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Abstract 

We study the mutual multifractal spectrum of orthogonal projections of a 

couple of measures ( )ν,µ  having a finite s-energy for some .1 nsm <≤≤  

1. Introduction and Preliminaries 

Recently the projection behaviour of dimensions and multifractal 

spectra of measures has generated an interest in the mathematical 

literature [8, 18-23, 25-28, 34, 39, 41, 43, 45]. This is connected to the 

question of the relationship between the Hausdorff and packing 

dimensions of a subset of n
R  or a Borel probability measure and that      

of its orthogonal projections onto an m-dimensional subspace. The 

fundamental result on projections concerns Hausdorff dimensions:         
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the projection of an analytic subset E of n
R  onto almost all                            

m-dimensional subspaces has a Hausdorff dimension equal to 

( )( ),dim,min Em H  where ( )EHdim  denotes the Hausdorff dimension of 

E. This was proved by Marstrand [30], also in [29], Kaufman employed 

potential theoretic methods in order to prove Marstrand result’s, which 

has been generalized later by Mattila in [31] and Hu and Taylor [26]. The 

behaviour of the packing dimension under projections is not as 

straightforward as that of the Hausdorff dimension. While the Hausdorff 

dimension of a set or a measure is preserved under almost all projections, 

its packing dimension may decrease for almost all of them [21, 22]. O’Neil 

and Selmi [34, 44] compared the generalized Hausdorff and packing 

dimensions of a set E of n
R  with respect to a measure µ  with those of 

projections onto m-dimensional subspaces. The results of O’Neil were 

later generalized by Selmi et al. in [18, 41, 43]. In [19, 20, 45], the authors 

studied the mutual multifractal analysis (see [32, 46-49]) of the 

orthogonal projections on m-dimensional linear subspaces, more 

specifically, they investigated the relationship between ( )βαµ ,, νf  and 

( ),,
,
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and { },, PHK ∈  here Pdim  denotes the packing dimension. Recently, 

there has been a great interest in this subject (the calculus of ( ))βαµ ,, νf  

and positive results have been written in various situations in the 

dynamic contexts [3-7, 37]. Lately, many authors focused on mutual 

(mixed) multifractal spectra, see, for example, [1, 2, 9, 10, 12-17, 32, 33, 

36, 38]. 
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As a continuity of these researches, we investigate the mutual 

multifractal spectrum of orthogonal projections of a couple of measures 

( )ν,µ  having a finite s-energy (see (2.1) for the definition). 

Casually, we briefly recall some basic definitions and facts which will 

be repeatedly used in subsequent developments. For an arbitrary Borel 

probability measures µ  and ν  on ,n
R  they introduced two three-

parameter families of measures, { }R∈µ stqstq ,,;,,
, νP  and 

{ }R∈µ stqstq ,,;,,
,νH  based on certain generalizations of the Hausdorff 

measure and of the packing measure. For nEstq RR ⊆∈ ,,,  and ,0>δ  

we define 
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The mutual packing measure is then given by 
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In a similar way, we define 
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The mutual Hausdorff measure is defined by 

( ) ( ).sup ,,
,

,,
, FE stq

EF

stq
νν µ

⊆
µ = HH  

The measures stq ,,
,νµH  and stq ,,

,νµP  and the pre-measure stq ,,
,νµP  assign, in 

the usual way, a mutual multifractal dimension to each subset E of .n
R  

They are respectively denoted by ( ) ( ),Dim,dim ,
,

,
, EE tqtq

νν µµ  and ( )Etq,
,νµ∆  

(see [46, 48]). More precisely, we have 

( ) ( ){ },0,inf ,,
,

,
, =∈= µµ EsEb stqtq

νν HR  

( ) ( ){ },0,inf ,,
,

,
, =∈= µµ EsEB stqtq
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( ) ( ){ }.0,inf ,,
,

,
, =∈=∆ µµ EsE stqtq
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It is clear that 

( ) ( ) ( ).,
,

,
,

,
, EEBEb tqtqtq

ννν µµµ ∆≤≤  

Next we define the mutual multifractal dimension functions νν ,, , µµ Bb  

and [ ]∞+∞−→Λµ ,: 2
, Rν  by 

( ) ( ),psuppsup,: ,
,, ννν ∩µ→ µµ
tqbtqb  

( ) ( ),psuppsup,: ,
,, ννν ∩µ→ µµ
tqBtqB  

( ) ( ).psuppsup,: ,
,, ννν ∩µ∆→Λ µµ
tqtq  

Remark 1.1. 

(1) The measure stq ,,
,νµH  is a multifractal generalisation of the centered 

Hausdorff measure, whereas stq ,,
,νµP  is a multifractal generalisation of the 

packing measure. In fact, it is easily seen that if ,0≥s  then ss HH =µ
,0,0

,ν  
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and ,,0,0
,

ss PP =µ ν  where sH  denotes the s-dimensional centered Hausdorff 

measure and sP  denotes the s-dimensional packing measure (see [35] for 

more information on sH  and ).sP  

(2) In the special case where 0=q  or ,0=t  the mutual multifractal 

spectra is strictly related to Olsen’s multifractal formalism [35]. 

(3) The mutual multifractal spectra represents the relative 

multifractal analysis introduced by Cole [11] (see also [40, 42]) in the case 

where .0=s  

2. The Main Results 

We denote by mnG ,  the Grassmannian manifold of all m-dimensional 

linear subspaces of n
R  and mn,γ  its orthogonally invariant Borel 

probability measure. We write nL  to denote n-dimensional Lebesgue 

measure on any n-dimensional plane. We denote by Vπ  the orthogonal 

projection onto a linear subspace V of .n
R  Now, for a Borel probability 

measure µ  on ,n
R  supported on the compact set µpsup  and for 

mnGV ,∈  we define ,Vµ  the projection of µ  onto V by  

( ) ( ( )) .1 VAAA VV ⊆∀πµ=µ −  

Since µ  has a compact support, ( )µπ=µ psuppsup VV  for all ,,mnGV ∈  

then for any continuous function R→−−Vf :  

( )( ) ( )xdxffd VV
V

µπ=µ ∫∫  

whenever these integrals exist. For s an integer with ,1 nsm <≤≤  we 

denote the s-energy of a measure µ  by 

( ) ( ) ( ).ydxdyxI
s

s µµ−=µ −

∫∫   (2.1) 
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Frostman [24] showed that the Hausdorff dimension of a Borel subset 

E of n
R  is the supremum of the positive reals s for which there exists a 

Borel probability measure µ  charging E and for which the s-energy of µ  

is finite. This characterization is used by Kaufman [29] and Mattila [31] 

to prove their results on the preservation of the Hausdorff dimension. The 

conditions ( )µsI:  is finite, implies that ( ) ,dim sH ≥µ  on the other hand if 

( )( ) srrxB ≤µ ,  for all x and all sufficiently small r, then µ  has a finite     

s-energy. Notice Mattila [31] proved that if ( )µmI  is finite, then for 

almost every m-dimensional subspaces V, measure Vµ  is absolutely 

continuous with respect to Lebesgue measure m
VL  on V identified with 

,m
R  where ( ) ( )VEE mm

V ∩LL =  for ,mE R⊂  and ( ).2 VLV ∈µ   

Throughout this paper, we suppose that µ  and ν  be two compactly 

supported Borel probability measures with .psuppsup K==µ ν  Our 

main results are the following: in the next few results, we describe how if 

the couple of measures ( )ν,µ  having a finite s-energy for some s > m, 

then we may deduce a little more about the usual structure of the 

projections of measures. 

Theorem 2.1. Let ,1 nsm <≤≤  suppose that ( ) ∞<µsI  and 

( ) .∞<νsI  Then for almost every m-dimensional subspace V and all 

,1, ≥qt  we have 

(1) If ,2msm <<  then 
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Definition 2.1. We say that two Borel measures µ  and ν  are 

equivalent and we write µ♯ν  if there exists 1>c  such that for a Borel 

set A in ,n
R  

( ) ( ) ( )
--

.psuppsup
1 AcAAc νν ν µ≤≤µ−  

Theorem 2.2. Let ,1 nsm <≤≤  we assume that ( ) ∞<µsI  and 

.n♯Lν  Then for almost every m-dimensional subspace V and all 

( ) [ [ ,,1, R×∞+∈tq  we have 
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( ) ( ) ( ) ( )( ).1,,, ,,, tqmtqtqBtqb
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(2) If ,2ms ≥  then 

( ) ( ) ( ) ( )( ).1,,, ,,, tqmtqtqBtqb
VVVVVV

+−=Λ== µµµ ννν  

The symmetrical results are true as well. 

Theorem 2.3. Let ,1 nsm <≤≤  we suppose that n♯Lµ  and 

( ) .∞<νsI  Then for almost every m-dimensional subspace V and all 

( ) [ [,,1, ∞+×∈ Rtq  we have  
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(1) If ,2msm <<  then 

(a) For 
sm

m
t

−
≥

2
2
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VVVV

,,1 ,, νν µµ ≤≤+−  

( ) .
2

,, 





 +−≤Λ≤ µ mq

st
tq

VV ν
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( ) ( ) ( ) ( )( ).1,,, ,,, tqmtqtqBtqb
VVVVVV

+−=Λ== µµµ ννν  

(2) If ,2ms ≥  then 

( ) ( ) ( ) ( )( ).1,,, ,,, tqmtqtqBtqb
VVVVVV

+−=Λ== µµµ ννν  

Remark 2.1. 

(1) We assume that µ  and ν  be two Borel probability measures 

having the same compact support with n♯Lµ  and .n♯Lν  Then for all      

m-dimensional subspace V and all ( ) ,, 2
R∈qt  we have 

( ) ( ) ( ) ( )( ).1,,, ,,, tqmtqtqBtqb
VVVVVV

+−=Λ== µµµ ννν   (2.2) 

(2) The results developed by O’Neil in [34] are obtained as a special 

case of the mutual multifractal theorems by setting 0=q  or .0=t  

Example 2.1. The hypothesis νpsuppsup =µ  is sufficient to obtain 

the conclusion (2.2). In fact, considering a special case where 

( ) ( ),0,0, =tq  we can find two measures µ  and ν  such that 

νpsuppsup ⊂µ  and 

( ) ( ) ( )( ).1,, ,, tqmtqbtqb
VV

+−<< µµ νν  
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Let C  be the usual Cantor subset of [ ].1,0  Also, let sH  be the 

normalized ldimensiona-
3log
2log

=s  Hausdorff measure on C  and write 

,0δ×=µ sH  

where 0δ  denotes the Dirac measure concentrated at 0 and 

{ }.0psup ×=µ= CK  

Taking ν  to be the normalized 2-dimensional Lebesgue measure on a 

ball with center at ( )0,0  and radius equal to 2, it is clear that 

.psuppsup ν⊂µ  We note that for any 1-dimensional subspace V of ,2
R  

we have 

( ) ( ) ( ) ,dimpsupdim0,0, sKb HH ==µ=µ ν  

and 

( ) ( ) ( ),dimpsupdim0,0, VHVH Kb
VV

=µ=µ ν  

where VK  denotes the projection of K onto V. For { } R×= 0V  we have 

( ){ },0,0=VK  whence 

( ) ( ) ( ) ( ) .10,0dim0dim0,0 ,, <==<== µµ νν bKsKb HVHVV
 

3. Proof of Main Results 

Before proving the main results we need some preliminary results. 

We begin by investigating the multifractal spectrum of a measure which 

is absolutely continuous with respect to Lebesgue measure.  

Proposition 3.1. Suppose that µ  and ν  are absolutely continuous 

with respect to Lebesgue measure on K. Then for 0, ≥tq  

( ) ( )( ).1,, tqntqb +−≥µ ν  



BILEL SELMI  80 

Proof. Suppose that 0≥f  is such that .n
KfL=µ  Then, as ( ) 0>µ K  

we can find a Borel set KA ⊂  of positive Lebesgue measure and 01 >γ  

such that for all ( ) ., 1γ≥∈ xfAx  Similarly, we suppose the same for g, 

i.e., there exist a Borel set KB ⊂  of positive Lebesgue measure and 

02 >γ  such that for all ( ) ,, 2γ≥∈ xgBx  where 0≥g  such that 

.n
KgL=ν  Let ( )( )iiii rxBB ,=  be a centered covering-δ  of K. For 

( )( ),1 tqns +−<  we obtain 
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s
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,0>  

where ( )nα  denotes the Lebesgue measure of the unit ball in .n
R  Hence 

( ) 0,,
, >µ Kstq
νH  which implies that ( ) stqb ≥µ ,,ν  and the inequality 

follows. 

Definition 3.1. For a measure µ  on n
R  we say, for ,1≥p  that 

( )npL R∈µ  if there is a function ( )npLf R∈  such that f is the Radon-

Nikodym derivative of µ  with respect to nL  for µ-a.e. x. 
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Proposition 3.2. Fix [ [.,1 ∞+∈p  Suppose that ( )., npL R∈µ ν  

Then for ,1, ≥tq  
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Proof. Since ( ),, npL R∈µ ν  there exists a compactly supported 

function f (resp., g) on K such that f (resp., g) is the Radon-Nikodym 

derivative of µ  (resp., ν ) with respect to nL  for µ  (resp., ) .a.e.- xν  

We distinguish four different cases. 
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( ) ( ) ( )si
t

i
q

i

i

rBB 2νµ∑  

s
i

t
n

B

q
n

B
i

s rgdfd
ii

















≤ ∫∫∑ LL2  

( ) ( )n

s

i
n

t
n

B

q
n

B
i

n

s
s Bgdfdn

ii

LLL 















α≤ ∫∫∑−2  

( )

( ) ( )(
( )

) ( )(
( )

) 



















×


















α≤

−−

− ∫∫∑
P

pt

i
n

P

pq

i
n

n

s

i
n

p

t

np

B

p

q

np

B

i

n

s
s

BBB

dgdg
n ii

11

2

LLL

LL
 

( ) ( ) ( )
p

p
tq

n

s

i
np

t

np

B

p

q

np

B
i

n

s
s Bdgdfn

ii

1
2

−
++−

















α≤ ∫∫∑ LLL  



BILEL SELMI  82 
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where ( )nα  denotes the Lebesgue measure of the unit ball in .n
R  

● Case 2: For 1≥≥ tp  and .1≥≥ qp  

Suppose that ( ).2−+−> tqns  Let 0>δ  and ( )( )iiii rxBB ,=  be a 

centered packing-δ  of K. Then we find, on using Hölder’s inequality that 
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where ( )nα  denotes the Lebesgue measure of the unit ball in .n
R  



PROJECTION ESTIMATES FOR MUTUAL … 83 

● Case 3: For .1≥≥≥ qpt  
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where ( )nα  denotes the Lebesgue measure of the unit ball in .n
R  
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● Case 4: For .1≥≥≥ tpq  The proof of Case 4 is identical to the 

proof of the above case and is therefore omitted. 

Finally, we obtain ( ) ∞<µ Kstq ,,
,νP  which implies that ( ) stq ≤Λµ ,,ν  

and the result follows.  □  

We now describe conditions which ensure that a measure has 

projections which are in pL  for some .1>p  

Theorem 3.1 ([23]). Let µ  be a compactly supported Radon measure 

on .n
R  Let nsm <≤  and suppose that ( ) .∞<µsI  Then Vµ  is 

absolutely continuous with respect to ,m
VL  with ( )VLV

2∈µ  for 

almostmn -,γ  all .,mnGV ∈  

Moreover, for almost every m-dimensional subspace V, 

(1) If ,2msm <<  then ( )VLp
V ∈µ  for all p satisfying 

.
2

2
1

sm

m
p

−
<≤  

(2) If ,2 nsm <≤  then the Radon-Nikodym derivation of Vµ  with 

respect to m
VL  is bounded and essentially continuous. 

Proof of Theorem 2.1. Since ( ) ∞<µsI  and ( ) ,∞<νsI  it follows 

from Theorem 3.1 that, for almost every m-dimensional subspace V, 

(1) If ,2msm <<  then ( )VLp
VV ∈µ ν,  for all p satisfying 

.
2

2
1

sm

m
p

−
<≤  

(2) If ,2 nsm <≤  then the Radon-Nikodym derivation of ( )VV νµ  

with respect to m
VL  is bounded and essentially continuous. 

Finally, the desired result follows directly from Propositions 3.1 and 3.2. 
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Proof of Theorems 2.2 and 2.3. All of the ideas required to prove 

Theorems 2.2 and 2.3 can be found in the proof of Theorem 2.1. 
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