Journal of Mathematical Sciences: Advances and Applications
Volume 61, 2020, Pages 17-35

Available at http://scientificadvances.co.in

DOI: http://dx.doi.org/10.18642/jmsaa_7100122118

APPLICATION OF THE LAPLACE-ADOMIAN
METHOD AND THE SBA METHOD TO SOLVING THE
PARTIAL DIFFERENTIAL AND INTEGRO-
DIFFERENTIAL EQUATIONS

BOUKARY BEYI!, JOSEPH BONAZEBI-YINDOULA?,
LONGIN SOME! and GABRIEL BISSANGA:?

Université de Ouaga-1
Professeur Joseph KI ZERBO
Burkina Faso

e-mail: bonayindoula@yahoo.fr

2Université Marien NGOUABI Brazzaville
Congo

Abstract

In this paper, we use firstly the Laplace-Adomian method to construct the
solution of a kind of Fischer’s equation and secondly the SBA method to

construct the solution of an integral-differential equation.
1. Introduction

Many problems in natural and engineering sciences are modelled by
partial differential equations (PDEs) and integral equations. Most of

these equations are nonlinear. Several techniques have been used to find
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the analytical solutions of such equations, like the perturbation method,
the homotopy perturbation method, the Adomian decomposition method,
the Laplace-Adomian method, the SBA method and others [3], [4], [19],
[20]. Here we use the Laplace-Adomian method and the SBA method to
investigate a kind of Fischer’s equation and an Fredholm integro-

differential equation.
1.1. About Laplace-Adomian method and the SBA method

About Laplace-Adomian method, we can see [3]-[9]. Using the simple
Laplace transformations, it is difficult to find the solution of nonlinear
differential  equation. But, the combination of the Laplace
transformations and the Adomian decomposition method allows us to
avoid this difficulty.

1.1.1. The Laplace-Adomian decomposition method (LADM)
Suppose that we need to solve the following equation:
F(u(x, t)) = hlx, t) ey)
with the following initial condition:
u(x, 0) = f(x) 2

in a Banach space E, where F : E — E 1is a linear or a nonlinear
operator, h € E and u is the unknown function. The principle of LADM
decomposition which has been the subject of several studies [6], [7], [19] is

based on the decomposition of the operator F' in the following form:
F=L+R+N, 3)
where L + R is linear, N 1s nonlinear, L 1is invertible with Ll as
inverse.
Using that decomposition, Equation (1) is equivalent to
Lu + Ru + Nu = h(x, t). (4)

_90) 1 (!
We denote L = = and L = JO(.)ds.



APLICATION OF THE LAPLACE-ADOMIAN ... 19

Let’s note the Laplace transform by £(Lu(x, t)) = | u(x, t)e”!dt.

o3

From (4), we have

L(Lu(x, t)) + L(Ru(x, t)) + L(Nu(x, t)) = L(h(x, t)) (5)
e
sL(u(x, t)) — u(x, 0) + L(Ru(x, t)) + L(Nu(x, t)) = L(h(x, t)) (6)
e
sL(u(x, t)) = u(x, 0) + L(h(x, t)) — L(Rulx, t)) - L(Nu(x, t)). (7)
Thus

Llulx, t) = % u(x, 0) + % L, 1) - % L(Ru(x, t)) - % L(Nu(x, 1) (8)

Llulx, t) = % ) + % L, 1) - % L(Ru(x, t)) - % L(Nulx, t). (9

We look for the solution of (1) in the following form:

oo

u(x, 1) = D un(, 1), (10)
n=0
and suppose that
Nu(x, ) = Y Ay(x, 1), (11)
n=0
where A, are special polynomials ug, uq, ug, -+, u, called Adomian

polynomials and defined by [5]-[8]:

_11d" N -
=0

where A 1s a parameter used by “convenience”.
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We can also use the following formulas:

A= N((Po)
X (13)

n+1 -

From (10) and (11), the Equation (9) becomes

oo

D Ll (5, 0) = £ )+ 5 LGB, 0) = Y3 LR (o, 0) + L LAy . 1),

n=0 n=0
(14)

According to the classic theory of the Adomian decomposition method

[6]-[8], we construct the following Adomian algorithm:

Lug(, 1) = ¢ 1(x) + 5 L(A(x, 1),

(15)
1 1
L(up 1 (x, t)) = —gﬁ(Run(x, t)) - ;E(An(x, t)), n=0.
The inverse Laplace transform gives as
-1(1 1
uole, ) = L1 1)+ L L0t 1))
s s (16)

Upip(x, t) = E_l(—éﬁ(Run(x, t)) —%E(An(x, ), n = O).

1.1.2. SBA method

About SBA method, we can see [1], [2]. The SBA method is powerful
than the Adomian decomposition method because the SBA method avoids

us the calculation of the Adomian polynomials.

The SBA method is based on the Adomian decomposition method, the
successive approximation method and the Picard principle. Suppose that

we need to solve the following equation:

Au = f, 17
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where A : H—~ H, is a linear or nonlinear operator and H is a Hilbert

space. Let’s suppose that we can decompose the operator A in the

following form:

A=L+R+N, (18)
where L + R 1is the linear part and N 1is the nonlinear part. We suppose
that L is invertible with L™ as inverse, then the Equation (17) becomes

Lu+Ru+Nu=fou=0+L"'f-L'Ru- LNy, (19)

where 0 is such that L6 = 0. Equation (19) is the Adomian canonical

form. Using the successive approximations, we get
uF =0 + LR “L'R(WF) - LIN(WF 1) k2 1,
with (20)
fl=f2=..=f0=02=...=0.

We look for the solution of (17), for every k > 1 in the following form

“+o0
uk = z u,];(x, t) and we suppose that series converges.
n=0

Therefore, u = klim u¥ is the solution of the Equation (17).
—+oo

(20) yields the following Adomian algorithm [2]-[12]:

uf = 6" + Lf* —~ LIN(u )
k>1. 21)
uk 1 = -LRwk), n=0
According to the Picard principle, for every k > 1, one must choose uk

as N(z*1) = 0. Thus;
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For k =1, we have

(22)

~+oo
we suppose that the condition N(x) = 0 is satisfied then u'= Z u}L (x, t).
n=0

For k = 2, we have

u§ =0+ LY,
(23)
u,, =-L'R(u2),n>0.

~+oo
Here we must verify that N(z') = 0 then u? = Z u%(x, t).
n=0

We make the same procedure for k¥ > 2 and the solution of Equation

(17)is u = lim u*.
k—+o0

2. Application of the Laplace-Adomian Method to

Solve a Kind of Fischer’s Equation

We consider the following initial value problem [17]:

2
du(x, t) o o7ulx, t) _ eulx, t)— i (x, t), Vit>0,
pm P (24)

ulx, 0) = B,

where A, o, e € R and ¢ € R™.
Let’s put

Nu(x, t) = ud™ (x, ¢). (25)
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From (24), we have

oul(x, t) —ule, )+ o%ul(x, t)

T 2 — A (x, ¢). (26)
X

Let’s note the Laplace transform by

Ulx, s) = Llulx, t)) = j :u(x, feStdt. @7

From (27), we obtain

£ a”(axt’ )2 j :e_St aa—L:dt = sU(x, s) - u(x, 0). (28)

Applying the Laplace transformations on (26), we have

2
Clute, 1) = B v ;‘i’; Dy

L(Nu(x, t)). (29)
Using the Laplace inverse transformation, we obtain

2
1 £ o“ulx, t)
s—¢ ox2

u(x, 1) = et + ocL‘_l[ )] _ wl(ﬁ £(Nulx, t))). (30)

According to the Adomian decomposition method, we look for the

solution of (24) in the following form:

“+oco
ulx, £) = ) up(x, ), (31)
n=0
and we suppose that
~+oo
Nulx, 1) = D" Ay(x, ). (32)
n=0

From [13], we get
Ap(x, ) = N(ug(x, 1))
n
1
n+l kZ:

0

An+1 (x7 t) = (33)

0A
(k + 1)uk+1 ﬁ, ne N



24 BOUKARY BEYI et al.

Substituting (31) and (32) into (30), we obtain the following Adomian
algorithm:

ug(x, t) = Be,
(34)

t 1 (x, t)=+ac—1( Ll 1 )]—wu L (A4, 1),

§—¢ ox2 §—¢
From (33), we obtain
AO — ug+l,
_ U\ g+l
Uo
+1)(29 +1) , u

Ay = (q )2(‘ q ) (_1 )2ug+1’

. %)

Ay = (@+1) (2q;! 1)(3g +1) (Z_(l) Pugt, (35)

[ ] +1)

_ k=0 U \n, g+l
T e

From (34), we obtain
uo(x, t) = pe,

ul(x, t) = (—%(eqet _1)] Begt,

2
q
g, 1) = %[—%(ew - 1)] Bet,

3
uyx, 1) = 4+ D+ [— A (ot - 1)] B’

(36)

4
w0 = @ 1)(2q;—! 1)(3¢ +1) (_ xgl (%! _1)] Bet.
e
(kg +1)
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So,

ulw, 1) = 14 Y 0 [— M1 (eqst—l)j Be®!. 37)

Lemma. According to the D’Alembert criteria, the following series

n-1
+oo I_I kq + 1 k q n
Z k=0 ( B (eqst _ 1)) (38)
€q
n=1
is absolutely convergent for all te 1 Inf1-—9¢ , 1 In
qe Mlg| +1)B? ) 9%

[l + Q—EH and the remain term R, verifies the following relation:

Mg| + 1)p4
‘ }‘B (eqst 1)
0<R, < . (39)
q
1- ‘—ﬁ(eq“ -1)
€
Proof. Let’s denote
n—1
(kq +1)

_ k=0

ay =20, (40)

and

b, = [—ﬁ(eq“ —1)} ) (41)



26 BOUKARY BEYI et al.

We remark that

|an+1|<nq+1|<|n’q| | 1 |<
o, | Snet] Shat] aag Sldt (42)
q
bn+1 :‘_ }\‘B (eqst_l). (43)
b, €q

From (42) and (43), we have

|an+1 bn+1| |an+1| |bn+1| < AB? et
= <l e (g +1)|- (e -1)| <1
T bu | Tan |6 < WD
q
o |- 7\’[3 (|q|+1)(eq8t _1) <1
€q
q
o 1< _M(eqst -1)<1
£q
o-— <t 1<%
Mg| + 1)B? Mg| + 1)p?
o1-— 8 <t <74 8
Mgl +1)B? Mq| +1)B?
(44)
If Mq| +1)BY > eq, we get
Lfi-—8 i< btyplie—80 | (45)
g€ Mgl +1)B? g€ Mgl +1)B?

Proposition. Suppose that (g, m) e R* xN*, (B, A, ¢) € R?, x € R™,

GeR” §eR", Q=|Ltmi1-—9 | Lyl |
qe Mgl +1)p? ) 98 Mgl + 1)pY

then,
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the solution of the following problem:

w C k(e 1), o+ Yl t). 8 = eulx, £) — AT (e, 1), k > 2, (46)
u(x, 0) = B (47)
on the set R™ x Q is
n-1
v | | kg +1) - n
ue, 0) = |1+ 20| M o | geet, (48)
oy n Eq

where u.v is the scalar product of u and v. Otherwise, this series solution

is convergent on R™ x Q.
Proof. If t = 0, from (48), we obtain (46).

If ¢t # 0, from (48), we get

n-1
o | | (kg +1)
au(x, t) =u (x t)i 1+ ] g _ 7\-]3(1 ( qet 1) "
o R RS I eq

q n
+ 1+ ) £=0 = [— 7“8 (eqst—l)] Juplx, 8) (49)

We firstly remark that

-1

v | Jka +1)
dug(x, t) [

S

_ k=0
a—t = euo(x, t) and |1+ Z !

n=1

>

_Ap? (e9¢t _1)]n _ ulx, t)

eq ug (x, £)
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SO

n-1
+°QI_qu+1

= [_ MY (gaet 1)j MY e ), (50)
n=1

£q ot

on the other hand,

n-1 n-1

H(kq +1) []a+1)

olx, t)=— 1+zk 0 ( %(qut —1)] kuoﬂ(x t) mik:(on_l)!

n=1

n-1
X (— A7 (e2€ — 1)J

eq
N
(kg +1) N
qg+1 <« k=0 M?)q qet
== Aud " (x, t) N e (e?® -1)| . (51)
N=0 ) q
Secondly:
N
+eo H(kq 1) q N e A
k=0 _ 7\'[-)) (eqet _ 1) _ Z N (52)
N! £q - q+1 ’
N=0 Amoug” (x, 1)
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S0
n-1
p oo (kg +1) ApY n =4
2 k=0 | _ AP paet _ = — pudtl &N
o (x, 1) 2| 1+ ) £ ( o (© 1)J Mg, )Y R
n=1 n=0“0 ’
~+oo
= -1 Ay
N=0
= — ANu(x, t)
= — Ml (x, ¢). (53)
Thirdly, u(x, ¢) depends only on ¢ variable, so
VEu(x, t). o + Vu(x, t). 8 = 0. (54)
Finally,
oulx,t) ok g+l
—2 2 —V*ul(x, t). o + Vulx, t). 8 = eu(x, t) — Au? " (x, ). (55)

ot

Remark. If g =1,e=1,A=1,a0=1,86=1 and m =1, we recover

the case examined in [17], and we have

i t) = B (56)
1-B+ Bet
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3. Application of the SBA Method to Solve a
Fredholm Integro-Differential Equation

Let’s consider the following Cauchy problem [18]:

oulx, t)
ot

= u(x, t) + I;tu“(x, t)dt —%((a —1)e* +1), (x,t) e Rx R},

u(x, 0) = f(x).
(57)

We are going to construct the solution of this problem using the SBA
method, where f € C*(R), o e R*.

Let’s note N(u(x, t)) = J;tu“(x, t)dt — f“(zx) ((a=1)e®* +1). From (57),
o

we have
ult, x) = u(x, 0) + I;u(s, x)ds + J.(j“:tu“(t, x)dt — %((a —1)e®* +1)|ds.

(58)
(58) 1s equivalent to

14

u(x, t) = u(x, 0) + J u(s, x)ds + I; N(u(x, s))ds. (59)

0

According to the SBA method, we suppose that the solution of (57) has

the following form:

ulx, t) = lim u*(x, t), (60)
k—+oo
where
“+o0
uF(x, t) = Zu,];(x,t); k=1, (61)
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and for every k > 1, we get ufl(x, t) for n = 0 through the following SBA

algorithm:

t
uk(x, t) = u* (x, 0) + j Nk, s)ds; k > 1,
0

(62)
t

ule(x, t) = I u(s, x)ds; n > 0.
0

Here, u*(x, 0) = u(x, 0) = f(x).
The SBA principle needs that, for k¥ = 1, we must choose u°(x, ¢) like
Nu®(x, t) = 0 and for k > 1, we must verify that Nu*'(x, ¢) = 0.

Thus; for k¥ =1, we have the following SBA algorithm:

t
u%)(x, t) = flx) + J.Nuo(x, s)ds,
y (63)
ul,i(x, t) = J.u}l(x, s)ds; n > 0.
0

Here, taking «°(x, t) = e!f(x), we obtain Nu’(x, ) = 0, and from (63) we
have the following algorithm:
1
ug(x, t) = f(x),

‘ (64)
un+1xt Iu (x, s)ds; n > 0.
0
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From (64), we obtain

u(x, 1) = tf (@),
e 0= S )
ST
3
ub(x, 1) = 5 f(x), (65)
w0 =1 )L )
From (65), we obtain
o) = D (s 1) = Z)tn—, fx) = f(x)n;% - i) (66)

We note that u!(x, t) = u%(x, t) = e'f(x).

So; for k = 2, we have Nul(x, t) = Nuo(x, t) = 0, therefore we have

the same algorithm like for k = 1, then

t
67
Upyi(x, t) = J.u}l(x, s)ds; n 2 0, 7
0
and we obtain
2 _t
u®(x, t) = e'f(x). (68)
Using the same procedure, for k > 3, we have u*(x, t) = ¢! f(x).
So,
ulx, ) = lim u*(x, t) = lim e'f(x) = e'f(x). (69)

k—>+oo k—+oo
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Proposition. The solution of the following Cauchy problem:

1 o
% = ulx, 1) +j w(x, 0t - ) (@ - 1)e +1), (x, ) € R7 xRY,
0 o
u(x, 0) = f(x),
(70)
where f € C*(R™), me N* and o€ R, is
u(xy, Xg, vy Xy £) = f(21, X9,y vy Xy, E)EL. (71)
Proof. If ¢ =0, we have u(xy, x9, ..., x,,,, 0) = f(x1, %9, ..., xm)eo
=[x, xg, .vs Xpp).
If t # 0, we have
1 1
I tu®(x, t)dt = I tf*(x)e™dt
0 0
o1
= f%x)| te™de
J0
o 1
_ ro e__lj‘ ot
= [*(x) v Ote dtJ (72)
SV
= £ g (e —1)}
_ o
_ f“(x)(al)—zﬂ,
o
and
oulxy, xo, ..., x,,, t
ulxn 2at mt) [, g, ooy Xy, t)e' = ulxy, X9, ..oy Xy, t). (73)
So
1 o
U, 1) _ e 0+ [ e, -1 ) (@=1)e® +1). (1)
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4. Conclusion

Through these two examples, we showed on the one hand the

superiority of the Laplace-Adomian method in relation to the Laplace

transformations and on the other hand the efficiency of the SBA method

in the resolution of the ordinary and partial differential equations, and

integro-differential equations.
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