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Abstract 

In this paper, we study a localized nonlinear reaction diffusion equation. We 
investigate interactions among the localized and local sources, nonlinear 
diffusion with the zero boundary value condition to establish the blow-up 
solution and estimate the numerical approximation for the following initial-
boundary value problem: 
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where ( )sf  is a positive, increasing, convex function for the nonnegative values 

of ( ) [ ]( ) ( ) ( ) .01,01,1,1,1,, 00
1

000
=′=−−∈=+∞<∫

∞+
uuCuxsf
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We find some conditions under which the solution of a discrete form of the above 
problem blows up in a finite time and a numerical method is proposed for 
estimating its numerical blow-up time. We also prove the convergence of the 
numerical blow-up time to the theoretical one. Finally, we give some numerical 
results to illustrate our analysis. 

1. Introduction 

Consider the following initial-boundary value problem: 

( ) ( ) ( )( ) ( ) ( ) ( ),,01,1,,,,, 0 Ttxtxuftxutxu xxt ×−∈+=   (1.1) 

( ) ( ) ( ),,0,0,1,0,1 Tttutu x ∈==−   (1.2) 

( ) ( ) [ ],1,1,00, 0 −∈≥= xxuxu   (1.3) 

where ( )sf  is a positive, increasing, convex function for the nonnegative 

values of ( ) [ ]( ) ( ) ( ) ,01,01,1,1,1,, 00
1
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=′=−−∈=+∞<∫

∞+
uuCuxsf
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which models the temperature distribution of a large number of physical 
phenomena from physics, chemistry and biology. The particularity of the 
problem described in (1.1)-(1.3) is that it represents a model in physical 
phenomena where the reaction is driven by the temperature at a single 
site. This kind of phenomena is observed in biological and chemical 
diffusion processes in which the reaction takes place only at some local 
sites. This model is appropriate to describe: 

(i) The influence of defect structures on a catalytic surface. 

(ii) The temperature in a solid-fuel combustion scenario where the 
heat that is input into the system is localized, say as in a laser focused on 
one spot in the domain. 

(iii) Chemical reaction-diffusion processes in which, due to effect of 
catalyst, the reaction takes place only at a single site. 

(iv) A heat stationary source which can support an explosive reaction. 
A stationary source provides a continuous supply of heat to the same 
environment. 

(v) The ignition of a combustible medium with damping, where either 
a heated wire or a pair of small electrodes supplies a large amount of 
energy to every confined area. 

For more physical motivation, see [8]. 

( ) [ ] [ )∞→− ,01,1:00 uA  is a positive, nondecreasing 1c  function. 
( ) ( ) ,01,01 00 =′=− uu  

( ) [ ) [ )∞→∞ ,0,0:fAf  is a positive, increasing, convex function for 

the nonnegative values of 1, cs  function, ( ) .
0

+∞<∫
∞+

sf
ds  Here ( )T,0  is 

the maximal time interval of existence of the solution u. The time T may 
be finite or infinite. When T is infinite, we say that the solution u exists 
globally. When T is finite, the solution u develops a singularity in a finite 
time, namely, 

( ) ,.,lim +∞=∞→ tuTt  

where ( ) ( ) .,max., 11 txutu x≤≤−∞ =  
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In this case, we say that the solution u blows up in a finite time and 
the time T is called the blow-up time of the solution u. 

This kind of the phenomena where the solutions of localized 
nonlinear heat equations which blow up in a finite time have been the 
subject of investigation of many authors (see [17], [44]-[46] and the 
references cited therein). In particular, the above problem has been 
studied and existence and uniqueness of a classical solution has been 
proved. Under some assumptions, it is also shown that the classical 
solution blows up in a finite time (see [17], [44], [45]). 

In this paper, we are interesting in the numerical study of the above 
problem. Firstly, we show that under some assumptions, the solution of a 
discrete form of (1.1)-(1.3) blows up in a finite time and estimate its 
numerical blow-up time. We also show that the numerical blow-up time 
converges to the real one when the mesh size goes to zero. At the end of 
the paper, we have shown how one may treat the case of Dirichlet 
boundary conditions. One may find in [1]-[7], [12], [13], [16], [18]-[28], 
[31]-[33], [41] similar studies concerning other parabolic problems. Let us 
notice that many authors have used numerical methods to study the 
phenomenon of blow-up but there are only a few studies on the 
convergence of the numerical blow-up time for solutions which blow up in 
∞L  norm. For instance in [2], the authors have proved the convergence of 

numerical blow-up time for solutions which blow up in pL  norm with 
.1 ∞<< p  

The rest of the paper is organized as follows. In the next section, we 
give some results which will be used later. In the third section, under 
some assumptions, we show that the solution of a discrete form of       
(1.1)-(1.3) blows up in a finite time and estimate its numerical blow-up 
time. In the fourth section, we show that, under some additional 
hypotheses, the numerical blow-up time goes to the real one when the 
mesh size goes to zero. Finally, in the last section, we give some 
numerical results to illustrate our analysis. 
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2. The Discrete Blow-up Solution 

In this section, we study the phenomenon of blow-up using a full 
discrete explicit scheme of (1)-(3). We start by the construction of a 

scheme as follows. Let I be a positive integer, where Ih 1=  is the mesh 

parameter and define the grid ihxi =  or hxx ii +=+1  and 

iin xxt −=∆ +1  the step size, iϕ  is the discrete approximation of the 

initial data. 

( ) [ ] [ )∞→ϕϕ ,0,0: IA ii  is a positive function. Approximate the 

problem (1.1)-(1.3) by the solution ( ) ( ( ) ( ) ( ) ) ,,,, 10
Tn

I
nnn

h UUUU …=  and 

approximate the initial condition ( )xu0  by ( )
iiU ϕ=0  of the following 

discrete equations: 

( ) ( ) ( ( ) ) ,1,2 IiUfUU n
I

n
i

n
it ≤≤+δ=δ   (2.1) 

( ) ,00 =nU   (2.2) 

( ) ,1,00 IiU ii ≤≤≥ϕ=   (2.3) 

where ,10,,0 1 −≤≤ϕ≥ϕ≥ + Iin ii  
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then 

( ) ( ) ( ) ( )
( ( ) ) ,11,
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( ) ,00 =nU  

( ) ,1,00 IiU ii ≤≤≥ϕ=  

( ( ) ( ) )
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( )( ) ,,2 1

12 IiUft
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I
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I ==
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−
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where 

( ( ) )
.10,,3min

2
<<













=∆
∞

ττ
n

h
n

Uf
ht  

Let us notice that the restriction on the time step ensure the 
positivity of the discrete solution. 

Definition 2.1. We say that the solution u of (1.1)-(1.3) blows up in a 
finite time, if there exist a finite time T such that ( ) ∞<⋅ ∞tu ,  for 

[ )Tt ,0∈  but 

( ) ,,lim ∞=⋅ ∞→
tu

Tt
 

where ( ) ( )txutu x ,sup, Ω∈∞ =⋅  and the time T is called the blow-up 

time of the solution u, when T is infinite, we say that the solution u exists 
globally. 

3. Properties of the Discrete Scheme 

In this section, we give some important results which will be used 
later. The following Lemmas 3.1 to 3.4 are a form of the maximum 
principal for discrete equations. 
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Lemma 3.1. Let ( )n
hU  be the solution of (2.1)-(2.3). Then we have 

( ) ( ) .10,1 −≤≤≥+ IiUU n
i

n
i  

Proof. Let ( ) ( ) ( ) .10,1 −≤≤−= + IiUUZ n
i

n
i

n
i  Obviously ( ) 00 ≥nZ  

because .1 ii ϕ≥ϕ +  

A routine computation reveals that ( ) ( ) ( )11
1

1 ++
+

+ −= n
i

n
i

n
i UUZ  then 

( ) ( ) ( ) ( ) ( )
,21,

2
2
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− −+

+
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( ) ( ) ( ) ( )
,1,

3
2

211
1

1 −=
+−

=
∆
− −−−
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I
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which implies that 

( ) ( ) ( ) ( ) ( ) ,21,21 12212
1 −≤≤

∆
+

∆
−+

∆
= −+

+ IiZ
h
tZ

h
tZ

h
tZ n

i
nn

i
nn

i
nn

i  

( ) ( ) ( ) ( ) .31 1222
1

1
n

I
nn

I
nn

I Z
h

tZ
h
tZ −−

+
−

∆
−+

∆
=  

Since ( ) ,11,00 −≤≤≥ IiZi  we deduce by induction that ( ) ,0≥n
iZ  

10 −≤≤ Ii  and the proof is complete.   

Lemma 3.2. Let ( )na  be a nonnegative sequence and let ( )n
hV  be a 

sequence such that 

( ) ( ) ( ) ( ) ,0,1,02 ≥≤≤≥−δ−δ nIiVaVV n
i

nn
i

n
it  

( ) ,0,00 ≥≥ nV n  

( ) .0,00 IiVi ≤≤≥  

Then ( ) 0≥n
iV  for ,0,0 Iin ≤≤≥  if .3

2htn ≤∆  
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Proof. A routine calculation gives 

( ) ( ) ( ) ( ) ( )
( ) ( ) ,11,0

2
2

11
1

−≤≤≥−
+−

−
∆
− −+

+

IiVa
h

VVV
t

VV n
i

n
n

i
n

i
n

i
n

n
i
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i  

which implies that 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ,11,21 12212
1 −≤≤∆+

∆
+

∆
−+

∆
≥ −+

+ IiVatV
h
tV

h
tV

h
tV n

I
n

n
n

i
nn

i
nn

i
nn

i  

( ) ( ) ( ) ( ) ( ) ( ).212
212

1 n
I

n
n

n
I

nn
I

nn
I VatV

h
tV

h
tV ∆+

∆
−+

∆
≥ −

+  

Since ,3
2htn ≤∆  we see that 221

h
tn∆

−  is nonnegative. Due to the fact 

that ( ) ,00 ≥hV  we deduce by induction that ( ) 0≥n
hV  for ,0≥n  which 

ends the proof.   

A direct consequence of the above result is the following comparison 
lemma. Its proof is straightforward. 

Lemma 3.3. Suppose that ( )na  and ( )nb  are two sequences such that 
( )na  is nonnegative. Let ( )n

hV  and ( )n
hW  two sequences such that 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ),22 nn
i

nn
i

n
it

nn
i

nn
i

n
it bWaWWbVaVV +−δ−δ≤+−δ−δ  

,0,1 ≥≤≤ nIi  

( ) ( ) ,0,00 ≥≤ nWV nn  

( ) ( ) .0,00 IiWV ii ≤≤≤  

Then ( ) ( )n
i

n
i WV ≤  for ,0,0 Iin ≤≤≥  if .3

2htn ≤∆  

Now, let us give the property of operator .tδ  
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Lemma 3.4. Let [ ) [ )∞→∞ ,0,0:f  be a 1C  convex function and 

( ) R∈n
hU  be a sequence such that ( ) .0≥n

hU  Then we have 

( ( ) ) ( ( ) ) ( ) ,0, ≥δ′≥δ nUUfUf n
ht

n
h

n
ht  

( ( ) ) ( ( ) ) ( ).22 n
h

n
h

n
h UUfUf δ′≥δ  

Proof. We apply Taylor’s expansion to obtain 

( ( ) ) ( ( ) ) ( ( ) ( ( ) )) ( ( ) )
( ( ) ( ( ) ))

( ),2

21
11 θ′′

−
+′−+=

+
++ f

UU
UfUUUfUf

n
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n
hn

h
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h
n

h
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h
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h  

where θ  is an intermediate value between ( )1+n
hU  and ( );n

hU  

( ( ) ) ( ( ) ) ( ( ) ( ( ) )) ( ( ) )
( ( ) ( ( ) ))

( ),2

21
11 τf

UU
UfUUUfUf

n
h

n
hn

h
n

h
n

h
n

h
n

h ′′
−

+′−+=
−

−−  

where τ  is an intermediate value between ( )1−n
hU  and ( ).n

hU  

These two equations above imply that 

( ( ) ) ( ( ) ) ( ( ) ) ( ( ) ( ) ( ) ) ( ( ) )n
h

n
h

n
h

n
h

n
h

n
h

n
h UfUUUUfUfUf ′+−=+− −+−+ 1111 22  

( ( ) ( ) )
( )

( ( ) ( ) )
( )τf
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UU n
h

n
h

n
h
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h ′′

−
+θ′′

−
+
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2121
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n
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UUU
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UfUfUf
′

+−
=
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11 22
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The first equation and the last one imply that 

( ( ) ) ( ( ) ) ( ) ( ( ) ( ) )
( )

( ( ) ( ) )
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22 τf
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UUfUf
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and 

( ( ) ) ( ( ) ) ( ) ( ( ) ) ( ).2
1 2 θ′′δ∆+δ′=δ fUtUUfUf n

htn
n

ht
n

h
n

ht  

Use the fact that ( ) 0≥n
hU  for 0≥n  and using the convexcity of f we 

obtain the desire result. 

4. Blow-up Time in the Discrete Solution 

In this section, under some assumptions, we show that the discrete 
solution blows up in a finite time and its numerical blow-up time 
converges to the real one when the mesh size tends to zero. 

Definition 4.1. We say that the solution ( )n
hU  of (2.1)-(2.3) blows up 

in a finite time, if ( ) ,+∞=∞
n

hU  and ,lim 1
0 +∞<∆= ∑ −

=∞→
∆

i
n
in

t
h tT  the 

number t
hT ∆  is called the numerical blow-up time of the solution ( ).n

hU  

The following theorem shows that the discrete solution blows up 
under some conditions. 

Theorem 4.1. Suppose that there exists a positive constant ( ]1,0∈A  

such that the initial data at (2.3) satisfies: 

( ) ( ) ( ),,10,0 22
IIIii AffIif ϕ≥ϕ+ϕδ−≤≤≥ϕ+ϕδ   (4.1) 

( ) ( ),2
III Aff ϕ≥ϕ+ϕδ   (4.2) 

with iϕ  is an approximation of the initial data. Then the solution ( )n
hU  of 

(2.1)-(2.3) blows up in a finite time and its numerical blow-up time t
hT ∆  is 

estimated as follows: 

( ) ( ) ,sf
ds

fT
hh

t
h ∫

∞+

ϕ∞

∆

∞
′

+
ϕ

≤
τ
ττ  

where { ( ) }.,3min
2

ττ ∞ϕ=′ hfh  
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Proof. Introduce the vector ( )n
hJ  such that 

( ) ( ) ( ) ( ) ( ( ) ).,10, n
I

n
It

n
I

n
it

n
i UAfUJIiUJ −δ=−≤≤δ=  

A straightforward computation yields 

( ) ( ) ( ( ) ( ) ) ,0,10,22 ≥−≤≤δ−δδ=δ−δ nIiUUJJ n
i

n
itt

n
i

n
it  

( ) ( ) ( ( ) ( ) ) ( ( ) ) ( ( ) ).222 n
I

n
It

n
I

n
Itt

n
I

n
It UfAUfAUUJJ δ+δ−δ−δδ=δ−δ  

Using (2.4), we arrive at 

( ) ( ) ( ( ) ) ,11,2 −≤≤δ=δ−δ IiUfJJ n
it

n
i

n
it  

( ) ( ) ( ) ( ( ) ) ( ( ) ).1 22 n
I

n
It

n
I

n
It UfAUfAJJ δ+δ−=δ−δ  

It follows from Lemma 3.4 that 

( ) ( ) ( ( ) ) ( ) ,11,2 −≤≤δ′≥δ−δ IiUUfJJ n
it

n
i

n
i

n
it  

( ) ( ) ( ) ( ( ) ) ( ) ( ( ) ) ( ).1 22 n
I

n
I

n
It

n
I

n
I

n
It UUfAUUfAJJ δ′+δ′−≥δ−δ  

Taking into account (2.4), we deduce that 

( ) ( ) ( ( ) ) ( ) ( ( ) ) ( ( ) ),2 n
i

n
i

n
it

n
i

n
i

n
it UfUfAUUfJJ ′−δ′≥δ−δ  (4.3) 

( ) ( ) ( ( ) ) ( ) ( ( ) ) ( ( ) ),2 n
I

n
I

n
It

n
I

n
I

n
It UfUfAUUfJJ ′−δ′≥δ−δ  (4.4) 

which implies that 

( ) ( ) ( ( ) ) ( ) .1,2 IiJUfJJ n
i

n
i

n
i

n
it ≤≤′≥δ−δ  (4.5) 

Obviously, we have ( ) .00 =nJ  From (4.1), we obtain ( ) .00 ≥iJ  It follows 

from Lemma 3.2 that ( ) .0,0 IiJ n
i ≤≤≥  Hence, we have 

( ) ( )
( ( ) ).

1
n

In

n
I

n
I UAft

UU
≥

∆
−+

 (4.6) 
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Consequently, we get 

( ) ( ) ( ( ) ).1 n
In

n
I

n
I UftAUU ∆+≥+  

Since ( ) ( ) ,∞= n
h

n
I UU  we arrive at 

( ) ( ) ( ( ) ).1
∞∞∞

+ ∆+≥ n
hn

n
h

n
h UftAUU   (4.7) 

It not difficult to see that 

( ( ) ) { ( ( ) ) }.,3min
2

τ∞∞ =∆ n
h

n
hn UfhUft  

From (4.7), we get ( ) ( )
∞∞

+ ≥ n
h

n
h UU 1  and by induction we obtain 

( ) ( ) .0
∞∞∞ ϕ=≥ hh

n
h UU  It follows that 

( ( ) ) { ( ) } .ττ ′=ϕ≥∆ ∞∞ ,3min
2

h
n

hn fhUft  

Consequently, we have 

( ) ( ) .τ′+≥ ∞∞
+ n

h
n

h UU 1  (4.8) 

Using a recursion argument, we discover that 

( ) ( ) .ττ ′+ϕ=′+≥ ∞∞∞ hh
n

h nUU 0  (4.9) 

Hence, we see that ( )
∞

n
hU  goes to infinity as n approaches infinity. Now 

let us estimate the numerical blow-up time. From the restriction on the 
time step, we get 

( ( ) )
.

00
∞

∞

=

∞

= ∑∑ ≤∆ n
h

nnn Uf
t τ  

Due to (4.8), we arrive at 

( ) .
00 τ

τ
′+ϕ

≤∆
∞

∞

=

∞

= ∑∑ nft
hnnn
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We observe that 

( ) ( )ττ ′+ϕ
=

′+ϕ ∞

+∞

=∞

∞+

∫∑∫ sf
ds

sf
ds

h

n

nnh

1

00
 

( ( ) ) .1
1

0 τ′++ϕ
≥

∞

∞

=∑ nf hn
 

Since 

( ) ( ) ,1
0 sf

ds
sf

ds
hh ∫∫
∞+

ϕ∞

∞+

∞
′

=
′+ϕ ττ

 

we deduce that 

( ) ( ) .
0 sf

ds
ft

hh
nn ∫∑

∞+

ϕ∞

∞

=
∞

′
+

ϕ
≤∆

τ
ττ  

Use the fact that the quantity on the right hand side of the above 
inequality is finite to complete the rest of the proof.   

Remark 4.1. From (4.8), 

( ) ( ) ,1 τ′+≥ ∞∞
+ n

h
n

h UU  

we get by induction that 

( ) ( ) ( ).qnUU q
h

n
h −′+≥ ∞∞ τ  

Hence 

( ( ) ) ( ( ) ( ) )
,

τ
ττ

′−+
≤≤∆=−

∞

∞

=
∞

∞

=

∞

=
∆ ∑∑∑ qnUfUf

tTT q
h

qnn
h

qnnqnq
t

h  

where .nqnq tt ∆= ∑∞
=

 We observe that 

( ( ) ) ( ( ) )ττ ′+
=

′+ ∞

+∞

=
∞

∞+

∫∑∫ sUf
ds

sUf
ds

q
h

n

nnq
h

1

00
 

 
( ( ) ( ) )

.
1

1
0 τ′++

≥
∞

∞

=∑ nUf q
h

n
 



HALIMA NACHID et al. 14

Since 

( ( ) ) ( ) ( ) ,1
0 sf

ds
sUf

ds
q

hUq
h

∫∫
∞+

∞

∞+

∞
′

=
′+ ττ

 

we get 

( ( ) ) ( ) ( ) .sf
ds

Uf
tT q

hUq
h

q
t

h ∫
∞+

∞

∆

∞
′

+≤−
τ
ττ  

Since { ( ) },,3min
2

ττ ∞ϕ=′ hfh  if we take ,2h=τ  we get 

{ ( ) },1,3
1min ∞ϕ=

′ hf
τ
τ  

which implies that there exists a positive constant B such that .B≤
′τ
τ  

5. Convergence of the Blow-up Time 

In this section, under some conditions, we show that the discrete 
solution blows up in a finite time and that its numerical blow-up time 
goes to the analytic one when the mesh size goes to zero. 

In order to prove the convergence of the discrete blow-up time, we 
need to show that the discrete scheme converges for each fixed time 

interval [ ].,0 T  We denote by ( ) ( ) ( )( )TnInnh txutxutu ,,,,0 …=  and 

state the result on the convergence of our scheme by the following. 

Theorem 5.1. Suppose that the problem (1.1)-(1.3) has a solution 

([ ] [ ]),,01,12,4 TCu ×−∈  and that ( )n
hU  approximates the solution u of 

(1.1)-(1.3) with ( ) =0
hU  .hϕ  Assume that the initial data at (2.3) verifies 

( ) ( ) .010 →=−ϕ ∞ hasouhh   (5.1) 
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Then the problem (2.1)-(2.3) has a solution ( )n
hU  for h sufficiently small, 

Jn ≤≤0  and we have the following estimate: 

( ) ( ) ( ( ) ) ,00max 2
0

→∆++−ϕ=− ∞∞≤≤
hasthuOtuU nhhnh

n
hJn

 

where J is such that Ttn
J
n ≤∆∑ −
=

1
0  and .1

0 j
n
jn tt ∆= ∑ −
=

 

Proof. For each h, the problem (2.1)-(2.3) has a solution ( ),n
hU  we 

want to proof that ( )n
hU  approaches to hu  as .0→h  

Let JN ≤  be the greatest value of n such that 

( ) ( ) .for1 NntuU nh
n

h <<− ∞   (5.2) 

We know that 1≥N  because of (5.1). Due to the fact that  

[ ] [ ]( ),,01,12,4 TCu ×−∈  there exists a positive constant K such that 

.Ku ≤  

Applying the triangle inequality, we obtain 

( ) ( ) ( ) ( ) .1 KtuUtuU nh
n

hnh
n

h +≤−+≤ ∞∞∞  (5.3) 

Since ([ ] [ ]),,01,12,4 TCu ×−∈  taking the derivative in x on both sides 

of (1.1) and due to the fact that xtx uu ,  vanish at .1=x  We observe that 

xxxu  also vanishes at .1=x  Using Taylor’s expansion, we find that 

( ) ( ) ( )( ) ( ) ( ),~,2,~
12,,,

2
2

nitt
n

nixxxxnIninit txuttxuhtxuftxutxu ∆
+−=−δ−δ  

.1for Ii ≤≤  

To establish the above equality for ,Ii =  we have used the fact that xxxu  

vanishes at .1=x  Let ( ) ( ) ( )nh
n

h
n

h tuUe −=  be the error of discretization. 

From the mean value theorem, we get 
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( ) ( ) ( ( ) ) ( ) ( ) ( ) ,1,~,2,~
12

2
2 Iitxuttxuhefee nitt

n
nixxxx

n
i

n
i

n
i

n
it ≤≤

∆
−+′=δ−δ ς  

where ( )n
iς  is an intermediate value between ( )ni txu ,  and ( ) .n

iU  Since 

( ) ( )txutxu ttxxxx ,,,  are bounded, there exists a positive constant M such 

that 

( ) ( ) ( ( ) ) ( ) .0,22 IiMhtMefee n
n

i
n

i
n

i
n

it ≤≤+∆+′≤δ−δ ς  (5.4) 

Let KP += 1  and introduce the vector ( )n
hV  defined as follows: 

( ) ( ) ( ( ) ) .0,0 21 IitMMhueV nhh
tPn

i
n ≤≤∆++−ϕ= ∞

+  

A straightforward computation gives 

( ) ( ) ( ( ) ) ( ) ,1,22 IiMhtMVfVV n
n

i
n

i
n

i
n

it ≤≤+∆+′≥δ−δ ς  

( ) ( ),00
nn eV ≥  

( ) ( ) .0,00 IieV ii ≤≤≥  

We observe that ( ( ) )n
if ς′  is bounded from above by ( ).Pf  It follows from 

comparison Lemma 3.3 that ( ) ( ).n
h

n
h eV ≥  By the same way, we also prove 

that ( ) ( )n
h

n
h eV −≥  which implies that 

( ) ( ) ( ) ( ( ) ).0 21
nhh

tP
nh

n
h tMMhuetuU n ∆++−ϕ≤− ∞

+
∞  

Let us show that .JN =  

Suppose that ,JN <  if we replace n by N in the above inequality and 
use (5.2), we find that 

( ) ( ) ( ) ( ( ) ).01 21
nhh

tP
Nh

N
h tMMhuetuU N ∆++−ϕ≤−≤ ∞

+
∞  
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Since term on the right hand side of the second inequality goes to zero as 
h tends to zero, we deduce that ,01 ≤  which is a contradiction and the 
proof is complete.   

Now, we are in a position to prove the main theorem of this section. 

Theorem 5.2. Suppose that the problem (1.1)-(1.3) has a solution u 

which blows up in a finite time 0T  and ([ ] [ )).,01,1 0
2,4 TCu ×−∈  

Assume that the initial data at (2.3) satisfies 

( ) ( ) .010 →=−ϕ ∞ hasouhh   (5.5) 

Under the assumption of Theorem 4.1, the problem (2.1)-(2.3) has a 

solution ( )n
hU  which blows up in a finite time t

hT ∆  and the following 

relation holds: 

.lim 00
TT t

hh
=∆

→
 

Proof. We know from Remark 4.1 that 
τ
τ
′
 is bounded. Letting ,0>ε  

there exists a constant 0>R  such that 

( ) ( ) [ ).,for2 ∞+∈ε<
′

+ ∫
∞+

Rxsf
ds

xf xτ
ττ  (5.6) 

Since u blows up at the time ,0T  there exists ( )001 ,2 TTT ε−∈  such 

that 

( ) [ ).,for2., 01 TTtRtu ∈≥∞  

Let 2
21

2
TTT +

=  and q be a positive integer such that n
q
nq tt ∆= ∑ −
=
1
0  

[ ]21, TT∈  for h small enough. 
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We have [ ] ( ) ..,sup 2,0 +∞<∞∈ tuTt  It follows from Theorem 4.1 that 

the problem (2.1)-(2.3) has a solution ( )n
hU  which obeys 

( ) ( ) ,for qnRtuU nh
n

h ≤<− ∞  

which implies that 

( ) ( ) ( ) ( ) .RtuUtuU qh
q

hqh
q

h ≥−−≥ ∞∞∞  

From Theorem 4.1, ( )n
hU  blows up at the time .t

hT ∆  It follows from 

Remark 4.1 and (5.6) that 

( ( ) ) ( ) ( ) ,2
ε≤

′
+≤− ∫

∞+

∞

∆

∞
sf

ds
Uf

tT q
hUq

h
q

t
h τ

ττ  

because ( ) .RU q
h ≥∞  We deduce that 

,2200 ε≤ε+ε≤−+−≤− ∆∆ t
hqq

t
h TttTTT  

and the proof is complete.   

Remark 5.1. Consider the following initial-boundary value problem: 

( ) ( ) ( )( ) ( ) ( ) ( ),,01,1,,,0,, Ttxtuftxutxu xxt ×−∈+=   (5.7) 

( ) ( ) ( ),,0,0,1,0,1 Tttutu ∈==−   (5.8) 

( ) ( ) [ ],1,1,00, 0 −∈≥= xxuxu   (5.9) 

where ( )xu0  is a positive and symmetric function in [ ]1,1−  and 

( ) 00 ≥′ xu  for ( ).0,1−∈x  Since ( )xu0  is symmetric in [ ],1,1−  from the 

maximum principle u is also symmetric in [ ].1,1−  We observe that 

( ) 0,0 =tux  because ( ) ( ).,, txutxu −=  
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Consider now the solution v of the following initial-boundary value 
problem below: 

( ) ( ) ( )( ) ( ) ( ) ( ),,00,1,,,0,, Ttxtuftxutxz xxt ×−∈+=   (5.10) 

( ) ( ) ( ),,0,0,1,0,1 Tttztz x ∈==−   (5.11) 

( ) ( ) [ ].0,1,00, 0 −∈≥= xxuxz   (5.12) 

Since u is symmetric, we have ( ) ( ) == ≤≤−≤≤− txutxu xx ,max,max 0111  

( ) .,max 01 txzx≤≤−  Hence, to get an approximation of the blow-up time of 

the solution u, it suffices to obtain the one of the classical solution z 
which has been the subject of investigation of the present paper. 

6. Numerical Experiments 

In this section, we present some numerical approximations to the 
blow-up time of the problem (1.1)-(1.3). We approximate the solution u of 

the problem (1.1)-(1.3) by the solution ( )n
hU  of the following explicit 

scheme: 

( ) ( )
( ) ( ( ) ) ,1,2

1
IiUfUt

UU n
I

n
in

n
i

n
i ≤≤+δ=

∆
−+

 

( ) ,00 =nU  

( ) ,0,00 IiU ii ≤≤≥ϕ=  

where 

( ( ) )
.;3min

2













=∆
∞

n
h

n
Uf

ht τ  
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We can also approximate the solution u of the problem (1.1)-(1.3) by the 

solution ( )n
hU  of the following implicit scheme: 

( ) ( )
( ) ( ( ) ) ,1,12

1
IiUfUt

UU n
I

n
in

n
i

n
i ≤≤+δ=

∆
− +

+

 

( ) ,00 =nU  

( ) ,0,00 IiU ii ≤≤≥ϕ=  

where 

( ( ) )
,

∞

=∆ n
h

n
Uf

t τ  

.2h=τ  In both cases, we take ( ) .1,2sin Iihi
i ≤≤πε=ϕ  The explicit 

scheme may be written as follows: 

( ) ( ) ( ) ( ( ) ),121 n
in

n
in

n
i

n
i UftUtUU ∆+δ∆+= ++  

( ) ( )
( ) ( ) ( )

( ( ) ),
2

2
111 n

in

n
i

n
i

n
i

n
n

i
n

i Uft
h

UUU
tUU ∆+

+−
∆+= −++  

( ) ( ) ( ) ( ) ( )( ) ( ( ) ),21 1122
1 n

in
n

i
n

i
nn

i
nn

i UftUU
h
tU

h
tU ∆++

∆
+

∆
−= −+

+  

( ) ( ( ) ) ( ) ( ) ( ( ) ) ( ( ) ).21 12212
1 n

in
n

i
nn

i
nn

i
nn

i UftU
h
tU

h
tU

h
tU ∆+

∆
+

∆
−+

∆
= −+

+  

For ,1=i  

( ) ( ( ) ) ( ) ( ) ( ( ) ) ( ( ) ).21 1021222
1

1
n

n
nnnnnnn UftU

h
tU

h
tU

h
tU ∆+

∆
+

∆
−+

∆
=+  

For ,1=i  

( ) ( ) ( ) ( ( ) ) ( ( ) ).21 12212
1

1
n

n
nnnnn UftU

h
tU

h
tU ∆+

∆
+

∆
−=+  
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For ,2=i  

( ) ( ( ) ) ( ) ( ) ( ( ) ) ( ( ) ).21 2122232
1

2
n

n
nnnnnnn UftU

h
tU

h
tU

h
tU ∆+

∆
+

∆
−+

∆
=+  

Let us notice that the restriction on the time step 3
2htn ≤∆  ensure 

the nonnegativity of the discrete solution. 

According to the implicit scheme, it may be written in the following 
form: 

( ) ( ) ( ) ( ) ( )
( ( ) ),

2
2

1
1

11
1

1
n

i

n
i

n
i

n
i

n

n
i

n
i Uf

h

UUU
t

UU
+

+−
=

∆
− +

−
++

+
+

 

( ) ( ) ,0;0 11
0 == ++ n

I
n UU  

( ) ( ) ( ) ( ) ( ) ( ( ) )n
in

n
i

n
i

nn
i

nn
i

nn
i UftUU

h
tU

h
tU

h
tU ∆++

∆
+

∆
−

∆
= ++++ 1

2
1

2
1

2
1 2  

( ) ( ) ( ) ( ) ( ) ( ( ) ),21 1
12

1
12

1
2

n
in

n
i

n
i

nn
i

nn
i

n UftUU
h
tU

h
tU

h
t

∆+=
∆

−
∆

−
∆

+ +
−

+
+

+  

or 

( ) ( ) ( ) ( ) ( ) ( ( ) ).21 1
12

1
2

1
12

n
in

n
i

n
i

nn
i

nn
i

n UftUU
h
tU

h
tU

h
t

∆+=
∆

−
∆

++
∆

− +
+

++
−  

For ,1=i  

( ) ( ) ( ) ( ) ( ( ) ).21 11
1

22
1

12
n

n
nnnnn UftUU

h
tU

h
t

∆+=
∆

−
∆

+ ++  

For ,2=i  

( ) ( ) ( ) ( ) ( ) ( ( ) ).21 22
1

32
1

22
1

12
n

n
nnnnnnn UftUU

h
tU

h
tU

h
t

∆+=
∆

−
∆

++
∆

− +++  

"   
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For ,1−= Ii  

( ) ( ) ( ) ( ) ( ( ) ),21 11
1

12
1

22
n

n
nn

I
nnn UftUU

h
tU

h
t

∆+=
∆

++
∆

− +
−

+  

lead us to the linear system below 

( ) ( ) ( ),1 n
h

n
h

n
h FUA =+  

where ( )n
hA  is an II ×  tridiagonal matrix defined as follows: 

( )































∆
+

∆
−

∆
−

∆
−

∆
+

∆
−

∆
−

∆
+

=

22

2

222

22

2100

0

021

0021

h
t

h
t

h
t

h
t

h
t

h
t

h
t

h
t

A

nn

n

nnn

nn

n
h

"

%%%#
%%%%

"

"

 

implies that 

( ) ,

00

0

0

00

00

0

000

00



























=

ac

b

bac

ba

A n
h

"

%%%#

%%%%

"

"

 

with 

,21 20
h
ta n∆

+=  

,2,,1,20 −=
∆

−= Ii
h
tb n …  

,1,,1,20 −=
∆

−= Ii
h
tc n …  
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( )( ) ( ) ( ( ) )n
in

n
ii

n UftUF ∆+−  and ( )n
hA  a three-diagonal matrix verifying 

the following properties: 

( )( ) ( ) Ii
h

tA n
ii

n
h ≤≤>

∆
+= 0,021 2,  and ( )( ) ( )( ) ,01,2,1 ≤=

∆
−=

+− ii
n

h
n

ii
n

h A
h
tA  

22 −≤≤ Ii  so that ( )( ) ( )( ) .,, ji
n

hjiii
n

h AA ∑ ≠
≥  

It follows that ( )n
hU  exists for .0≥n  In addition, since ( )0

hU  is 

nonnegative, ( )n
hU  is also nonnegative for .0≥n  

We need the following definition. 

Definition 6.1. The discrete solution ( )n
hU  of the explicit or of the 

implicit scheme blows up in a finite time if ( ) +∞=∞+∞→
n

hn Ulim  and 

the series nn t∆∑+∞
=0  converges. The quantity nn t∆∑+∞

=0  is called the 

numerical blow-up time of the solution ( ).n
hU  

In the following tables, in rows, we present the numerical blow-up 
time, values of n, the CPU time and the orders of the approximations 
corresponding to the meshes of 16, 32, 64, 128, 256, 512. 

We take for the numerical blow-up time j
n
jn tt ∆= ∑ −
=

1
0  which is 

computed at the first time when 

.10 16
1

−
+ ≤−=∆ nnn TTt  

The initial condition is ( ) .1,2sin Iihi
i ≤≤πε=ϕ  The order(s) of the 

method is computed from 

(( ) ( ))
( ) .2log

log 224 hhhh TTTTs −−
=  
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For the numerical values, we take, ( ) ( ).2sin0 hiU ii
πε=ϕ=  

Numerical experiments for ( )
( )

.
n

IUeuf β=  

First case: ( ).2sin;5 hi
i

π=ϕ=β  

Table 1. Numerical blow-up times, numbers of iterations, CPU times 
(seconds) and orders of the approximations obtained with the implicit 
Euler method 

16 0.200507 1688 2 − 

32 0.206603 6496 6 − 

64 0.211148 24932 21 1.50 

128 0.211205 33708 45 2.00 

Table 2. Numerical blow-up times, numbers of iterations, CPU times 
(seconds) and orders of the approximations obtained with the explicit 
Euler method 

I nt  n CPUt s 

16 0.200514 1689 2 − 

32 0.206628 6502 6 − 

64 0.211201 24939 21 1.50 

128 0.211215 33708 45 2.00 

Second case: .0,10 =ε=β  

Table 3. Numerical blow-up times, numbers of iterations, CPU times 
(seconds) and orders of the approximations obtained with the implicit 
Euler method 

16 0.111327 843 1 − 

32 0.110838 3228 5 − 

64 0.111079 12350 24 1.57 

128 0.111088 13956 33 1.58 
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Table 4. Numerical blow-up times, numbers of iterations, CPU times 
(seconds) and orders of the approximations obtained with the explicit 
Euler method 

I nt  n CPUt s 

16 0.111327 843 1 − 

32 0.110838 3228 8 − 

64 0.111149 12402 34 1.57 

128 0.111188 13989 38 1.58 

 

Third case: .0;20 =ε=β  

Table 5. Numerical blow-up times, numbers of iterations, CPU times 
(seconds) and orders of the approximations obtained with the implicit 
Euler method 

16 0.052386 418 1 − 

32 0.051354 1596 5 − 

64 0.051378 6096 24 2.00 

128 0.051106 23249 120 1.50 

Table 6. Numerical blow-up times, numbers of iterations, CPU times 
(seconds) and orders of the approximations obtained with the explicit 
Euler method 

I nt  n CPUt s 

16 0.052389 454 1 − 

32 0.051355 1598 6 − 

64 0.051377 6194 26 2.00 

128 0.051115 23255 124 1.50 
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Fourth case: .0;100 =ε=β  

Table 7. Numerical blow-up times, numbers of iterations, CPU times 
(seconds) and orders of the approximations obtained with the implicit 
Euler method 

16 0.011277 84 1 − 

32 0.010322 319 3 − 

64 0.010080 1216 23 1.70 

128 0.001025 3708 30 2.00 

Table 8. Numerical blow-up times, numbers of iterations, CPU times 
(seconds) and orders of the approximations obtained with the explicit 
Euler method 

I nt  n CPUt s 

16 0.011277 84 1 − 

32 0.010322 319 3 − 

64 0.010080 1216 23 1.70 

128 0.010020 4633 30 2.00 

Remark 6.1. In the case where the initial data is null, ,0=φ  and the 
reaction term increases as a function of β  it is not hard to see that the 

blow-up time of the solution equals .1
β

 We observe from Tables 1-6 that 

the numerical blow-up time tends to 
β
1  for ,20,10 =β=β  and =β  .100  

When ( )2sin hi
i

π=ϕ  with 5=β  it is not hard to see that the blow-

up time of the solution equals .1
β

 See the Tables 7-8. 

In the following, we also give some plots to illustrate our analysis. In 
Figures 1 to 6, we can appreciate that the discrete solution blows up 
globally. Let us notice that, theoretically, we know that the continuous 
solution blows up globally under the assumptions given in the 
introduction of the present paper (see [17], [46]) 
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Figure 1. Evolution of the discrete solution, source  ( ) ,10, =ββ= ueuf  

16,0 ==ε I  (implicit scheme). 

 

Figure 2. Evolution of the discrete solution, source ( ) ,10, =ββ= ueuf  

16,0 ==ε I  (explicit scheme). 
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Figure 3. Evolution of the discrete solution, source ( ) ,10, =ββ= ueuf  

32,0 ==ε I  (implicit scheme). 

 

Figure 4. Evolution of the discrete solution, source ( ) ,10, =ββ= ueuf  

32,0 ==ε I  (explicit scheme). 
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Figure 5. Evolution of the discrete solution, source ( ) 0,20, =ε=ββ= ueuf  

(implicit scheme). 

 

Figure 6. Evolution of the discrete solution, source ( ) 0,20, =ε=ββ= ueuf  

(explicit scheme). 
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Figure 7. Evolution of the discrete solution, source ( ) ,100, =ββ= ueuf  

16,0 ==ε I  (implicit scheme). 

 

Figure 8. Evolution of the discrete solution, source ( ) ,100, =ββ= ueuf  

16,0 ==ε I  (explicit scheme). 
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Figure 9. Evolution of the discrete solution, source ( ) ,5, =ββ= ueuf  

( ) 16,2sin =π=ϕ Ihi
i  (implicit scheme). 

 

Figure 10. Evolution of the discrete solution, source ( ) ,5, =ββ= ueuf  

( ) 16,2sin =π=ϕ Ihi
i  (explicit scheme). 
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Figure 11. Evolution of the discrete solution, source ( ) ,5, =ββ= ueuf  

( ) 32,2sin =π=ϕ Ihi
i  (implicit scheme). 

 

Figure 12. Evolution of the discrete solution, source ( ) ,5, =ββ= ueuf  

( ) 32,2sin =π=ϕ Ihi
i  (explicit scheme). 
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