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Abstract

We study the mutual multifractal spectrum of orthogonal projections of a

couple of measures (U, ~) having a finite s-energy for some 1 < m < s < n.
1. Introduction and Preliminaries

Recently the projection behaviour of dimensions and multifractal
spectra of measures has generated an interest in the mathematical
literature [8, 18-23, 25-28, 34, 39, 41, 43, 45]. This is connected to the

question of the relationship between the Hausdorff and packing
dimensions of a subset of R"” or a Borel probability measure and that
of its orthogonal projections onto an m-dimensional subspace. The

fundamental result on projections concerns Hausdorff dimensions:
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the projection of an analytic subset E of R" onto almost all
m-dimensional subspaces has a Hausdorff dimension equal to

min (m, dimg (E)), where dimg(E) denotes the Hausdorff dimension of

E. This was proved by Marstrand [30], also in [29], Kaufman employed
potential theoretic methods in order to prove Marstrand result’s, which
has been generalized later by Mattila in [31] and Hu and Taylor [26]. The
behaviour of the packing dimension under projections is not as
straightforward as that of the Hausdorff dimension. While the Hausdorff
dimension of a set or a measure is preserved under almost all projections,
its packing dimension may decrease for almost all of them [21, 22]. O’'Neil
and Selmi [34, 44] compared the generalized Hausdorff and packing
dimensions of a set E of R"” with respect to a measure p with those of
projections onto m-dimensional subspaces. The results of O’Neil were
later generalized by Selmi et al. in [18, 41, 43]. In [19, 20, 45], the authors
studied the mutual multifractal analysis (see [32, 46-49]) of the
orthogonal projections on m-dimensional linear subspaces, more

specifically, they investigated the relationship between f ,(o, B) and

fMV, vy (o, B), where
fu,y(Oc, B) = dimK(E“’V(a, B)),
x € supp ju [ supp v; limw -
r—0 log r
e log v(B(x, 1)) ’
and lim 2872w 1) _ g

and K € {H, P}, here dimp denotes the packing dimension. Recently,
there has been a great interest in this subject (the calculus of f, ,(a, B))
and positive results have been written in various situations in the
dynamic contexts [3-7, 37]. Lately, many authors focused on mutual

(mixed) multifractal spectra, see, for example, [1, 2, 9, 10, 12-17, 32, 33,
36, 38].
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As a continuity of these researches, we investigate the mutual
multifractal spectrum of orthogonal projections of a couple of measures

(1, ») having a finite s-energy (see (2.1) for the definition).

Casually, we briefly recall some basic definitions and facts which will

be repeatedly used in subsequent developments. For an arbitrary Borel

probability measures u and v on R", they introduced two three-
parameter families of measures, {’Pﬁ’ 27 q,t, S€ R} and
{Hﬁ:l, ;g t, s € R} based on certain generalizations of the Hausdorff

measure and of the packing measure. For g, ¢, se€ R, E c R" and § > 0,

we define

D (B (B (2r)%; (B; = Blx;

Pl 5(E) = supy 7 :

is a centered d-packing of E

and

PLLA(E) = %r;g ’Pﬁ:t”sa(E).

The mutual packing measure is then given by

PLLe(E) = éILIJfE P (E).

In a similar way, we define

048 () = D (B (B (21)%; (B = Blxi, 1)),
H ’I/SE :in i )

1s a centered 6-cover of E

and

ﬁﬁ:f}s(E) = sup HQ:V’,S(E).



74 BILEL SELMI

The mutual Hausdorff measure is defined by

HELS(E) = sup HELS(F).
c

The measures Hﬁ:f,’s and Pﬁjis and the pre-measure 53:5}8 assign, in
the usual way, a mutual multifractal dimension to each subset E of R”.
They are respectively denoted by dimﬁjty(E), Dimﬁ:f,(E), and Ajﬂ’,ty(E)

(see [46, 48]). More precisely, we have

bOL(E) = inflse R, HILLY(E) =0},
BYL(E) = inflseR, PLL(E) =0}
ALL(E) = inf{se R, PLL(E) = of

It is clear that
,t Jt Jt
bf{,l,(E) < BS,V(E) < A‘{L,I,(E).

Next we define the mutual multifractal dimension functions b, ,, By

sV

and Ay, : R2 - [—oo, +o0] by
by, : (q,t) = b} (supp p N supp v),
By, ¢ (q.t) > B} (supp u N supp »),
Ay ¢ (g, t) > ALY (supp p N supp v).
Remark 1.1.

(1) The measure Hﬁjis 1s a multifractal generalisation of the centered
Hausdorff measure, whereas Pﬁ:f,’s is a multifractal generalisation of the

packing measure. In fact, it is easily seen that if s > 0, then HB: 8’8 =H*
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and 7)8: 8’8 = P?, where H® denotes the s-dimensional centered Hausdorff
measure and P°® denotes the s-dimensional packing measure (see [35] for

more information on H* and P*).

(2) In the special case where ¢ = 0 or ¢ = 0, the mutual multifractal

spectra is strictly related to Olsen’s multifractal formalism [35].

(83) The mutual multifractal spectra represents the relative
multifractal analysis introduced by Cole [11] (see also [40, 42]) in the case
where s = 0.

2. The Main Results

We denote by G,, ,,, the Grassmannian manifold of all m-dimensional
linear subspaces of R" and v, , its orthogonally invariant Borel

probability measure. We write £” to denote n-dimensional Lebesgue

measure on any n-dimensional plane. We denote by my the orthogonal

projection onto a linear subspace V of R”. Now, for a Borel probability
measure U on R’ supported on the compact set supp p and for

V e G, , we define yy,, the projection of u onto Vby

uy(A) = u(ny' (4)) VA c V.

Since p has a compact support, supp Ly = Ty (supp ) for all V e Gn,m>

then for any continuous function f : V — R
[ fauy = [ £y @) du)

whenever these integrals exist. For s an integer with 1 < m < s < n, we

denote the s-energy of a measure U by

1,0 = [[lx = 31" dutx)duty). @.1)
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Frostman [24] showed that the Hausdorff dimension of a Borel subset

E of R" is the supremum of the positive reals s for which there exists a
Borel probability measure u charging E and for which the s-energy of 1

is finite. This characterization is used by Kaufman [29] and Mattila [31]
to prove their results on the preservation of the Hausdorff dimension. The
conditions : I;(u) is finite, implies that dimg (1) = s, on the other hand if
w(B(x, r)) < r® for all x and all sufficiently small r, then p has a finite
s-energy. Notice Mattila [31] proved that if I,,(u) is finite, then for

almost every m-dimensional subspaces V, measure uy is absolutely

continuous with respect to Lebesgue measure L} on V identified with

R™, where LB(E) = L™(ENV) for E ¢ R™, and puy e L2(V).
Throughout this paper, we suppose that u and v be two compactly

supported Borel probability measures with suppp = supprv = K. Our

main results are the following: in the next few results, we describe how if

the couple of measures (U, ) having a finite s-energy for some s > m,

then we may deduce a little more about the usual structure of the

projections of measures.

Theorem 2.1. Let 1<m <s<n, suppose that I (1)< and
I,(v) < . Then for almost every m-dimensional subspace V and all

t, q 21, we have
D If m < s <2m, then

m(]- - (q + t)) < b]J,v,I/V (Q7 t) < B]J.v,l/V (Q7 t) = A]J.v,l/V (Q7 t)
s(g +1) st sq
< max - m(2 - (q +1)), —E+m(1—q), —?+m(1—t) )

(2) If s = 2m, then
m(]- - (q + t)) = b]J.v,Z/V (Q7 t) = B]J.v,l/V (q’ t) = A]J.v,l/V (Q7 t)

<m(2-(q+1)).
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Definition 2.1. We say that two Borel measures @ and v are

equivalent and we write »fu if there exists ¢ > 1 such that for a Borel

set Ain R",

C_lu\_suppz/(A) <v(A)<c “\_suppz/(A)-

Theorem 2.2. Let 1 <m <s<n, we assume that I (1) <~ and

viL". Then for almost every m-dimensional subspace V and all

(g, t) € [1, +oo[ X R, we have
D) If m < s <2m, then

(a) For q 2 2m
2m —s

’n(1 - (q + t)) < b]J,v,I/V (q’ t) < B]J,v,I/V (Q7 t)

S
< Apy oy (@ 1) < - (7q + mt).

2m
2m —s

(b) For 1<q <

b].lv,l/V (Q7 t) = B]J.v,l/V (Q7 t) = A]J,v,I/V (q’ t) = m(]- - (q + t))
(2) If s = 2m, then

b].Lv,VV (q9 t) = B“V’VV (q9 t) = A“’V’I/V (q’ t) = m(]- - (q + t))
The symmetrical results are true as well.

Theorem 2.3. Let 1<m<s<n, we suppose that uiL" and

I,(v) < . Then for almost every m-dimensional subspace V and all

(g, t) € Rx[1, +oo[, we have
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(1) If m < s < 2m, then

2m
m-—s

>
(a) For t > 5
m(]- - (q + t)) < b,’LV’VV (q9 t) < BHV’VV (q’ t)

st
S Auy, oy (@ t) S - (3 + mqj.

2m
m-—s

(b)ForlStS2

b].Lv,VV (q9 t) = B“V’VV (q9 t) = A“’V’I/V (q’ t) = m(]- - (q + t))

(2) If s = 2m, then

b].lv,l/V (Q7 t) = B]J.v,l/V (Q7 t) = A]J,v,I/V (q’ t) = m(]- - (q + t))

Remark 2.1.

(1) We assume that pu and » be two Borel probability measures
having the same compact support with putL” and »4£". Then for all
m-dimensional subspace Vand all (¢, g) € R?, we have

b].l,v,l/v (q’ t) = BH’V’I/V (q’ t) = A“V’VV (q9 t) = m(l - (q + t)) (22)

(2) The results developed by O’Neil in [34] are obtained as a special

case of the mutual multifractal theorems by setting ¢ = 0 or £ = 0.

Example 2.1. The hypothesis supp i = supp v 1is sufficient to obtain

the conclusion (2.2). In fact, considering a special case where

(g, t) =(0,0), we can find two measures U and » such that

supp U < suppv and

b}lv,l/v (q’ t) < b]J.,I/(Q7 t) < ’n(1 - (q + t))
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Let C be the usual Cantor subset of [0, 1]. Also, let H® be the

normalized s = ﬁ%-dimensional Hausdorff measure on C and write

p=H?*x3d,
where 8, denotes the Dirac measure concentrated at 0 and
K = suppu = C x{0}.

Taking v to be the normalized 2-dimensional Lebesgue measure on a

ball with center at (0, 0) and radius equal to 2, it is clear that

supp L < supp v. We note that for any 1-dimensional subspace V of R2,

we have
by, (0, 0) = dim g (supp p) = dimg (K) = s,
and
buy, vy (0, 0) = dimp (supp puy ) = dimpg (Ky'),
where Ky, denotes the projection of K onto V. For V = {0} x R we have
Ky ={(0,0)}, whence

b 0,0) = dimp (Ky) = 0 < s = dimy (K) = , (0, 0) < 1.

oy
3. Proof of Main Results

Before proving the main results we need some preliminary results.
We begin by investigating the multifractal spectrum of a measure which

1s absolutely continuous with respect to Lebesgue measure.

Proposition 3.1. Suppose that | and v are absolutely continuous

with respect to Lebesgue measure on K. Then for q,t > 0

bp,y(q’ t) 2 n(]- - (q + t))
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Proof. Suppose that f > 0 is such that p = f£%. Then, as W(K) > 0
we can find a Borel set A ¢ K of positive Lebesgue measure and y; > 0
such that for all x € A, f(x) > y;. Similarly, we suppose the same for g,

i.e., there exist a Borel set B — K of positive Lebesgue measure and

Y9 > 0 such that for all x e B, g(x) > y9, where g >0 such that

v =gL%k. Let (B; = Blx;, 1;)); be a centered §-covering of K. For

s < n(l - (q +1t)), we obtain

t
ZM(Bi)qV(Bi ) (2r)° = 2° ZU& fdﬁnjq (JBi gd[,”j r

1

> 2°yvy > L"(AN B L"(BN By 7}
i
S S S
> 2% aln) n{vh ) sup{ﬁﬁ (B;)"™"", LB(B; )q+‘+;}
i

S S S
> ZSOC(n)—;Yi]YtZ sup {Ln(A)q+t+;, En(B)q+t+;}
> 0,

where a(n) denotes the Lebesgue measure of the unit ball in R”. Hence
Hﬁjf}s(K) >0 which implies that b, ,(q,t)>s and the inequality
follows.

Definition 3.1. For a measure @ on R"” we say, for p >1, that
ue LP(R™) if there is a function f € LP(R") such that fis the Radon-

Nikodym derivative of pu with respect to £" for p-a.e. x.
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Proposition 3.2. Fix pe [l, +oo|[. Suppose that n, v e LP(R").

Then for q, t > 1,

Ay, (g, t) < max {HW’ n(2—(q +1)),

n(@+1—q},n(¥+l—t}}.

Proof. Since p, v € LP(R"), there exists a compactly supported
function f (resp., g) on K such that f (resp., g) is the Radon-Nikodym

derivative of u (resp., ) with respect to £" for u (resp., v)-a.e. x.

We distinguish four different cases.

e Case 1l: For t,q > p > 1.

Let s> —n(q + t)ijl, d>0 and (B; = Blx;, 1;)); be a centered

d-packing of K. By using Hélder’s inequality, we obtain

D By (B (2

< ZZUB fdc"jq UB gdﬁ”}trf
< zSa(n)‘%Z ( I B’fd,c”Jq ( I B'gdﬁnjtﬁn(Bi)%

¢

c 2Su(n)_%z U gpd,c”j U gPdc? j;

i t(p-1)
« L7 (B; Y L™ (B;) q 5=

q L
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q v
< 2%@)‘%2“3 fpdznjp UB gpdc”jp

q

q z
< 230((”)—%2“'3' fpdﬁnjp ZUB' gpd/;njp

SIS

q
< 280@)‘%{2 J' R fde”Jp [ZJB gpdcnj

- 280@)‘%(] fpd[,”)%( J' gpdﬁn)% < o,

where o(n) denotes the Lebesgue measure of the unit ball in R”.
e Case2:For p>¢t>1and p=>q =>1.

Suppose that s > — n(g +¢t —2). Let 8§ > 0 and (B; = B(x;, r;)); be a
centered 6-packing of K. Then we find, on using Hélder’s inequality that
D By (B (2r)°

i
t

< 2320&01{ fd[,”jq ( J' . gdﬁ”] s

i

< 2Su(n)‘zz UBiﬂKffId[,nj (J‘Biﬂthdmj EnK(Bi)q”_ZJr%

i

< 2Sa(n)‘%ZUBinK fqdzn] ZUBMK gtdﬁn]

i

< % a(n)n UK chlc”j ( J' . gtdﬁnj < oo,

where o(n) denotes the Lebesgue measure of the unit ball in R”.
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e Case3:Fort>p=>q >1.

Fix s>—n(t(pp_1)+q—1),5>0 and (B; = Blx;, r;));

centered 8-packing of K. Holder’s inequality gives

ZM(Bi ) u(B; ) (2r;)°

2y (]

t
gdL™ j re

i

< 2soc(n)_%z (IBianqun] (JBiﬂKgpdﬁn]p

i

T e Sl
< ot 5[] avaer ) <=

1

where o(n) denotes the Lebesgue measure of the unit ball in R”.

be

83
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e Case 4: For ¢ > p >t 2 1. The proof of Case 4 is identical to the

proof of the above case and is therefore omitted.
Finally, we obtain ﬁ(ff,s(K) < oo which implies that A, ,(q, t) <s
and the result follows. a

We now describe conditions which ensure that a measure has
projections which are in L” for some p > 1.

Theorem 3.1 ([23]). Let 1 be a compactly supported Radon measure
on R"™. Let m<s<n and suppose that I, (1)< . Then uy is

absolutely continuous with respect to L3}, with uy € L2(V) for

Yn,m-almost all V e G,, p,.
Moreover, for almost every m-dimensional subspace V,

(1) If m<s<2m, then pye LP(V) for all p satisfying

2m
2m —s’

1<p<

(2) If 2m < s < n, then the Radon-Nikodym derivation of py with

respect to L} is bounded and essentially continuous.

Proof of Theorem 2.1. Since I (1) < « and I,(r) < =, it follows

from Theorem 3.1 that, for almost every m-dimensional subspace V,

(1) If m<s<2m, then puy,vy e LP(V) for all p satisfying

2m

1<p< .
p 2m — s

(2) If 2m < s < n, then the Radon-Nikodym derivation of wuy (vy/)

with respect to £{} is bounded and essentially continuous.

Finally, the desired result follows directly from Propositions 3.1 and 3.2.
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Proof of Theorems 2.2 and 2.3. All of the ideas required to prove

Theorems 2.2 and 2.3 can be found in the proof of Theorem 2.1.
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