nambu-Lie identity. 

Ternary Hom-algebras such as ternary Hom-Nambu algebras, ternary 

Hom-Nambu-Lie algebras and ternary Hom-Lie algebras are defined and 

studied in [3] and Hom-Jordan triple systems are studied in [30]. 

For binary Hom-algebras, the notion of an n-th-derived Hom-algebra 

is introduced and studied in [27] and extended and studied in binary-

ternary Hom-algebras case in [4]. Here, we give the definition of nth-

derived binary-ternary Hom-algebra for a binary-ternary Hom-algebra 

with two binary operations and one ternary operation. 

Definition 2.6. Let ( [ ] [ ] [ ] )α= ,,,,,,,,: 21AA  be a binary-ternary 

Hom-algebra and ,0≥n  an integer. Define on A the n-th-derived binary 

operations [ ]( ) [ ]( )nn
21 ,,,  and the n-th-derived ternary operation [ ]( )n

,,  by 

[ ]( ) [ ] [ ]( ) [ ]2
2

21
2

1 ,:,,,:,
11
��

−−
α=α=

nn nn
 and [ ]( ) [ ].,,:,,

12
�

−
α=

nn
 Then 

( ) ( [ ]( ) [ ]( ) [ ]( ) )
nnnnn AA 2

21 ,,,,,,,,: α=  will be called the n-th-derived 

(binary-ternary) Hom-algebra of A. 
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We note ( ) ( ) ( [ ] ( ) [ ] [ ] ( ) [ ] [ ] ( )1
12

1
21

1
1

10 ,,,,,,,,,, �� α=α=== AAAA   

[ ] ).,,, 22 αα= �  

One observes that if [ ] 0, 1 =  (or [ ] ),0, 2 =  we get the notion of       

n-th-derived binary-ternary Hom-algebra defined in [4]. Furthermore, if 

[ ] ,0,, =  we get the notion of n-th-derived binary Hom-algebra defined in 

[30]. 

Moving forward in general theory of Hom-algebras, a study of 

“binary-ternary” Hom-algebras is initiated in [10] by defining the class of 

Hom-Akivis algebras as a Hom-analogue of the class of Akivis algebras   

[1, 2, 9]. Then, another classes of binary-ternary Hom-algebras such as 

Hom-Lie-Yamaguti algebras [5] and Hom-Bol algebras [4] are introduced 

and studied and both generalize Hom-Lie triple systems. 

In this paper, we consider only a right Hom-Lie-Yamaguti algebra 

instead the left one which is introduced and studied in [5] under the 

name Hom-Lie-Yamaguti algebra. 

Definition 2.7. A right Hom-Lie-Yamaguti algebra is a quadruple 

( )α⋅ ,,,,,L  in which L  is vector-K  space, ”“ ⋅  is a binary operation 

and ”,,“  is a ternary operation on ,L  and LL →α :  is a linear map 

such that 

( )1HLY  ( ) ( ) ( ),yxyx α⋅α=⋅α  

( )2HLY  ( ) ( ) ( ) ( ) ,,;,; zyxzyx ααα=α  

( )3HLY  ,xyyx ⋅−=⋅  

( )4HLY  ,,;,; yxzxyz −=  

( )5HLY  ( ) ( ){ } ,0,; =+α⋅⋅σ zyxzyx  

( )6HLY  ( ) ( ){ } ,0,; =⋅αασ xyzu  

( )7HLY  ( ) ( ) ( ) ( ) ,,;,;,; 22 xyuvuxyvxyuv ⋅α+α⋅=αα⋅  
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( )8HLY  ( ) ( ) ( ) ( ) ( );,;,;,;,; 22222 wuvxywxyuvw α+αα=αα  

( ) ( ) ( ) ,,;,;,,; 222 xyuvwuxyv αα+α  

for all .,,,,, Lzyxwvu ∈  

Remark 2.8. From a (left) Hom-Lie-Yamaguti algebra { }( ),,;,,, α�L  

one can get a right Hom-Lie-Yamaguti algebra ( ),,,;,, α⋅L  where 

{ }zxyxyzxyyx ;,,;, −=−=⋅ �  and conversely. 

As Corollary 3.2 in [5], one can check that if ( ),;,, ⋅L  is a (right) 

Lie-Yamaguti algebra and α  an endomorphism of ( ),,;,, ⋅L  then 

( )αα=⋅α=⋅=
ααα ,,;,;,, 2

��LL  is a (right) Hom-Lie-Yamaguti 

algebra. 

Now, let prove the following result which says that a right Hom-Lie-

Yamaguti Algebra is closed under taking n-th-derived binary-ternary 

Hom-algebras. 

Theorem 2.9. Let ( )α⋅ ,,;,,L  be a right Hom-Lie-Yamaguti algebra. 

Then for each ,N∈n  the n-th-derived Hom-algebra ( ) ( ( ) =⋅= nn LL ,  

)
nnn n 22212 ,,,;,;,

1
αα=⋅α −− +

��  is also a right Hom-Lie-Yamaguti 

algebra. 

Proof. The identities ( )61 HLY-HLY  for ( )nL  are obvious. Next, using 

( )7HLY  for ,L  the checking of ( )7HLY  for ( )nL  is as it follows: 

( ) ( ) ( ) ( )nn xyuv
nn 22 ,; αα⋅  

( ( ) ( ) ( ) )xyuv
nnnn

αααα⋅αα= −−−−+ 12121222 ,;
1

 

( ( ) ( ) ( ) )xyuv
nn

αα⋅αα= −−+
,;1222 1
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( ( ) ( ) )xyuvuxyv
nn

,;,; 221222 1
⋅α+α⋅αα= −−+

 

( ( ) ( ) ( ) ( ) )xyuvuxyv nnn
,;,; 2222 1

⋅α+α⋅α= −+
 

( ) ( ) ( ) ( ) ( ) ( )nnnn
xyuvuxyv

nn
,;,;

11 22 ⋅α+α⋅=
++

 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
,,;,;

2222 nnnn
xyuvuxyv

nn
⋅α+α⋅=  

and thus ( )7HLY  holds for ( ).nL  Finally using the identity ( )8HLY  for ,L  

the verification of ( )8HLY  for ( )nL  is as follows: 

( ) ( ) ( ) ( ) ( ) ( )nn
xyuvw

nn 2222 ,;,; αα  

( ( ) ( ) ( ) )xyuvw
nnnn 1111 222222 ,;,;

++++
αααα= −−  

( ) ( ( ) ( ) )xyuvw
n 22222 ,;,;

1
ααα= −+

 

( ) ( ( ) ( )uvxyw
n 22222 ,;,;

1
ααα= −+

 

( ) ( ) ( ) ( ) )xyuvwuxyvw ,;,;,,;; 2222 αα+αα+  

( ) ( ) ( ) ( )nn
uvxyw

nn 11 22 ,;,;
++

αα=  

( ) ( ) ( ) ( ) ( )nn
uxyvw

nn 11 22 ,,;;
++

αα+  

( ) ( ) ( ) ( )nn
xyuvw

nn
,;,;

11 22 ++
αα+  

( ) ( ) ( ) ( ) ( ) ( )nn
uvxyw

nn 2222 ,;,; αα=  

( ) ( ) ( ) ( ) ( ) ( )nn
uxyvw

nn 2222 ,,;; αα+  

( ) ( ) ( ) ( ) ( ) ( )
.,;,;

2222 nn
xyuvw

nn
αα+  

Thus ( )8HLY  holds for ( ).nL  Therefore, we get that ( )nL  is a right Hom-

Lie-Yamaguti algebra. 
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We get the following way for constructing a right Hom-Lie-Yamaguti 

algebra from a left Leibniz algebra. One can straightforward check that 

the same result holds for a right Leibniz algebra. 

Proposition 2.10. Let ( )⋅,L  be a left Leibniz algebra and ,β  an 

endomorphism of .L  Define on ,L  the operations 

[ ] ( ),, xyyxyx ⋅−⋅β=β   (2) 

( ).,; 2 zxyyxz ⋅β−=β   (3) 

Then ( [ ] )βββ ,,;,,,L  is a right Hom-Lie-Yamaguti. 

Proof. Consider on ,L  the ternary operation zxyyxz ⋅−=,;  and 

the commutator [ ] ,,,,, Lzyxxyyxyx ∈∀⋅−⋅=  then ( [ ] ),;,,,L  is a 

right Lie-Yamaguti [14] (Proposition 3.3). Moreover, since β  is an 

endomorphism of ,L  we have [ ]( ) ( ) ( ) ( ) −β⋅β=⋅−⋅β=β yxxyyxyx,  

( ) ( ) ( ) ( )[ ]yxxy ββ=β⋅β ,  and ( ) ( ) ( ) ( ) ( )zyxzxyyxz β⋅ββ−=⋅−β=β ,;  

( ) ( ) ( ) ,,; yxz βββ=  then β  is also an endomorphism of ( [ ] ),,,,,L  

and therefore, as a similar way as Corollary 3.2 in [5], ( [ ] )βββ ,,;,,,L  

is a right Hom-Lie-Yamaguti algebra. 

We get also the following: 

Theorem 2.11. Let ( )α⋅,,A  be a Hom-Lie algebra. Then [ ]( )α⋅ ,,;,,A  

is a right Hom-Lie-Yamaguti algebra, where 

[ ] ( ),,; zxyxyz α⋅=  (4) 

for all .,, Azyx ∈  

Proof. The proof of this theorem is to verify the identities 

( ) ( ):HLY-HLY 81  As ( )α⋅,,L  is a multiplicative Hom-algebra, then the 

identities ( )1HLY  and ( )2HLY  hold for [ ]( ).,,;,, α⋅A  Using the skew-

symmetry of the operation ”“ ⋅  of ( ),,, α⋅A  we compute  

[ ] ( ) ( ) ( ) ( ) [ ],,;,; yxzzxyzyxxyz −=α⋅⋅−=α⋅⋅=  
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and then the identities ( )3HLY  and ( )4HLY  hold for [ ]( ).,,;,, α⋅A  We 

compute the identity ( )5HLY  as follows: 

( ) ( ) ( ) [ ]{ } ( ){( ) ( )zyxxyzzyx zyxzyx α⋅⋅=+α⋅⋅ ,,,, ,; ��  

( ) ( )}zxy α⋅⋅+  

( )( ) ( )zyxzyx α⋅⋅= ,,2 �  

0=  (by the Hom-Jacobi identity). 

Consider now ( ) ( ) ( )[ ]{ }.,;,, xyzuzyx ⋅αα�  Then 

( ) ( ) ( )[ ]{ } ( ) ( ) ( ){ } ( )uzxyxyzu zyxzyx
2

,,,, ,; α⋅α⋅⋅=⋅αα ��  

( ) ( ) ( ){ } ( )uzyxzyx
2

,, α⋅α⋅⋅−= �  

0=  (again by the Hom-Jacobi identity). 

So that we get ( ).HLY6  Next, 

( ) ( ) ( )[ ] ( ) ( )( ) ( )uvyxxyuvzyx ⋅α⋅α⋅α=αα⋅ ,;,,�  

( ) ( ) ( )( )uvyx α⋅α⋅⋅α=  (by multiplicativity) 

( ) ( ) ( )( ) ( ) ( ) ( )( )vyxuyxuv α⋅⋅⋅α−⋅⋅α⋅α−= 22  

(by the Hom-Jacobi identity) 

( ) ( ) ( )( ) ( ) ( )( ) ( )uvyxuyxv 22 α⋅α⋅⋅+α⋅⋅⋅α=   

(by skew-symmetry) 

)[ ] ( ) ( ) )[ ]xyuvuxyv ,;,; 22 ⋅α+α⋅=  (by (4)), 
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which is ( ).HLY7  Finally, the identity ( )8HLY  is computed as follows: 

[[ ] ( ) ( )] [ ( ) [ ] ( )] [ ( ) ( ) [ ]]xyuvwuxyvwuvxyw ,;,;,,;;,;,; 222222 αα+αα+αα  

( ) ( ) ( )( ) ( ) ( )( ) ( )wvxyuwxyvu 3222 α⋅α⋅α+α⋅α⋅αα=  

( )( ) ( ) ( )wvuxy 32 α⋅αα⋅+  

( ) ( ) ( )( ) ( ) [ ( )( ) ( )( )vxyuwwxyvu α⋅⋅αα⋅α−α⋅α⋅αα= 322  

( )( ) ( )( )]xyuv ⋅α⋅αα+  (by skew-symmetry) 

( ) ( ) ( )( ) ( ) ( ( ) ( ) ( ))uvxywwxyvu αα⋅α⋅α+α⋅α⋅αα= 322   

(by Hom-Jacobi identity) 

( ) ( ) ( ) ( ) ( ) ( )vuxywwxyuv αα⋅α+αα⋅α= 322  (by multiplicativity) 

( )( ) ( ) ( ) ( ( ) ) ( ) ( )xyuvwwxyuv αα⋅αα+αα⋅αα= 22  (by skew-symmetry) 

( ) ( ) ( )uvwxy αα⋅α−= 22  (by Hom-Jacobi identity) 

( ) ( ) ( )( )wuvyx α⋅α⋅αα= 22  (by skew-symmetry and multiplicativity) 

[[ ] ( ) ( )]xyuvw 22 ,;,; αα=  (by (4)). 

Therefore [ ]( )α⋅ ,,;,,A  is a right Hom-Lie-Yamaguti algebra.  � 

Example 2.12. From the family of three-dimensional complex Hom-

Lie algebras ( ) ( ( ) [ ] ) ( )0,,,,2,2 =/λα= λαλ λ
CC slsl  with a basis ( )hfe ,,  

where ,
01

00
,

00

10














=














= fe  and 















−
=

10

01
h  of Example 2.4, we 

get thanks to Theorem 2.11, the family of three-dimensional          

complex right Hom-Lie-Yamaguti algebras ( )( ) ( ( ),,2,2 CC slslHLY =λ  

[ ] [ ] ) ( )0,,,;,, =/λαλαα λλ
 defined by ( ) ( ) ( ) ,,

1
, hhffee =α

λ
=αλ=α λλλ  
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[ ] [ ] [ ] eehffhhfe λ=
λ

−== λλλ 2,,
2

,,,  and [ ] [ ]
λλ αα = ehfhhfe ,;,2,;  

[ ] [ ] [ ] [ ]
λλλλ αααα λ=

λ
−=λ−=−= fhheehheffefeeh ,;,4,;,

2
,;,2,;,2 2

2

2  

.
4
2λ

=  

We think of the collection { ( ( )( ) { }}0\:,2 CC ∈λλslHLY  as a one-

parameter family of deformations of ( )C,2sl  into Hom-Lie Yamaguti 

algebras. 

Left Hom-Bol algebras are studied in [4] under the name Hom-Bol 

algebra. Here, we consider the right one and the reader is advised not to 

confuse it with the one of Hom-Bol algebra. 

Definition 2.13. A right Hom-Bol algebra is a quadruple ( )α∗ ,,;,,B  

in which B  is vector-K  space, ”“ ∗  a binary operation, ”,;“  ternary 

operation on B  and BB →α :  a linear map such that 

( )1HB  ( ) ( ) ( ),yxyx α∗α=∗α  

( )2HB  ( ) ( ) ( ) ( ) ,,;,; zyxzyx ααα=α  

( )3HB  ,xyyx ∗−=∗  

( )4HB  ,,;,; yxzxyz −=  

( )5HB  ,0,; =σ xyz  

( )6HB  ( ) ( ) ( ) ( ) xyuvuxyvxyuv ,;,;,; 22 ∗α+α∗=αα∗  

( ( ) ( )) ( ) ( )( ),uvxy α∗α∗α∗α−  

( )7HB  ( ) ( ) ( ) ( )uvxywxyuvw 2222 ,;,;,;,; αα=αα  

( ) ( )uxyvw 22 ,,;; αα+  

( ) ( ) ,,;,; 22 xyuvw αα+  

for all .,,,,, Bzyxwvu ∈  
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Remark 2.14. From a left Hom-Bol algebra { }( )α⋅ ,;,,,B  one gets a 

right Hom-Bol ( ),,,;,, α∗B  where { }zxyxyzxyyx ;,,;, −=⋅−=∗  

and conversely. 

Theorem 2.15. Let ( )⋅,lA  be a left alternative algebra and β  an 

endomorphism of .lA  Define on lA  the operations [ ]′,  and ′,;  by 

[ ] ( ),:, xyyxyx ⋅−⋅β=′   (5) 

[ ]( ),,:,; 2 yxzxzyyzxxyz ⋅−⋅−⋅β=′   (6) 

for all ,,, lAzyx ∈  then ( [ ] )β′′ ,,;,,,lA  is a right Hom-Bol algebra. 

Proof. Consider on ,lA  the commutator [ ] xyyxyx ⋅−⋅=:,  and the 

ternary operation [ ] ,,,,,,; lAzyxyxzxzyyzxxyz ∈∀⋅−⋅−⋅=  

then similarly to [8, 20], one can check that ( [ ] ),;,,,lA  is a right Bol 

algebra. Moreover, since β  is an endomorphism of ( ),, ⋅lA  we have 

[ ]( ) ( ) ( ) ( ) ( ) ( ) ( )[ ]yxxyyxyx ββ=β⋅β−β⋅β=β ,,  and ( ) ( ) β⋅β=β xxyz ,;  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )[ ] ( ) ( ) ( ) ,,;, xyzyxzzxyzy βββ=ββ⋅β−ββ⋅β−β  then β  

is also an endomorphism of ( [ ] ).,;,,,lA  Therefore, similarly to 

Corollary 3.3 in [4] for right Bol algebra implies that ( [ ] )β′′ ,,;,,,lA  is 

right Hom-Bol algebra. 

Example 2.16. Consider one of the 4-dimensional left alternative 

(but not associative) algebra ( )⋅,lA  over any field. With respect to a basis 

( ),,,, 3210 eeee  the non-zero products are defined by ,000 eee =⋅  

123303132202110 ,,,, eeeeeeeeeeeeeee −=⋅=⋅=⋅=⋅=⋅  (see [6] p. 

144). It is easy to check that the linear map β  defined by ( ) ,200 eee +=β  

( ) ( ) ( ) 23221 ,2,0 eeeee =β=β=β  is a morphism of ( )., ⋅lA  Thus, thank to 

Theorem 2.15, ( [ ] )β′′ ,,,,,,lA  is right Hom-Bol algebra where the non-

zero products are given by [ ] [ ] 230220 ,,2, eeeeee −=′−=′  and 

.2,;,4,; 0302020 eeeeeeee −=′−=′  
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Remark 2.17. We get the similar result for right alternative 

algebras. 

3. Definition and Construction Theorems 

In this section, we define a Hom-hyporeductive triple algebra. It turns 

out that Hom-hyporeductive triple algebras constitute a twisted 

generalization of hyporeductive triple algebras. We prove some 

construction theorems for Hom-hyporeductive triple algebras (Theorem 

3.3, Theorm 3.6, Corollary 3.4, Corollary 3.5). Theorem 3.3 shows that the 

category of Hom-hyporeductive triple algebras is closed under self-

morphisms while Corollary 3.5 says that every hyporeductive triple 

algebra can be twisted, along any endomorphism, into a Hom-

hyporeductive triple algebra. Theorem 3.6 points out that Hom-

hyporeductive triple algebras are also closed under taking derived binary-

ternary Hom-algebras. We begin with the definition of the basic object of 

this paper. 

Definition 3.1. A Hom-hyporeductive triple algebra is a quintuple 

( )α∗⋅ ,,;,,,V  consisting of a vector space ,V  bilinear maps 

,:, VVV →×∗⋅  a trilinear map VVVV →××:,;  and a linear map 

VV →α :  such that 

( )1HH  ,xyyx ⋅−=⋅  

( )2HH  ,xyyx ∗−=∗  

( )3HH  ,,;,; yxzxyz −=  

( )4HH  ( ) ( ) ( ),yxyx α⋅α=⋅α  

( )5HH  ( ) ( ) ( ),yxyx α∗α=∗α  

( )6HH  ( ) ( ) ( ) ( ) ,,;,; xyzxyz ααα=α  
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( )7HH  ( ) ( ){ } ,0,; =−⋅⋅ασ zyxzyx  

( )8HH  ( ) ( ){ } ,0=⋅∗ασ yxz  

( )9HH  ( ) ( ) ,0,; =⋅αασ yxzt  

( )10HH  ( ) ( ) ( ) ( )tzxytzxytzyx αα⋅+⋅α−⋅α ,;,;,; 22  

( ) ( ) ( ) ( ) ( ) tzxytzxyxytz ,;,;,; 2 ∗α−αα∗+αα∗−  

( ) ( ) ( )( ) ( ) ( )( )xytztzyx α∗α∗α∗α−∗α+ ,;2  

( ) ( )( ) ( ) ( )( ) ,0=α∗α⋅α∗α− xytz  

( )11HH  ( ) ( ( ) ( ) ( ) ( ) )tzxytzxytzyxu αα⋅+⋅α−⋅α⋅α ,;,;,; 223  

( ) ( ) ( ) ( )tzxyuxytzu 2222 ,;,;,;,; αα−αα+  

( ) ( ) ( ) ( ) ,0,;,;,;,; 2222 =αα−αα+ tzyxutzxyu  

( )12HH  ( ) ( ( ) ( ) ( ) ( ) ) ,0,;,;,; 223 =αα⋅+⋅α−⋅α∗α tzxytzxytzyxu  

( )13HH  ( ) ( ) ( ) ( ) tzxytzyxuv ,;,;,; 2233 ⋅α−⋅ααα  

( ) ( ) ,0,; =αα⋅+ tzxy  

( )14HH  ( ) ( ) ( ) ( )tzxytzxytzyx αα⋅+⋅α−⋅α ,;,;,; 22  

( ) ( ) ( ) ( ) ,0,;,;,; 22 =αα⋅+⋅α−⋅α+ xytzxytzxyzt  

( )15HH  ( ) ( ) ( ) xytztzyxtzxy ,;,;,; 222 ∗α+∗α−∗α  

( ) ,0,;2 =∗α− xyzt  
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( )16HH  { ( ( ) ( ) ( ) ( ) );,;,;,; 22 xytzxyztxytz ⋅α−⋅α+αα⋅∑  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )zxytvuvu 32233 ,,;;, ααααα⋅α+αα  

( ) ( ) ( ) ( ) ( ) ( )zxytvuzxytuv 224224 ,,;;,,;; αα⋅α−αα⋅α+  

( ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( );,,;; 24322 uvtxyzvu α⋅α+ααααα⋅α−  

( ) ( ) ( ) ( ) )} ,0,,;;,,; 2242 =αα⋅α−α txyzvutxyz  

( )17HH  {( ( ) ( ) ( ) ( ) ) ( )utxyzvzxytv 42222 ,,;;,,;; α∗αα−αα∑  

( ( ) ( ) ( ) ( ) ) ( )} ,0,,;;,,;; 4222 =α∗αα−αα+ vzxytutxyzu  

( )18HH  { ( ) ( ( ) ( ) ( ) 22224 ,,;;,,;;; αα−ααα∑ xyzvzxytvw  

( ) ) ( ) ( ) ( ( ) ( ) ( );,,;;;, 22244 utxyzuwut α−ααα+α  

( ) ) ( ) } ,0,,,; 42 =αα vzxyt  

where σ  denotes the sum over cyclic permutation of zyx ,,  and ∑ is 

the one over ( ) ( )xytz ,,,  and ( )vu,  for all .,,,,, Vwvtzyx ∈  

Remark 3.2. (i) If ,Id=α  then the Hom-hyporeductive triple 

algebra ( )α∗⋅ ,,;,,,V  reduces to the hyporeductive triple algebra 

( ).,;,,, ∗⋅V  So a hyporeductive triple algebra may be seen as a Hom-

hyporeductive triple algebras with the identity map Id as the twisting 

map. 

(ii) If ,0=∗ yx  for all ,, Ayx ∈  then ( )α∗⋅ ,,;,,,V  becomes a 

right Hom-Lie-Yamaguti algebra ( )α⋅ ,,;,,V  (see Definition 2.7). 

(iii) If ,0=⋅ yx  for all Ayx ∈,  then ( )α∗⋅ ,,;,,,V  becomes a 

right Hom-Bol algebra ( )α∗ ,,;,,V  (see Definition 2.13). 
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The following result produces a sequence of Hom-hyporeductive triple 

algebras. It says again that Hom-hyporeductive triple algebras are closed 

by self-morphisms. 

Theorem 3.3. Let ( )α⋅⋅ ,,;,,,V  be a Hom-hyporeductive triple 

algebra and β  be a morphism of ( ).,,;,,, α⋅⋅V  Let VId=β0  and for 

( ).:,0 11 −− ββ=ββ=β≥ nnnn �  Define on V  the operations: =⋅β :yx n  

( ) ( )yxyxyx nn
n ∗β=∗⋅β β :,  and ( ),,;:,; 2 zyxzyx n

n β=β  for all 

.,, Vzyx ∈  Then ( )αβ∗⋅= ββββ
n

nnnn VV ,,;,,,:  is a Hom-hyporeductive 

triple algebra. 

Proof. We observe that the skew-symmetry identities ( ) ( ),HH,HH 21  

and ( )3HH  for nVβ  follow from the skew-symmetry of ⋅∗,  and ,,;  

respectively. The condition αβ=βα  implies nn αβ=αβ  which with the 

definition of nn ββ
∗⋅ ,  and nβ,;  lead to the condition ( )4HH  to ( ).HH6  

Next using the condition ,βα=αβ  we have 

{ ( ) ( ) }nnn zyxzyxn
βββ −⋅⋅αβσ ,;  

{ ( ( ) ( ( ))) ( )}zyxzyx nnnn ,;2β−⋅β⋅αββσ=  

{ ( ) ( )( ) ( )}zyxzyx nn ,;22 β−⋅⋅αβσ=  

( { ( ) ( ) })zyxzyxn ,;2 −⋅⋅ασβ=  

0=  by ( )7HH  in .αV  
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Then we get ( )7HH  for ,nV
β

 similarly we get ( )8HH  and ( )9HH  for 

.nV
β

 Using repeatedly the condition ,βα=αβ  we prove ( )10HH  to 

( )15HH  as it follows: 

( ) ( ) ( ) ( ) nnnn tzxytzyx nn
ββββ ⋅αβ−⋅αβ ,;,;

22
 

( ) ( ) ( ) ( ) nnnn xytztzxy nnnn
ββββ

αβαβ∗−αβαβ⋅+ ,;,;  

( ) ( ) ( ) ( ) nnnn tzxytzxy nnn
ββββ ∗αβ−αβαβ∗+ ,;,;

2
 

( ) ( ) ( ( ) ( )) ( ( ) ( ))xytztzyx nnnnn
nnnnn αβ∗αβ∗αβ∗αβ−∗αβ+ βββββ ,;

2
 

( ( ) ( )) ( ( ) ( ))xytz nnnn
nnn αβ∗αβ⋅αβ∗αβ− βββ  

( ( ) ) ( ( ) ( ))tzxytzyx nnnnnn ,;,; 222222 β⋅αββ−β⋅αββ=  

( ( ) ( ) ( ) ) ( ( ) ( ) ( ) )xytztzxy nnnnnnnn αβαβ∗ββ−αβαβ⋅ββ+ ,;,; 22  

( ( ) ( ) ( ) ) ( ( ) ( ))tzxytzxy nnnnnnn ,;,; 2222 β∗αββ−αβαβ∗ββ+  

( ( ) ( )) ( ( ( ) ( ))tztzyx nnnnnnn αβ∗αβββ−β∗αββ+ ,;222  

( ( ) ( )))xy nnn αβ∗αββ∗  

( ( ( ) ( )) ( ( ) ( )))xytz nnnnnnn αβ∗αββ⋅αβ∗αβββ−  

( ( ) ( ) ( ) ( )tzxytzxytzyxn αα⋅+⋅α−⋅αβ= ,;,;,; 223  

( ) ( ) ( ) ( ) ( ) tzxytzxyxytz ,;,;,; 2 ∗α−αα∗+αα∗−  

( ) ( ) ( )( ) ( ) ( )( )xytztzyx α∗α∗α∗α−∗α+ ,;2  

( ) ( )( ) ( ) ( )( ))xytz α∗α⋅α∗α−  

0=  by ( )10HH  for ;αV  
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( ) ( ) (( ) ( ) ( ) ( ) nnnnn tzxytzyxu nnn
βββββ ⋅αβ−⋅αβ⋅αβ ,;,;

223
 

( ) ( ) ) ( ) ( ) ( ) ( ) nnnn xytzutzxy nnnn
ββββ αβαβ+αβαβ⋅+ 22

,;,;,;  

( ) ( ) ( ) ( ) nn tzxyu nn
ββ αβαβ− 22

,;,;  

( ) ( ) ( ) ( ) nntzxyu nn
ββαβαβ+ ,;,;

22
 

( ) ( ) ( ) ( ) nntzyxu nn
ββαβαβ− ,;,;

22
 

( ( ) ( ( ( ) ( )) ( ( ) ( ))tzxytzyxu nnnnnnn ,;,; 22222233 β⋅αββ−β⋅αββ⋅αββ=  

( ( ) ( ) ( ) ))tzxy nnnn αβαβ⋅ββ+ ,;2  

( ( ) ( ) ( ) )xytzu nnnn 222222 ,;,; αβαβββ+  

( ( ) ( ) ( ) )tzxyu nnnn 222222 ,;,; αβαβββ−  

( ( ) ( ) ( ) )tzxyu nnnn ,;,; 222222 βαβαββ+  

( ( ) ( ) ( ) )tzyxu nnnn ,;,; 222222 βαβαββ−  

( ( ) ( ( ) ( ) ( ) ( )tzxytzxytzyxun αα⋅+⋅α−⋅α⋅αβ= ,;,;,; 2234  

( ) ( ) ) ( ) ( )tzxyuxytzu 2222 ,;,;,;,; αα−αα+  

( ) ( ) ( ) ( ) )tzyxutzxyu ,;,;,;,; 2222 αα−αα+  

0=  by ( )11HH  for ;αV  
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( ) ( ) (( ) ( ) ( ) ( ) nnnnn tzxytzyxu nnn
βββββ ⋅αβ−⋅αβ∗αβ ,;,;

223
 

( ) ( ) )nn tzxy nn
ββ αβαβ⋅+ ,;  

( ( ) ( ( ( ) ( ))tzyxu nnnnn ,;22233 β⋅αββ∗αββ=  

( ( ) ( )) ( ( ) ( ) ( ) ))tzxytzxy nnnnnnn αβαβ⋅ββ+β⋅αββ− ,;,; 2222  

( ( ) ( ( ) ( ) ( ) ( )tzxytzyxu nnnnnn ,;,; 32332333 β⋅αβ−β⋅αβ∗αββ=  

( ( ) ( ) ))tzxyn αα⋅β+ ,;3  

( ( ) ( ( ) ( ) ( ) ( ) ))tzxytzxytzyxun αα⋅+⋅α−⋅α∗αβ= ,;,;,; 2234  

0=  by ( )12HH  for ;αV  

( ) ( ) ( ) ( ) ( ) ( ) nn tzyxuv nnn
ββ⋅αβαβαβ ,;,;

233
 

( ) ( ) ( ) ( ) nnnnn tzxytzxy nnn
βββββ αβαβ⋅+⋅αβ− ,;,;

2
 

( ( ) ( ) ( ( ) ( ))tzyxuv nnnnnn ,;,; 2223333 β⋅αββαβαββ=  

( ( ) ( ) ( ( ) ( ) ( ) ) )tzxytzxy nnnnnnn αβαβ⋅ββ+β⋅αββ− ,;,; 2222  

( ( ) ( ) ( ( ) ) ( ( ) )tzxytzyxuv nnnnn ,;,;,; 23232333 ⋅αβ−⋅αβαβαββ=  

( ( ) ( ) ) )tzxyn αα⋅β+ ,;3  

( ( ) ( ) ( ) ( ) )tzxytzyxuvn ,;,;,; 22334 ⋅α−⋅αααβ=  

( ) ( ) )tzxy αα⋅+ ,;  

0=  by ( )13HH  for ;αV  

 



HOM-HYPOREDUCTIVE TRIPLE ALGEBRAS 

 

47 

( ) ( ) ( ) ( ) nnnn tzxytzyx nn
ββββ

⋅αβ−⋅αβ ,;,;
22

 

( ) ( ) ( ) ( ) nnnn xyzttzxy n
ββββ

⋅αβ+αα⋅+ ,;,;
2

 

( ) ( ) ( ) ( ) nnnn xytzxytz nnn
ββββ

αβαβ⋅+⋅αβ− ,;,;
2

 

( ( ) ( )) ( ( ) ( ))tzxytzyx nnnnnn ,;,; 222222 β⋅αββ−β⋅αββ=  

( ( ) ( ) ( ) ) ( ( ) ( ))xyzttzxy nnnnnnn ,;,; 2222 β⋅αββ+αβαβ⋅ββ+  

( ( ) ( )) ( ( ) ( ) ( ) )xytzxytz nnnnnnn αβαβ⋅ββ+β⋅αββ− ,;,; 2222  

( ( ) ) ( ( ) ) ( ( ) ( ) )tzxytzxytzyx nnn αα⋅β+⋅αβ−⋅αβ= ,;,;,; 32323  

( ( ) ) ( ( ) ) ( ( ) ( ) )xytzxytzxyzt nnn αα⋅β+⋅αβ−⋅αβ+ ,;,;,; 32323  

( ( ) ( ) ( ) ( )tzxytzxytzyxn αα⋅+⋅α−⋅αβ= ,;,;,; 223  

( ) ( ) ( ) ( ) )xytzxytzxyzt αα⋅+⋅α−⋅α+ ,;,;,; 22  

0=  by ( )14HH  for ;αV  

( ) ( ) ( ) ( ) nnnn tzyxtzxy nn
ββββ ∗αβ−∗αβ ,;,;

22
 

( ) ( ) ( ) ( ) nnnn xyztxytz nn
ββββ ∗αβ−∗αβ+ ,;,;

22
 

( ( ) ( )) ( ( ) ( ))tzyxtzxy nnnnnn ,;,; 222222 β∗αββ−β∗αββ=  

( ( ) ( ) ( ( ) ( ))xyztxytz nnnnnnn ,;,; 22222 β∗αββ−β∗αββ+  

( ( ) ( ) ( ) xytztzyxtzxyn ,;,;,; 2223 ∗α+∗α−∗αβ=  

( ) )xyzt ,;2 ∗α−  

0=  by ( )15HH  for ;αV   



S. ATTAN and D. GAPARAYI 

 

48 

{ ( ( ) ( ) ( ) ( ) nnnn xyztxytz nnn
ββββ ⋅αβ+αβαβ⋅∑ ,;,;

2
 

( ) ( ) ) ( ) ( ) ( ) ( ) nnn vuxytz nnn

βββ αβαβ⋅αβ− 332
,;,;  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) nnn zxytvu nnnnnn
βββ αβαβαβαβαβ⋅αβ+ 322

,,;;  

( ) ( ) ( ) ( ) ( ) ( ) nnn zxytuv nnn
βββ αβαβ⋅αβ+ 224

,,;;  

( ) ( ) ( ) ( ) ( ) ( ) nnn zxytvu nnn
βββ αβαβ⋅αβ− 224

,,;;  

( ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) nnn txyzvu nnnnnn
βββ αβαβαβαβαβ⋅αβ− 322

,,;;  

( ) ( ) ( ) ( ) ( ) ( ) nnn txyzuv nnn
βββ αβαβ⋅αβ+ 224

,,;;  

( ) ( ) ( ) ( ) ( ) ( ) )}nnn txyzvu nnn
βββ αβαβ⋅αβ− 224

,,;;  

{ ( ( ( ( ) ( ) ( ) ) ( ( ) ( ))xyztxytz nnnnnnnn ,;,; 22222 β⋅αββ+αβαβ⋅βββ= ∑  

( ( ) ( ))) ( ) ( ) )vuxytz nnnnn 3333222 ,;,; αβαββ⋅αββ−  

( ( ( ) ( )) ( ( ) ( ),;; 222222 ytvu nnnnnnn αβαββαβ⋅αβββ+  

( ) ) ( ) )zx nn 33, αβαβ  

( ( ) ( ( ) ( ) ( ) ))zxytuv nnnnnn 22222244 ,,;; αββαββ⋅αββ+  

( ( ) ( ( ) ( ) ( ) ))zxytvu nnnnnn 22222244 ,,;; αββαββ⋅αββ−  

( ( ( ( ) ( )) ( ( ) ( ),;; 222222 yzvu nnnnnnn αβαββαβ⋅αβββ−  

( ) ) ( ( ) )tx nn 33, αβαβ  

( ( ) ( ( ) ( ) ( ) ))txyzuv nnnnnn 22222244 ,,;; αββαββ⋅αββ+  

( ( ) ( ( ) ( ) ( ) )))}txyzvu nnnnnn 22222244 ,,;; αββαββ⋅αββ−  
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{ ( ( ( ) ( ) ) ( ( ) )xyztxytz nnn ,;,; 2332 ⋅αβ+αα⋅ββ= ∑  

( ( ) )) ( ) ( ) )vuxytz nnn 333323 ,;,; αβαβ⋅αβ−  

( ( ( ) ( )) ( ( ) ( ) ( ) ) ( ) )zxytvu nnnn 3332232 ,,;; αβαααβα⋅αββ+  

( ( ) ( ( ) ( ) ))zxytuv nnn 22444 ,,;; ααβ⋅αββ+  

( ( ) ( ( ) ( ) ))zxytvu nnn 22444 ,,;; ααβ⋅αββ−  

( ( ( ( ) ( )) ( ( ) ( ) ( ) ) ( ) )txyzvu nnnn 3332232 ,,;; αβαααβα⋅αββ−  

( ( ) ( ( ) ( ) ))txyzuv nnn 22444 ,,;; ααβ⋅αββ+  

( ( ) ( ( ) ( ) )) )}txyzvu nnn 22444 ,,;; ααβ⋅αββ−  

( ({ ( ) ( ) ( ) ( ) ) ( ) ( ) )vuxytzxyztxytzn 33225 ,;,;,;,; αα⋅α−⋅α+αα⋅β= ∑  

( ) ( ) ( ) ( ) ( ) ( )zxytvu 322 ,,;; ααααα⋅α+  

( ) ( ) ( )zxytuv 224 ,,;; αα⋅α+  

( ) ( ) ( )zxytvu 224 ,,;; αα⋅α−  

( ( ) ( ) ( ) ( ) ( ) ( )txyzvu 322 ,,;; ααααα⋅α−  

( ) ( ( ) ( )txyzuv 224 ,,;; αα⋅α+  

( ) ( ) ( ) ))})txyzvu 224 ,,;; αα⋅α−  

0=  by ( )16HH  for ;αV  
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{ (( ) ( ) ( ) ( ) nn zxytv nn
ββ αβαβ∑ 22

,,;;  

( ) ( ) ( ) ( ) ) ( ) ( )utxyzv nnn
nnn

422
,,;; αβ∗αβαβ− βββ  

( ( ) ( ) ( ) ( ) nn txyzu nn
ββ αβαβ+ 22

,,;;  

( ) ( ) ( ) ( ) ) ( ) ( )}vzxytu nnn
nnn

422
,,;; αβ∗αβαβ− βββ  

{ (( ( ( ) ( ) ( ) )zxytv nnnnn 222222 ,,;; αββαβββ= ∑  

( ( ) ( ) ( ) )) ( ))utxyzv nnnnn 44222222 ,,;; αβ∗αββαββ−  

(( ( ( ) ( ) ( ) )txyzu nnnnn 222222 ,,;; αββαβββ+  

( ( ) ( ) ) ( ) )) ( ))}vzxytu nnnnn 44222222 ,,;; αβ∗αββαββ−  

{ (( ( ( ) ( ) )zxytvnn 224 ,,;; ααββ= ∑  

( ( ) ( ) )) ( ))utxyzv nn 44224 ,,;; αβ∗ααβ−  

(( ( ( ) ( ) )txyzunn 224 ,,;; ααββ+  

( ( ) ) ( ) )) ( ))}vzxytu nn 44224 ,,;; αβ∗ααβ−  

( ({ ( ) ( ) ( ) ( ) ) ( )utxyzvzxytvn 422225 ,,;;,,;; α∗αα−ααβ= ∑  

( ( ) ( ) ( ) ( ) ) ( )})vzxytutxyzu 42222 ,,;;,,;; α∗αα−αα+  

0=  by ( )17HH  for ;αV  
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{ ( ) ( ) ( ( ) ( ) ( ) ( ) nn zxytvw nnn
ββ αβαβαβ∑ 224

,,;;;  

( ) ( ) ( ) ( ) ) ( ) ( ) nnn utxyzv nnn
βββ αβαβαβ− 422

,,,;;  

( ) ( ) ( ( ) ( ) ( ) ( ) nn txyzuw nnn
ββ αβαβαβ+ 224

,,;;;  

( ) ( ) ( ) ( ) ) ( ) ( ) }nnn vzxytu nnn
βββ αβαβαβ− 422

,,,;;  

{ ( ( ) ( ( ( ) ( ) ( ) )zxytvw nnnnnn 222222442 ,,;;; αββαββαββ= ∑  

( ( ) ( ) ( ) )) ( ) )utxyzv nnnnn 44222222 ,,,;; αβαββαββ−  

( ) ( ) ( ( ( ) ( ) ( ) )txyzuw nnnnnn 222222442 ,,;;; αββαββαββ+  

( ( ) ( ) ( ) )) ( ) )}vzxytu nnnnn 44222222 ,,,;; αβαββαββ−  

{ ( ( ) ( ( ( ) ( ) )zxytvw nnn 224442 ,,;;; ααβαββ= ∑  

( ( ) ( ) )) ( ) )utxyzv nn 44224 ,,,;; αβααβ−  

( ) ( ) ( ( ( ) ( ) )txyzuw nnn 224442 ,,;;; ααβαββ+  

( ( ) ( ) )) ( ) )}vzxytu nn 44224 ,,,;; αβααβ−  

( { ( ) ( ( ) ( )zxytvwn 2246 ,,;;; αααβ= ∑  

( ) ( ) ) ( )utxyzv 422 ,,,;; ααα−  

) ( ) ( ( ) ( )txyzuw 224
,,;;; ααα+  

( ) ( ) ) ( ) })vzxytu 422 ,,,;; ααα−  

0=  by ( )18HH  for .αV  

Therefore, we prove the validity for nVβ  of the set of identities of type 

( ) ( )181 HH-HH  and so we get that nV
β

 is a Hom-hyporeductive triple 

algebra. This finishes the proof.  � 
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From the Theorem 3.3, we get the following: 

Corollary 3.4. Let ( )β∗ ,,;,,, �V  be a Hom-hyporeductive triple 

algebra. Then for each ,0≥n  the Hom-algebra ( ) ( ( ) ,, �� �
n

nn VV β==  

( ) ( ) )12 ,,;,;, +ββ=∗β=∗ nn
n

n
n ��  is a Hom-hyporeductive triple 

algebra. 

Proof. We get the proof from the one of Theorem 3.3 if set .β=α  

Corollary 3.5. Let ( ),;,,, ∗⋅V  be a hyporeductive triple algebra and 

β  a morphism of ( ).,;,,, ∗⋅V  If define on V  the operations: =⋅β :yx  

( ) ( )yxyxyx ∗β=∗⋅ β :,  and ( ),,;:,; 2 zyxzyx β=β  for all zyx ,,  in 

.V  Then ( )β∗⋅= ββββ ,,;,,,VV  is a Hom-hyporeductive triple algebra. 

Proof. The proof follows from the one of Theorem 3.3 for Id=α  and 

.1=n  

Observe that Corollary 3.5 gives a method for constructing a Hom-

hyporeductive triple algebra from a hyporeductive triple algebra. This is 

an extension of a result due to Yau [28] giving a general construction 

method of Hom-algebras from their corresponding untwisted version (see 

[3, 4, 5, 10, 30] for a use for such an extension). 

We have also the following Theorem which shows that Hom-

hyporeductive triple algebras are closed under taking derived binary-

ternary Hom-algebras. 

Theorem 3.6. Let ( )β∗ ,,;,,, �V  be a Hom-hyporeductive triple 

algebra. Then for each ,0≥n  the n-th derived binary ternary Hom-algebra 

( ) ( ( ) ( ) ( ) )
nnnn nnnn VV 2121212 ,,;,;,,,, ββ=∗β=∗β== −−−

��� ��  is 

also a Hom-hyporeductive triple algebra. 
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Proof. Since ( ) ( ) ( ( ) ( ) ( ) =∗β=∗β=== 11110 ,;,,,, �� ��VVVV  

) ( )1
2 ,,; V=ββ �  (see Corollary 3.4) and ( ) ( ( ) )( )

,
11 nn VV =+  by an 

induction argument, it suffices to prove the case 1=n  which follows 

from the proof of Corollary 3.4.  � 

4. Examples 

In this section, we give some examples of Hom-hyporeductive triple 

algebras. We do not classify all algebra morphisms of all the real              

2-dimensional hyporeductive triple algebras considered and subsequently 

real 2-dimensional Hom-hyporeductive triple algebras are not classified. 

Such classification remains then an open problem. We consider only non 

trivial cases, i.e., we omit mentioning Hom-Lie triple algebras (i.e., Hom-

Lie-Yamaguti algebras) and Hom-Bol algebras and the o-map as twisting 

map since it is always an algebra morphism and it gives rise to the zero 

Hom-algebra. If ( ),;,,, ∗⋅V  is a 2-dimensional hyporeductive algebra 

with basis ( ),, vu  then a linear map VV →α :  defined by ( ) +=α xuu  

( ) tvzuvyv +=α,  is a self-morphism of ( ),;,,, ∗⋅V  if and only if 

( ) ( ) ( ) ( ) ( ) ( ) ( )vuwvuvuvuvu ,;,, αα∗α=∗αα⋅α=⋅α  

 ( ) ( ) ( ) .,; vuw ααα=   (7) 

It is proved ([11], Theorem 2.4 and Corollary 2.6) that any non trivial       

2-dimensional hyporeductive triple algebra over the field of real numbers 

is isomorphic to only one of the algebras described below: 

( )1V  vuvvuudvcuvuauvu ,;,0,;,, =+=∗=⋅  

( ) ( ),0,0,, =/= dcku  

( )2V  ,0,;,0,;,, ==+=∗+=⋅ vuvvuudvcuvubvauvu  

( ) ( )( ),0,0,,0,0 =/=/=/ dcba  
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( )3V  ,,;,, fveuvuudvcuvubvauvu +=+=∗+=⋅  

( ,0,0,0,0,0,,; =/=/=/=/=/−= kk febaevuvuv  

( ) ( ) ).00,0, aebbeafdc +==−=/ k  

Now, with the linear map α  given as above, we shall discuss the 

condition (7) for each of the types ( ) ( ),V,V 21  and ( ).V3  

• Case of the type ( ):V1  

For this type, conditions (7) lead to the following simultaneous 

constraints on the coefficients tzyx ,,,  of ( ) ( ) dtdztxctx =+−=−α 11:  

( ) ( ) .011 2 ==−=− ytxx k  If ,0=x  from the equations above, we see 

that non-zero morphism α  is defined as 

( ) ( ) ,,0 tvzuvu +=α=α  (with ( ) ( )),0,0, =/tz   (8) 

and, applying Corollary 3.5, we get that ( )1V  is twisted into the Hom-

hyporeductive triple algebra ( ):,,;,,, α∗⋅ αααV  

( ) ( ) ,0,;,0,;,,0 ==+=∗=⋅ αααα vuvvuuvdtudzvuvu  

( ) ( )( ),0,0, =/tz   (9)  

if ,0=/x  then the equation ( ) 01 =− tx  (see above) implies 1=t  and 

then the morphism α  is defined as 

( ) ( ) ., vzuvxuu +=α=α   (10) 

Notice that this morphism is not the identity map if and only 

( ) ( ).0,1, =/zx  Then the application of Corollary 3.5 gives rise to the 

Hom-hyporeductive triple algebra ( ):,,;,,, α∗⋅ αααV  

( ) ( ) ,0,;,, =++=∗=⋅ ααα vuudvudzcxvuuxavu  

( ) .,; 2 uxvuv k=α   (11) 
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• Case of the type ( ):V2  

For this type, conditions (7) lead to the following simultaneous 

constraints on the coefficients tzyx ,,,  for ( ) cbzyzxtxa =++−α :  

( ) ( ) ( ) .0=+−+=+−+=++− yzxttdcyyzxttbaydzyzxtx  

We see that These constraints are very difficult to be solved. Two 

particular non-zero morphisms are given by 

( ) ( ) ,0,0, =/=α=α xvxuu   (12) 

( ) ( ) .,, R∈=α=α yyvvuu   (13) 

Notice that the morphism defined in (10) is not the identity map and the 

one defined in (11) is not the identity map if and only if .1=/y  

For the morphism defined in (10), the application of Corollary 3.5 

gives rise to the Hom-hyporeductive triple algebra ( ):,,;,,, α∗⋅ αααV  

( ) ( ) .0,;,;,, ===∗=⋅ αααα vuuvuuucxvuuxavu  (14) 

For the morphism defined in (11), the application of Corollary 3.5 gives 

rise to the Hom-hyporeductive triple algebra ( ):,,;,,, α∗⋅ αααV  

( ) ( ) .0,;,;,, ==+=∗+=⋅ αααα vuvvuuvdycuvuvbyauvu   

(15) 
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• Case of the type ( );V3  

For this type, conditions (7) lead to the following simultaneous 

constraints on the coefficients 

( ) ( ) ( )

( )

( ) ( ) ( )

( )

( ) ( ) ( )

( )



















=+−+

+−−=+−+−+−

=+−+

−+=−+++−

=+−+=

+−+=++−=++−

,0

,0

,0

2

222

2

222

yztxtx

yzxztzeyzxytfyztxtte

xyztxtf

zyxytyexytzykfzxyztxxe

yzxttdcy

yzxttbaydzyzxtxcbzyzxtxa

k

 

where the unknows are tzyx ,,,  and k,,,,,, fedcba  are parameters 

and satisfy ( ( ) ( ) 0,0,0,,0,0,0,0,0 =−=/=/=/=/=/=/ beafdcfeba k  

).aeb += k  

Therefore linear maps of ( )3V  satisfying the above system are 

morphisms of ( ).V3  Thus with these morphisms, the application of 

Corollary 3.5 allows to twist ( )3V  into Hom-hyporeductive triple 

algebras. 
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