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Abstract 

In this paper, we study a special class of indefinite Kac-Moody algebras. Based 

on the study of hyperbolic Kac-Moody algebras, we give the definition of kN  

type Kac-Moody algebras and study some properties of this special type        

Kac-Moody algebras. 

1. Introduction 

1.1. Background 

A Kac-Moody algebra is defined by a generalized Cartan matrix 

(GCM), which directly gives us the structure of the Kac-Moody algebra 

and its certain properties. In this paper, we construct and study new 

classes of generalized Cartan matrices, which correspond to 

indecomposable Kac-Moody algebras of the indefinite type over .C  

It is well-known that any indecomposable Kac-Moody algebra and the 

corresponding GCM, fall into one of the following three types: finite, 

affine or indefinite. A finite Kac-Moody algebra is exactly a semisimple 

Lie algebra. There is a one-to-one correspondence between 

indecomposable finite Kac-Moody algebras and diagrams, which is a 

certain class of directed graphs (or quivers) [2]. When it comes to the 

affine type, we have a one-to-one correspondence between 

indecomposable affine Kac-Moody algebras and extended diagrams [3]. 

By the above discussion, there is a one-to-one correspondence between 

the following three objects in the finite and affine cases. 

Kac-Moody algebras ⇔  generalized Cartan matrices ⇔  Diagrams 

Here is another very interesting property about Kac-Moody algebras. 

An affine GCM is not finite, but any proper principal submatrix is of 

finite type. A GCM is hyperbolic if it is neither finite nor affine, and any 

proper principal submatrix is either of finite or of affine type. Based on 

this property, we can extend the definition of hyperbolic GCM and define 

a new class of indefinite Kac-Moody algebras. 
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We make the following definitions of new types of Kac-Moody 

algebras (see Definition 2.3 and Corollary 2.4). 

(1) Type :0N  finite type GCM. 

(2) Type :1N  affine type GCM. 

(3) Type :2N  hyperbolic type GCM. 

(4) Type :kN  a GCM is not of type mN  for ,k<m  but every proper 

principal submatrix is of type mN  for .k<m  

Furthermore, we say that a GCM A is of type nN ,k  if A  is of type 

kN  with dimension n. The goal of this paper is to study these new classes 

of GCMs. 

1.2. Description of the main results 

In this paper, we study the methods of constructing and bounds of 

dimensions of kN  type generalized Cartan matrices. We prove the 

following fundamental properties of the generalized Cartan matrices: 

Theorem 1.1 (Theorem 3.1). Given an ,2,, >kk nN  type generalized 

Cartan matrix ,A  there exists some 1,1 −− nNk  type generalized Cartan 

matrices as principal submatrices. 

This property tells us that every GCM of type kN  contains a smaller 

GCM of type .1−kN  On the other hand, in the next theorem, we start 

from a smaller GCM and construct larger GCMs. 

Theorem 1.2 (Theorem 3.3). For an ,2,,1 ≥− nN nn  type generalized 

Cartan matrix, by adding one more dimension, we can obtain an 1, +nnN  

type generalized Cartan matrix if and only if entries nja  for 

{ }1,,2,1 −∈ nj …  are in the following several cases: 
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(1) ;0== jnnj aa  

(2) ;1−== jnnj aa  

(3) ,1−=nja  and ,3,2 −−=jna  or ;4−  

(4) ,2−== jnnj aa  

(5) not all entries are 0. 

Besides, we provide the upper and lower bounds of dimensions of 

generalized Cartan matrices. The bounds are varied and specific to the 

type of the generalized Cartan matrices. Specifically, we provide 

examples to prove the supremum and infimum dimensions of compact 

and non-compact 3N  type generalized Cartan matrices. These results 

will help us to construct the generalized Cartan matrices and better 

understand the higher dimension generalized Cartan matrices. 

1.3. Structure of the paper 

In Section 2, we provide basic definitions of generalized Cartan 

matrices and the corresponding diagrams. In Section 3, we describe the 

general methods for constructing new types of generalized Cartan 

matrices. In Section 4, we discuss the upper and lower bounds of the 

dimensions of kN  type generalized Cartan matrices. Specifically, we 

provide the supremum of dimensions of compact and non-compact 3N  

type generalized Cartan matrices. 

2. Definition 

A matrix ( )
ℓ≤≤= jiijaA ,1  is a generalized Cartan matrix, if it 

satisfies the following conditions: 

(1) the entries of A  are integers; 

(2) ;2=iia  
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(3) ;,0 jiaij ≠<  

(4) 0=ija  then .0=jia  

Correspondingly, for a generalized Cartan matrix ,A  a Dynkin diagram 

( )EVD ,=  can be constructed. The set of vertices { ,,1 ⋯vV = }ℓv  

corresponds to the columns (or rows) of ,A  and the set of edges ijE  

between iv  and jv  depends on the entries ,ija  and jia  of .A  The edges 

between iv  and jv  can be characterized as follows: 

(1) No edge: if ;0== jiij aa  

(2) Single edge: if ;1−== jiij aa  

(3) Directed arrow with double, triple or quadruple edges (asymmetric): 

if ,1−=ija  and ,3,2 −−=jia  or ;4−  

(4) Double edges with double-headed arrow (symmetric): if =ija  

;2−=jia  

(5) Labelled edge (symmetric or asymmetric): if it is none of the above 

types, and ,, baaa jiij −=−=  where ., +∈ Zba  

Meanwhile we define the multiplicity as ( ) .:,mult jiij aaji =  

Based on the research done on the generalized Cartan matrices, they 

are classified into finite, affine, indefinite types. Furthermore, we can 

separate hyperbolic type out of the indefinite type of generalized Cartan 

matrices. 

Definition 2.1. Let A  is a real nn ×  generalized Cartan matrix. Then 

one and only one of the following possibilities hold for both A  and :tA  

(1) Finite ;0det ≠A  there exists 0>u  such that 0;0 >> AuAu  

implies 0>u  or ;0=u  
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(2) Affine, corank ;1=A  there exists 0>u  such that ;0=Au  

0≥Au  implies ;0=Au  

(3) Indefinite, there exists 0>u  such that 0,0;0 ≥≥< uAuAu  

implies ;0=u  

(4) Hyperbolic, D  is neither of finite nor affine type, but every proper 

connected sub diagram is either of finite or of affine type. 

In the definition, the notation 0>Au  means that every entry in Au  

is larger than 0,0 =Au  means that every entry in Au  is 0, and 0<Au  

means that every entry in Au  is smaller than 0,0,0.0 <=> uuu  are 

similar. 

The definitions of finite, affine and indefinite Kac-Moody algebra 

follow from ([3], Theorem 4.3) which is equivalent. 

From the perspective of root decomposition, we only focus on the 

symmetrizable indecomposable indefinite generalized Cartan matrix in 

this paper. 

For a generalized Cartan matrix A  to be indecomposable, A  cannot 

be written as a block diagonal matrix, ( )21 ,diag AAA =  up to reordering 

of the rows and columns, where 21, AA  are generalized Cartan matrices. 

Correspondingly, the diagram should be connected. 

Meanwhile, for a generalized Cartan matrix A  to be symmetrizable, there 

exist nonzero rational numbers ,,,1 ℓ… dd  where ( ),,,diag 1 ℓ… ddD =  

such that the matrix DA  is symmetric. The matrix DA  is called a 

symmetrization of .A  
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Now based on the definition of the symmetrisability, we have the 

following proposition. 

Proposition 2.2 (Proposition 2.2 in [1]). Let ( )
ℓ≤≤= jiijaA ,1  be a 

generalized Cartan matrix. Then A  is symmetrizable if and only if 
21iia  

kk iiiiiiiiii aaaaa
12312132

…… =  for each { } ≠≤∈ siii ,,,,1,,1 ℓℓ…… kk  

1+si  for s .mod k  

Now based on the finite, affine and indefinite types of generalized 

Cartan matrices, we use the idea of mathematical induction to further 

classify the indefinite type of generalized Cartan matrices. 

Following the definition of the hyperbolic type, we consider 

separating out other types of generalized Cartan matrices from the 

indefinite type. 

Definition 2.3. The set of generalized Cartan matrices of 0N  type is 

the set of the matrices of finite type. The set of generalized Cartan 

matrices of 1N  type is the set of the matrices of affine type. The set of 

generalized Cartan matrices of 2N  type is the set of the matrices of 

hyperbolic type. A matrix A  is called of kN  type, ,3≥k  if it contains at 

least one principal submatrix of 1−kN  type, and every other principal 

submatrix is of mN  type where .k<m  

Note that a hyperbolic generalized Cartan matrix is neither of finite 

nor affine type, but every proper connected submatrix is either of finite or 

of affine type. 

Corollary 2.4. A  generalized Cartan matrix A  is of type ,1, >kkN  

if A  is not of type mN  for all ,k<m  but every proper connected 

submatrix is of type mN ′  for some .0 k<′≥ m  
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Proof. The equivalence relation can be proved by mathematical 

induction on k  in .kN  Firstly, it is obvious that both definitions stand for 

the 3N  type. Now, we assume they are equivalent for kN  type where 

.3 Z∈< k  Then based on Definition 2.3 for 1+kN  type, if the generalized 

Cartan matrix A  has kN  type principal submatrices, then where 

,1+< km  we have A  is not of mN  type by alternate definition of mN  

type, where .1+< km  Since the second part of the two definitions are 

the same, we have the equivalence relation of the two definitions. 

Conversely, based on alternate definition for 1+kN  type, if 

generalized Cartan matrix A  is not of type mN  for all ,1+< km  then 

by Definition 2.3 of mN  type, where ,1+< km  we have A  is of some 

mN  type. Hence A  must contain some 1−kN  type principal submatrix. 

Therefore, two definitions are equivalent for 1+kN  type. Conclusively, the 

definitions are equivalent for all .3>k  � 

Now for a generalized Cartan matrix, we consider its dimension as 

the number of columns (or rows) of the matrix. We denote kN  type with 

dimension n as n,kN  type. Meanwhile, we define the principal 

submatrices of an n,kN  type generalized Cartan matrix as the 

submatrices of some type 
ii n,kN  type, where ., nnii << kk  

Due the fact that hyperbolic type generalized Cartan matrices does not 

necessarily contain affine type principal submatrices, we say a generalized 

Cartan matrix is of compact type if no principal submatrix is of affine 

type. 
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3. kN -Type Indefinite Kac-Moody Algebras 

In the section, we provide two ways of constructions for 1,1 ++ nNk  

type generalized Cartan matrices based on the nN ,k  type generalized 

Cartan matrices. 

3.1. Inductive method  

The key idea of the first construction is based on the idea of 

mathematical inductions. Before we introduce the construction and the 

proof to the feasibility, we give the following theorem which gives 

reference to why we can constructions based on a generalized Cartan 

matrix. 

Theorem 3.1. Given a ,2,, >kk nN  type generalized Cartan matrix ,A  

there exists some 1,1 −− nNk  type generalized Cartan matrices as principal 

submatrices. 

Proof. Let A  be an ,2,, ≥kk nN  type generalized Cartan matrix. By 

Definition 2.3, the matrix A  must contain some 1−kN  type principal 

submatrices. Let the dimension of the 1−kN  type principal submatrix to 

be some .+∈ Zℓ  If ,1−< nℓ  then adding one more dimension to the 

matrix gives a generalized Cartan matrix containing 1−kN  type 

generalized Cartan matrices as principal submatrices. By Corollary 2.4, 

the new generalized Cartan matrix must be of type ,1,1 ++− ℓmNk  where 

1≥m  and 1>m  if and only if there are principal submatrices of type 

higher than .1−kN  This contradicts to Definition 2.3 of kN  type 

generalized Cartan matrix. Hence the 1−kN  type principal submatrices 

can only have dimension .1−n  � 

The proof of Theorem 3.1 also gives proof to the following corollary. 
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Corollary 3.2. For a ,2,, ≥kk nN  type generalized Cartan matrix, 

the 1−kN  type principal submatrices have dimension at least .1−n  

This is important since it helps to verify the matrices constructed. 

Because all nN ,k  type generalized Cartan matrices can be 

constructed based on 1,1 −− nNk  type generalized Cartan matrices, we 

consider the algorithm constructing 1,1 ++ nNk  type generalized Cartan 

matrix as adding one more dimension on an nN ,k  type generalized 

Cartan matrix as following theorem: 

Theorem 3.3. For a ,2,,1 ≥− nN nn  type generalized Cartan matrix, 

by adding one more dimension, we can obtain an 1, +nnN  type generalized 

Cartan matrix if and only if entries nja  for { }1,,2,1 −∈ nj …  are in the 

following several cases: 

(1) ;0== jnnj aa  

(2) ;1−== jnnj aa  

(3) ,1−=nja  and ,3,2 −−=jna  or ;4−  

(4) ;2−== jnnj aa  

(5) not all entries are 0. 

Proof. Note that jnnj aa ,  forms an 2,2N  type principal submatrix if 

and only if it does not satisfy the above 4 cases. Assuming there is some 

1, +nnN  type generalized Cartan matrix with a 2,2N  type principal 

submatrix, then adding one more dimension by Definition 2.3 would give 

an 3,3N  type. Subsequently, by repeating the same process we can only 

get an 1,1 ++ nnN  type. This is contradictory to our assumption of an 
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1, +nnN  type generalized Cartan matrix. Hence all the dimension 2 

principal submatrices are either of finite or affine type. So the forward 

statement is true. 

Conversely, by adding one more dimension following the 

requirements, all the dimension 2 principal submatrices are either of 

finite type or affine type. The generalized Cartan matrix can not be of 

1,1 +− nnN  type by Corollary 2.4, since if it contains an nnN ,1−  type 

principal submatrix. By Theorem 3.1, the 1, +nNk  type, ,n>k  

generalized Cartan matrix would contain an nN ,1−k  type principal 

submatrix. Repeating the same process, the 1, +nNk  type generalized 

Cartan matrix contains an 2,2N  type principal submatrix. This is 

contradictory to the fact that all principal submatrices are of finite or 

affine type. So it can not be of ,1, +nNk  for some n>k  type. Hence the 

new generalized Cartan matrix can only be of 1, +nnN  type. So the 

backward statement is true. � 

Observing the above ways of construction, we have the following 

corollary. 

Corollary 3.4. Given a generalized Cartan matrix A  of type ,, a+kkN  

2≥k  and ,+
∈ Za  all principal submatrices of A  with dimension 

smaller than 1+a  are finite. The lowest dimension for the principal 

submatrices of hyperbolic type is .2+a  

Proof. We prove the corollary by inductions on ,k  a in ., a+kkN  When 

,1,2 == ak  the statement is true by Theorem 3.3. 
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We assume the statement is true for ,2≥= nk  a as some constant. 

Now we consider .1+= nk  We know the 1,1 +++ annN  type generalized 

Cartan matrices contain an annN +,  type principal submatrix by Theorem 

3.1. Furthermore, by Corollary 3.2, we have that the lowest dimension of 

the nN  type generalized Cartan matrices is .an +  Hence by the 

inductive definition, principal submatrices with dimension smaller than 

1+a  are finite. The lowest dimension for the principal submatrices of 

hyperbolic type is .2+a  Therefore the statement is true for .1+= nk  

By mathematical induction, it is true for all 2≥k  with fixed a. 

We assume the statement is true for .0,2 >=≥= mank  Now we 

consider 1, ++mnnN  type generalized Cartan matrices when .1+= ma  

By Theorem 3.1, the 1, ++mnnN  type generalized Cartan matrix would 

contain an mnnN +− ,1  type principal submatrix. Repeating the same 

process, the 1, ++mnnN  type generalized Cartan matrix contains an 

21,2 +−++ nnmN  type principal submatrix where 321 +=+−++ mnnm  

.2+= a  By Corollary 2.4, the principal submatrices with dimension 

smaller than 2+m  are either of affine or finite type. If the hyperbolic 

type is compact, the principal submatrices with dimension smaller than 

2+m  are of finite type. If it is non-compact, then Theorem 3.1 gives the 

result that affine type principal submatrices can only have dimension 

.1+a  So principal submatrices with dimension smaller than 1+a  are 

always finite. Therefore the statement is true for .1+= ma  By 

mathematical induction, it is true for positive integer a. 

Hence the corollary is true for all 2≥k  and .+∈ Za  � 

 



ON A CLASS OF INDEFINITE KAC-MOODY ALGEBRAS 13 

Furthermore by Theorem 3.1, each ,2,, >kk nN  type generalized 

Cartan matrix has some 1,1 −− nNk  type principal submatrices. Hence 

every nN ,k  type generalized Cartan matrix can be obtained by adding 

one more dimension to an 1,1 −− nNk  type generalized Cartan matrix. We will 

discuss the ways of adding dimensions by giving examples in Section 4. 

However, one drawback of the above algorithm is that we have to 

check the symmetrizability of the generalized Cartan matrices 

constructed. It could be troublesome. Hence we have the modified 

algorithm which ensures the symmetrizability of the generalized Cartan 

matrix constructed. 

3.2. Modified method 

Before the construction, we prove the following lemma about the 

symmetrizability. 

Proposition 3.5. For a generalized Cartan matrix ,A  it is 

symmetrizable if and only if each principal submatrix is symmetrizable. 

Proof. For a generalized Cartan matrix ( ) ,,1 ℓ≤≤= jiijaA  proving 

being symmetrizable is equivalent to proving 

,
1231213221 mm

aaaaaa kkkkkkkkkkkk …… =  

for any chosen positive integer ,ℓ≤m  where { } ≠∈ sm kkk ,,,1,,1 ℓ……  

1+sk  for s mod m. 

If .1−= ℓm  Let n be a positive integer such that .ℓ≤n  We remove 

the n-th column and the n-th row, and obtain the submatrix ( ),ijn aA =′  

where { } { }.,,3,2,1, nji nn ℓ…∈  Applying Proposition 2.2, we get 

,
11121121 −− ′′′′′′′′ =

ℓℓ
…… kkkkkkkk aaaa  

where { } { } 111 ,,,1,, +− ′≠′∈′′ ssn kkkk ℓ…… ℓ  for s .1mod −ℓ  For each 

positive integer n, we obtain a principal submatrix which will give us a 
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similar equation as above. We time up all the right hand side and left 

hand side of all the equalities obtained from each principal submatrix. We 

have 

( )( ) ( )( )
.

11
1231213221

−−
=

ℓℓ

ℓℓ
…… kkkkkkkkkkkk aaaaaa  

By Definition 2.1, we know that a ,0≤
ji

a kk  if .ji ≠  Therefore the left 

and right hand sides are both positive, negative or zero. By ( ) th-1−ℓ  root 

on each side, we obtain 

.
1231213221 ℓℓ

…… kkkkkkkkkkkk aaaaaa =  

Similarly we can obtain the equations for other chosen m. Therefore, the 

generalized Cartan matrix is symmetrizable by Proposition 2.2. 

To prove the converse, if the ( )
ℓ≤≤= jiijaA ,1  is a symmetrizable 

generalized Cartan matrix, we can fix a positive integer .ℓ≤m  By 

Proposition 2.7, { } 11 ,,,,2,1,, +≠≤∈ ssm m kkkk ℓℓ……  for s mod m, 

we have 

.
1231213221 mm

aaaaaa kkkkkkkkkkkk …… =  

Therefore each principal submatrix is symmetrizable.  � 

By the above statement, we can now ensure the symmetrizability of 

the newly constructed generalized Cartan matrix by simply ensuring that 

each principal submatrix is symmetrizable. Therefore, we can have the 

following construction. 

Construction 3.6. Based on an a+kkN ,  type Cartan matrix ,2, ≥kA  

,1≥a  we can obtain an 1,1 +++ aN kk  Cartan matrix by the following 

steps: 

(1) Write out the symmetrisation of ;ADA ′=  

(2) Add one more column and row into ;D  
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(3) Consider possible ways of putting entries into .A  

To show how it works, we give an example following the construction 

of generalized Cartan matrices using the above algorithm. 

Example 3.7. We consider the following 4,2N  type generalized 

Cartan matrix ,2A  

.

2201

1210

0121

1022

2























−−

−−

−−

−−

=A  

 

This matrix 2A  is symmetrizable, and the diagonal matrix is ,2D  

.

1000

0200

0020

0001

2























=D  

By Corollary 3.4, all the dimension 2 principal submatrix should be of 

2,0N  type. Therefore with the new entry 5d  added in ,2D  we have 

{ }31,21,3,2,1∈= ijji Edd  or ,0=ijE  where each one is in 

representation of the possible value of 2112 aa  in the 2,0N  type 

generalized Cartan matrix. 

So we have the following requirements: 

(1) When 5d  is 2, we have 

( ) ( ) ( ) ( ){ },0,0,2,1,,, 45541551 −−∈aaaa  

( ) ( ) ( ) ( ){ },1,1,0,0,,, 25523553 −−∈aaaa  
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(2) When 5d  is 1, we have 

( ) ( ) ( ) ( ){ },0,0,1,1,,, 45541551 −−∈aaaa  

( ) ( ) ( ) ( ){ },1,2,0,0,,, 35532552 −−∈aaaa  

(3) When ,35 =d  we have 255335 ,, aaa  and 52a  to be 0, and 

( ) ( ) ( ) ( ){ },0,0,3,1,,, 15514554 −−∈aaaa  

(4) When 5d  is 6, we have 

( ) ( ) ( ){ } ( ) ( ) ( ){ },3,1,,,,0,0,,, 2552355345541551 −−∈∈ aaaaaaaa  

(5) When 5d  is ,21  we have 

( ) ( ) ( ) ( ){ },0,0,1,2,,, 35532552 −−∈aaaa  

( ) ( ) ( ) ( ){ },1,1,0,0,,, 45541551 −−∈aaaa  

(6) When ,314 =d  then it forces the entries 255335 ,, aaa  and 52a  

to be 0, and 

( ) ( ) ( ) ( ){ }.0,0,1,3,,, 15514554 −−∈aaaa  

The matrices satisfying all the conditions above are the 5,3N  type 

generalized Cartan matrices constructed based on .2A  

In Construction 3.6, we observe that there are some rules in adding 

the entries. This helps to save the time of constructions. The first rule is 

as followed: For a generalized Cartan matrix ( ),ijaA =  with the 

symmetrization ( ).diag, idDDA =  Then either ,0=ija  or ( ),ijij dda ⋅= k  

for some .Z∈k  
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We know that the matrix ( )ijaDA ′=  is symmetric, which implies 

.jijiji adad =  The first rule can be proved by considering the following 

two situations. If ,0≠a  we have .0≠= jijiji adad  Therefore we have 

( ) ., jiijjiij addaa == k  This finishes the proof. 

As for the second rule, it also consider the entries in the special case 

of when 1+ℓd  are not both 1: For a generalized Cartan matrix ,A  with the 

symmetrization .DA  If ( ) { },,,2,1,diag ℓ…∈= idD i  and the new entry 

to D  is .1+ℓd  Then if ( ) ,1, 1 =+ℓddi  and ,id  for { } 1,,,2,1 +∈ ℓℓ… di  are 

not both 1, we have 01,,1 == ++ ℓℓ ii aa  or ii dba ⋅=+1, ℓ  and ⋅=+ ca i,1ℓ  

1+ℓd  for some ., Z∈cb  

To prove the second rules, we mainly consider when 0,1 ≠+ iaℓ  since 

if ,0,1 =+ iaℓ  the conclusion is trivial. So we assume that .0,1 ≠+ iaℓ  

With the same calculation as in the rules concluded from Construction 

3.6, we have ( )11,,1 +++ = ℓℓℓ ddaa iii  which is an integer. Since id  and 

1+ℓd  are coprime, we have 1,1 ++ ⋅= ℓℓ dba i  for some integer b. The same 

calculation holds for .1, +ℓia  

4. Boundedness of Dimensions of kN  Type 

Generalized Cartan Matrices 

In this section, we mainly discuss the maximum and minimum 

dimensions of generalized Cartan matrices. To begin with, we give the 

observation of the existence of such maximum and minimum dimensions. 

4.1. General case 

Lemma 4.1. The maximum dimension for an ,2, ≥kkN  type 

generalized Cartan matrices is at most .8 k+  
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Proof. We prove the lemma by mathematical induction on k  in the 

kN  type generalized Cartan matrices. 

The maximum dimension for hyperbolic type generalized Cartan 

matrices is 10. So the statement is true for .2=k  

Now we assume the maximum dimension for nN  type is ,8 n+  for 

some ,2≥n  and we consider the case when .1+= nk  By Theorem 3.1, 

all the 1+nN  type generalized Cartan matrices can be obtained by adding 

one more dimension on some nN  type generalized Cartan matrices. 

Therefore, the maximum dimension for 1+nN  type generalized Cartan 

matrices is at most ( ).18 ++ n  So the statement is true for .1+= nk  

By mathematical induction, we know that the statement is true for all 

positive integer .1>k  � 

As for the existence of the minimum dimension for the generalized 

Cartan matrices, it is obvious since dimensions can only be positive 

integers. 

Proposition 4.2. The minimum dimension of ,2, ≥kkN  type generalized 

Cartan matrices is .k  

Proof. We prove the proposition by mathematical induction on k  in 

the kN  type generalized Cartan matrices. 

The minimum dimension for hyperbolic type generalized Cartan 

matrices is 2. So the statement is true for .2=k  

Now we assume the minimum dimension for nN  type generalized 

Cartan matrices is n, for some ,2≥n  and we consider the case when 

.1+= nk  By the Theorem 3.1 in Section 3, all 1+nN  type generalized 

Cartan matrices can be obtained by adding one more dimension on nN  

type generalized Cartan matrices. So the minimum dimension for 1+nN  

type generalized Cartan matrices is at least .1+n  If by adding one more 
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dimension, we obtain an 1, ++ nnN ℓ  type generalized Cartan matrix, 

where .1>ℓ  Then by Theorem 3.1, there exists an 1,1 +−+ nnN ℓ  type 

principal submatrix, and an nnN ,1−+ℓ  type generalized Cartan matrix 

contain a 1,2 −−+ nnN ℓ  type principal submatrix. Repeatedly, we have the 

1, ++ nnN ℓ  type generalized Cartan matrix contains an ℓ−+1, nnN  type 

principal submatrix, where 1>ℓ  and .1 nn <−+ ℓ  This contradicts to 

our assumption that minimum dimension for nN  type generalized 

Cartan matrices is n. Therefore the minimum dimension is 1+n  for 

.1+= nk  

By mathematical induction, we know that the statement is true for all 

positive integer .1>k  � 

Now before we begin our discussion about the more specific maximum 

dimension of the generalized Cartan matrices, we consider one 

observation important in the following discussions. 

Proposition 4.3. If we can obtain an nN ′′,k  generalized Cartan matrix 

( )ijaA ′=′  from some nN ,k  generalized Cartan matrix ( )ijaA ′=  by 

exchanging columns and rows, then ., nn ′=′= kk  

Proof. Since exchanging columns or rows do not change the number 

of dimensions the matrix has, to obtain A′  from nA,  must equal to .n′  

Based on Definition 2.1, we have the type of a generalized Cartan 

matrices is related to its possible products with column matrices. Without 

loss of generality, we consider ,
1

iij

n

i

va∑
=

 which is the product of ( )ijaA =  

with some matrix having the i-th column vectors as .iv  Then when 

exchanging rows ai  and bi  in ,A  we can exchange av  and bv  to give 

same sum. When exchanging the columns aj  and bj  in ,A  we have the 

sum remain the same. Therefore .kk ′=  
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4.2. Maximal dimension of 3N -type generalized Cartan matrices 

In Subsection 4.1, we study the upper bound and lower bound of 

dimensions of kN  type generalized Cartan matrices, in which the 

minimum plays as infimum for all kN  type generalized Cartan matrices. 

So in this subsection, we study the supremum of dimensions in the case of 

compact and non-compact 3N  type separately. We do this through 

Construction 3.6 on the principal submatrices starting from the highest-

dimension ones. 

We introduce the notations for the principal submatrices as follows. 

Given an nN ,2  type matrix ,A  let A′  be a principal submatrix of 

dimension .1−n  We add one more row and column to A  and get a new 

matrix .1A  Then, the principal submatrix A′  will give us a dimension n 

submatrix .1A′  We will construct 3N -type generalized Cartan matrix 

with respect to the matrix A  and .A′  We will use the notation ( )AA ′,  as 

the starting point. 

Now by Theorem 3.1, all nN ,3  type generalized Cartan matrix would 

contain an 1,2 −nN  type principal submatrix. Conversely, all nN ,3  type 

generalized Cartan matrices can be constructed from an 1,2 −nN  type 

generalized Cartan matrix following Construction 3.6. By adding a 

dimension to ,A  we also add a dimension to .A′  Note that the type of A′  

could only be finite or affine. It means that constructing a nN ,3  type 

generalized Cartan matrix 1A  from A  is equivalent to construct a 

hyperbolic matrix 1A′  from .A′  Therefore, we can construct all nN ,3  type 

generalized Cartan matrices with a careful discussion of the principal 

submatrix .A′  
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Before entering the discussion about the principal submatrices, we 

first introduce the notations. By ( ) 0=jiij aa  where jiij aa ,  are entries 

in some generalized Cartan matrix A, we mean .0== jiij aa  Let 

210 ,, hhhH  be the hyperbolic generalized Cartan matrix, which is 

corresponding matrix of dimension 2h  and in the th-1h  row of Table 0h  

in [4, Table 1, page 3759; Table 2, page 3762]. Since the type of principal 

submatrix may be finite or affine, for those we follow the notations of the 

corresponding generalized Cartan matrices for diagrams in [3, Chapter 4: 

Table aff1, Table aff2, Table aff3, Table fin]. For example, ( )23,2,1 , BH  is 

the hyperbolic matrix with principal submatrix 2B  

.
23

12
,

210

323

012

23,2,1












−

−
=



















−

−−

−

= BH  

We divide the discussion into two cases: the compact 3N  type and 

non-compact 3N  type generalized Cartan matrices. For each case, we 

initiate by choosing the hyperbolic type generalized Cartan matrices with 

highest dimension in that type and considering all the possible ways of 

adding a column and a row to obtain 3N  type generalized Cartan 

matrices. 

We first consider the compact case. We will show that the maximal 

dimension is 5 by constructing an 3N  type matrix 1A  with dimension 5. 

As discussed above, we first take a pair ( ),, 34,4,1 BH  where 

.

220

121

012

,

2201

1210

0121

1022

34,4,1



















−

−−

−

=























−−

−−

−−

−−

= BH  
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We start with the principal submatrix ,3BA =′  and we will add one row 

and column to construct a new generalized Cartan matrix ,1A′  which is 

considered as a principal submatrix of the expected 3N  type matrix .1A  

Note that the type of 1A′  could only be compact hyperbolic type or finite 

type by Corollary 2.4. Therefore, the possible choices of 1A′  are 4B  and 

.4F  Take ,41 BA =′  we have 

.

2200

1210

0121

0012

4























−

−−

−−

−

=B  

And we can let the ( ) ,01,44,1 =aa  then we have the matrix 

.

20100

02201

11210

00121

01022

1



























−

−−

−−−

−−

−−

=A  

The matrix 1A  is not of affine, finite nor hyperbolic type, but it has a 

dimension 4 hyperbolic type principal submatrix and contains no affine 

type principal submatrices. So the maximum dimension of compact 5,3N  

type generalized Cartan matrices is 5. 

As for non-compact cases, we will see that the maximal dimension of 

3N  type cannot be 11. The approach is that we choose all hyperbolic type 

matrices with dimension 10 and try to construct new type 3N  type 

matrix with dimension 11 with respect to the rule in Corollary 2.4. 

Subsequently, we will also show that 10 is the supremum by giving 

examples of 3N  type generalized Cartan matrices of dimension 10. 
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To begin with, we consider ( )., 1
910,79,2 BH  

=10,79,2H  

,

2100000000

2210000000

0121000000

0012100000

0001210000

0000120100

0000002100

0000011210

0000000121

0000000012















































−

−−

−−

−−

−−

−−

−

−−−

−−

−

 

.

210000000

221000000

012100000

001210000

000121000

000012100

000001210

000000121

000000012

1
9











































−

−−

−−

−−

−−

−−

−−

−−

−

=B  

We look at the principal submatrix .1
9B  Since only hyperbolic type can 

have the affine type generalized Cartan matrices as principal submatrices 

while contained in an 3N  type generalized Cartan matrices by Corollary 

2.4, we only consider hyperbolic types. In the list of dimension 10 

hyperbolic type generalized Cartan matrices, none contains it except 
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.10,79,2H  If 12,1111,2 −== aa  in ,1
9B  then notwithstanding what 11,1a  

and 1,11a  are, there would be a hyperbolic type principal submatrix with 

dimension smaller than 10. So 0,1111, == ii aa  for { ,6,5,4,3,2,1∈i  

}9,8,7  in .1
9B  Now we think about the value of 11,1a  and .1,11a  All 

dimension 2 principal submatrices should be affine or finite by Corollary 

2.4. If it is not 0, it is obvious that there would be an affine type like ,1
8E  

,,, 2
6

1
1

2
2 AAA  or 1

6B  with dimension smaller than 10. By Corollary 2.4, it 

is impossible. Hence there are no .1
11B  
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Now we consider the case of ( ),, 1
910,78,2 DH  where 

=10,78,2H  

,

2100000000

1211000000

0120000000

0102100000

0001210000

0000120100

0000002100

0000011210

0000000121

0000000012















































−

−−−

−

−−

−−

−−

−

−−−

−−

−

 

.

210000000

121100000

012000000

010210000

000121000

000012100

000001210

000000121

000000012

1
9











































−

−−−

−

−−

−−

−−

−−

−−

−

=D  
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We look at the principal submatrix .1
9D  In the list of dimension 9 hyperbolic 

type generalized Cartan matrices, none contains it except itself. If 

12,1111,2 −== aa  in ,1
9D  then notwithstanding what ( )1,1111,1 aa  is, 

there would be a hyperbolic type principal submatrices with dimension smaller 

than 10. So 0,1111, == ii aa  for { ,6,5,4,3,2,1∈i  }9,8,7  in .1
9D  Now 

we think about the value of 11,1a  and .1,11a  All dimension 2 principal 

submatrices should be affine or finite by Corollary 2.4. If it is not 0, it is 

obvious that there would be an affine type like ,,,, 2
6

1
1

2
2

1
8 AAAE  or 1

6B  

with dimension smaller than 10. By Corollary 2.4, it is impossible. 
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Now we consider the case of ( ),, 1
910,77,2 EH  where 

=10,77,2H  

,

2100000000

1201000000

0021000000

0112100000

0001210000

0000121000

0000012100

0000001210

0000000121

0000000012















































−

−−

−

−−−

−−

−−

−−

−−

−−

−

 

.

210000000

120100000

002100000

011210000

000121000

000012100

000001210

000000121

000000012

1
9











































−

−−

−

−−−

−−

−−

−−

−−

−

=E  
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We look at the principal submatrix .1
9E  In the list of dimension 9 

hyperbolic type generalized Cartan matrices, none contains 1
9E  except 

.10,77,2H  If 12,1111,2 −== aa  in ,1
9E  then notwithstanding what 11,1a  

and 1,11a  are, there would be a hyperbolic type principal submatrix with 

dimension smaller than 10. So 0,1111, == ii aa  for { ,6,5,4,3,2,1∈i  

}9,8,7  in .1
9E  Now we think about the value of 11,1a  and .1,11a  All 

dimension 2 principal submatrices should be affine or finite by Corollary 

2.4. If it is not 0, it is obvious that there would be an affine type like 

,,,, 2
10

1
1

2
2

1
8 AAAE  or 1

10B  with dimension smaller than 10. By Corollary 

2.4, it is impossible. In conclusion, there are no 11,3N  type generalized 

Cartan matrices. 

Now we will show that the supremum is 10. We will start with the 

pair ( ),, 1
79,74,2 EH  and construct an 3N  type generalized Cartan matrix 

1A  such that the matrix 9,74,2H  is a principal submatrix of .1A  The 

matrices 1
79,74,2 , EH  are shown as follows: 

 

 

 



ON A CLASS OF INDEFINITE KAC-MOODY ALGEBRAS 29 

=9,74,2H ,

210000000

121000000

012100000

001201000

000021000

000112100

000001210

000000121

000000012











































−

−−

−−

−−

−

−−−

−−

−−

−

 

.

21000000

12100000

01210000

00120100

00002100

00011210

00000121

00000012

1
7







































−

−−

−−

−−

−

−−−

−−

−

=E  
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To begin with, we consider in hyperbolic type generalized Cartan 

matrices, 1
7E  is only contained in .9,74,2H  After adding one row and 

column, the possible affine type generalized Cartan matrices are ,, 1
7

1 EBℓ  

,,, 2
12

1
9

1
6 −ℓAEE  and .2

1+ℓD  To avoid having affine type principal 

submatrices of dimension smaller than 8, we take ,19,1010,9 −== aa  

and 0,1010, == ii aa  for { }.9,8,7,6,5,4,3,2,1∈i  Subsequently, we 

can have the following generalized Cartan matrix with dimension 10. It is 

not affine, finite or hyperbolic, but every principal submatrix is either 

affine, finite or hyperbolic. More specifically, the highest dimension for 

affine type principal submatrices is 8 and the dimension for hyperbolic 

type principal submatrix is 9. Therefore, the matrix we constructed from 

9,74,2H  is an 3N  type generalized Cartan matrix of dimension 10 as 

follows: 

.

2100000000

1210000000

0121000000

0012100000

0001201000

0000021000

0000112100

0000001210

0000000121

0000000012















































−

−−

−−

−−

−−

−

−−−

−−

−−

−
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