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Abstract

We study homogenization and two-scale convergence. Homogenization is a
mathematical concept that makes it possible to develop a global model of the
behaviour of a physical structure evolving in a heterogeneous structure. The
behaviour of this physical structure will therefore be studied in a homogeneous
environment, which greatly facilitates calculations. The two-scale convergence
method was introduced by Nguetseng and later developed by Allaire. It is a

particular form of weak convergence, a convergence between weak convergence
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and strong convergence. The two-scale convergence simplifies the proof of
homogenization theory. The method evolved very quickly and has been extended

to several cases depending on the functional space.
1. Introduction

The objective of this article is to present a general review on the

theme of homogenization and two-scale convergence.

The idea of homogenization was introduced by Ivo M. Babuska in
1974, see [14-16]. After, it has been studied by many other authors. We
can cite Bensoussan et al. in 1978 [19], Srinivasan Kesavan in 1979 [47],
Sanchez-Palencia in 1980 [63], Bakhvalov and Panasenko in 1989 [18].

Homogenization is a mathematical theory that consists in replacing a
very heterogeneous medium by a homogeneous medium which is easy to
study. The two-scale convergence gives a rigourous mathematical

justification of homogenization. It has been defined following an idea of

Nguetseng [55] in the L? space. In 1992, Allaire renamed it in «Two-
scale convergence». Allaire set out the essential properties and applied it
to several homogenization problems. This convergence has been extended
to the multiscale case by Ene and Saint Jean Paulin in 1995 [37], and by
Allaire and Briane in 1996 [6]. The periodic unfolding method was
introduced in 2002 by Cioranescu et al. [29, 30, 36]. It generalises the
notion of multiscale convergence. Nguetseng extended the theory to the
Sobolev space w2 in 2002 [49]. In 2003, he extended it to the non

periodic case (2 -convergence) [56-58].

Before introducing these two notions, we will dwell on the functional

spaces and the notations which intervene here.

The classic notation for a periodic function space consists in using f

hashtag.

(0, T) is an interval with T > 0.

Q : periodic domain of RV,
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Let’s be Rfvv (N integer > 1) the numerical space on RY of variables
(called microscopic) y = (¥, ..., YN ), Rfy the numerical space on RN of
variables (called macroscopic) x = (x1, ..., xy) and Y = (—%; %) the
open unit cube in Rg,v.

IRfvvz with Lebesgue’s measure.

Y : unit cell.

C(Q) is the space of continuous functions on Q.
1
LP(Q) = 1f : Q@ — R measurable : [f] , = [J ||f||pdxjp < of.
Q

Ct? (Y) is a set of continuous functions and Y-periodic on RV,
Céﬁ (Y) is a set of functions C* -continuous and Y-periodic on RY.

Lﬁ’(Y) for 1 < p < o fixed, is the space of functions w e L{’C)C(Rfvv)
which is Y-periodic, i.e., which verifies w(y + k) = w(y) a.a. y € RY, for
all k e ZV.

L%(Y) /R is the set of functions wu(y), in L?(Y), Y-periodic and

defined to the nearest constant.

Wﬁl’p (Y) denotes the subset of WP (Y) of all functions u with mean

value zero which have the same trace on opposite faces of Y.

H jl (Y) is the space of function Hi.,(RY ) and Y-periodic.

H¥(R") is the space of linear forms u on H*(R").
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L2((0, T) x Q) is the set of functions u(t, x) of square summable in
(0, T)x Q.
NQ; C;(Y)) is the space of functions f:Q — Cy(Y) which are

measurable and satisfy that JQ"f(x)"Cﬁ(Y)dx < o,

L}(o; H; (Y)/R) is the set of summable square functions in Q with

values in Hﬁl Y)/R.

C”(Q) : the space of functions indefinitely differentiable on Q where

each derivative is continuous on Q.

D(Q; C(Y)) is the space of functions indefinitely regular with

compact support in Q to values in the space C{°(Y).

We say that a function f : Q — C is with compact support if there is
acompact K < Q suchthat f =0 on Q\ K.

C.(Q) is the space of continuous functions on Q with a compact

support.

Co(Q)=C"(Q)NCA(Q) (some authors write D(Q) instead of

Co(Q)): the space of functions indefinitely differentiable on Q with

compact support in Q.

After this introduction, in the Section 2, we will define the theory of
homogenization and give simple example of homogenized problem. In
Section 3, we will define two-scale convergence, give some examples of
problems solved with this theory and an example of solving problem with
this theory.

We will end this survey by a conclusion in Section 4.
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2. Homogenization Theory

The classical method of asymptotic analysis by homogenization is the
asymptotic development method described, for example, in [17, 19, 62]. It
is a formal method which does not provide a convergence result to the
homogenized model but which, nevertheless, makes it possible to have an

explicit form of this model and its effective parameters.
2.1. Problem position

We consider a diffusion or conductivity model in a periodic medium
(see Figure 1). Let Q periodic domain of RY with N > 1. Let’s note by

¢ the period of the domain (a positive number which is supposed to be

very small compared to the size of the domain), the periodic cell of the
rescaled unit Y = (0, 1)N. Conductivity isn’t constant in Q, but varies
with a period ¢ in each direction. We note by A(y) the second order

tensor matrix, where y - X cY is the rapid variable also called
S

microscopic variable, while x € Q 1s the slow variable also called

macroscopic variable.

Let A be a tensor under the classic tensor assumptions, namely the

existence of 0 < ¢ < C such that
ve e RY, cgf? < (4¢, €) < (g 1)

We note by f(x) € L?(Q) the source term. The conductivity equation is as

follows:

: x .
- dlv(A(z)Vug) =fin Q, @
Ug 0 on 0Q.

u, is an unknown function.
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The domain is represented below

Domain (2

Figure 1. A periodic domain.

Remark 1. The problem (2) is well posed because f € L?, therefore
according to Lax-Milgram’s lemma, there is a unique solution

u, € H}(Q). In addition, the estimation energy gives
el 2y + Vel 2y < C:

where C is a constant independent of «.

There are different methodologies between the traditional physical
approach to homogenization and the mathematical theory of
homogenization. In literature, the so-called representative volume
element (RVE) method is often used (see [28] or Chapter 1 in [45]).

In the sub-section below, we will give an example of mathematical
homogenization in a periodic medium.

2.2. Ansatz

The asymptotic expansion method is a heuristic method?!; for further
clarification, see [18, 19, 63]. As previously stated, the starting point is
asymptotic two-scale expansion, for a solution u, of the Equation (2)

1la heuristic is a calculation method that provides a fast (in polynomial time) feasible, not

necessarily optimal, solution for an optimization problem.
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~+00

ug(x) = ;siui(x, %)
ug(x) = uo(x, %) + sul(x, %) + £2u2(x, %) e 3)

where u;(x, y) is a function of two variables x and y, periodic in y with a

period Y = (0, l)N (u; is called function Y-periodic with respect to y).

The derivative of u; and u, gives:

\% (ui(x, %D = (sflvyui +V,u;) (x, %), 4)
and
x +00 . X
Vua(x) = S_IVyuO (x, Ej + ;sl(vyuiﬂ + qui)(x, E) (5)

Applying that to the Equation (2) we obtain

- div {Am[s-lvyuo(x, 3+ DV i+ V) (x, y>D - f@)

=
- % div, [A(y) {s_lvyuo(x, y)+ fsi(vyum + V) (x, y)H
=
—div, [ A(y)| eV yup(x, )+ isi(vyum + V1) (x, y)“
=
= f(x).

That gives the following series in ¢ which will give a cascade equation:
— e div, [A) [V o (¥, 3)]]

— e M div, [A(Y) [(Vyuy + Voug) (2, 3)]]- e div, [A(y) [V yuo(x, 3)]]
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— &0 [divy, [A) (V1 + Vi ) (6, 9)]]+ div [A() [V + V), »)]]]
= D v [AW Y gt + Vi) (@, )]
=0

+ divx[A(y) [(vyui+1 + Ve )(x, y)]]] = f(x)
To solve the cascade equations, we need a technical lemma:

Lemma 1 (Alternative of Fredholm ([5], p. 7)). Let f be a function in

L%(Y) Y-periodic and A a matrix Y-periodic, coercive and bounded (in

norm L) of RN | then the problem

{_ div, A(y)Vyo(y) = f(y)  inY )

y = u(y) is Y-periodic
admits a single solution up to an additive constant in Hﬁl(Y)/ R if and

only if
[ 1)y = o.
Y

Cascade equations:
e The first equation to solve is:
{divyA(y)Vyuo(x, y)=0 inY,

y B uglx, y) is Y-periodic.

In this equation y is a variable and x acts as a parameter. According to
the Lemma 1, there is a single solution to this equation up to a constant.

ug is therefore a function that does not depend on y, i.e., there is a

function u(x) such that

ug(x, ) = ulx).
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e The second equation to solve is:

{divyAm(vxuo(x, D+ V(e 3) =0 inY,

y B u(x, y) is Y-periodic.
This equation can be written as
= div, A(y)V,yu (x, ¥) = div, A(y)V uo(x, v),
which gives
- div, AV yuy (%, ) = div, A(y)V zu(x). (7)

It's an equation of unknown u; in the periodic cell Y and u;(x, y)
depends linearly on the first derivative V, u(x). By Lemma 1, this

equation also admits a unique solution up to a constant.

e The third equation to solve is:

— div  A(y)V yug(x, y) = div , A(y)V cuy (x, ¥)

+ divy, AW) (Veuo(x, ¥) + Vyu(x, y)) + f(x) inY,
y - ug(x, y) is Y-periodic.
This gives

- div, A(y)V yug(x, y) = div, A(y)V .1 (x, ¥)
+ div A(Y) (Veu(x) + Vyu (x, y) + f(x). (8)

According to the Lemma 1, this problem in us admits a unique solution

up to a constant.

By integrating the right part of the Equation (8) on Y, and using the

boundary condition for usy, we get

[ @i, A0V s, )y = [ [AGIV s, )] ndy = 0
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and
_ divx(JyA(y) (Vyul(x) + V yuy (x, y))dyj = f(x) in Q. 9

Since u; depends linearly on V,u, it corresponds to the following

homogenized problem:

—div, (A"V,up(x)) = f(x)in Q
(10)
ug(x) =0 on 0Q,

where A" is the homogenized conductivity matrix. Its coefficients are

given by:
Ay = [ AG) (e +Vy00)- (e + Vy0,)dy = [ AG) (e + V1) ejdy.

(11

where (e;); is the canonical basis of R” and w; is the unique solution of

the cell problem below
— div,A(y)(e; + V,y0;(y)) =0 inY,
(12)
y - o;(y) is Y-periodic.

2.3. Example of homogenized problem in one dimensional case
([24], pp. 4-18)

The study of the monodimentional case is interesting because it
makes it possible to calculate the exact solution and to see its evolution

when the number of periods increases.
2.3.1. Presentation of the problem

Let a periodic elastic bar, that is to say constituted by the regular

juxtaposition of N, identical patterns made up of two homogeneous
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materials. The stiffnesses are k; and k9 of respective lengths ¢; and /5.

The pattern length is ¢/ = /1 + {9 and the bar length is L = N /.

F 3
r

The bar being made up of two different media is heterogeneous, its
equivalent rigidity is a periodic function x, where x varies by taking the
points of the bar. For asymptotic developments we will consider a

function k(y), set in R. The period is divided into two parts, the first
having the length L; = N./; and the second L = N.l5 where the
function k(y) takes the respective values k; or ky. The bar is

reconstituted by grouping together the equally stiff mediums. One
obtains a bar in two parts : that of rigidity % and that of rigidity k9. We

define k(y) as follows :
k 0<y<Ly,
k(y) = (13)
ko L, <y<L.

Ly L2

k1 Fea
L

The bar has at point x a stiffness which is k(N,.). Indeed this

function 1is periodic of period NL = ¢ and it takes the value k; on the
C

part of the length of the bar % = (1 and k9 on the part of the length of
C

L .
the bar V‘? = (5. Let us now consider several bars of the same length L,
c
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composed of a number N, of variable but large basic patterns. With a

very large N, let’s pose the small variable
£ =—=—. (14)

So we have ¢ = ¢eL, /1 = €L, and /9 = eLy and the stiffness of the bar at
point x is k(%)

Remark 2. The bar stiffness also applies if the periodic stiffness of
the bar is not constant in pieces. To do this we can simply change the
definition (13) of the periodic function k(y) on R. The period of the

function k(y) is [0; L] on R.

Now let us take a bar fixed in x = 0, subjected to a longitudinal force

density f and a force F' at point x = L.

Z

/_ -

L

Figure 2. Loading of the bar.

2.3.2. Equations of the problem

Note N the normal force in the bar, u the points of the bar

displacement. They check the following equations:

Equation of equilibrium:

aN . ¢ . (15)
dx
Law of behaviour:
N = k(lj@. (16)
e )dx

Boundary conditions:

u(0)=0 and N(L)=F. )
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2.3.3. Analytical solutions

The problems (15), (16), (17) being one-dimensional, it is easy to
determine the exact solution, in order to study the dependence of this
solution on the number of patterns in the bar.

After an integration of Equation (15) taking into account the
boundary conditions (17), we obtain

L
NG) = [ fe)de + F, a9

by integrating this expression in (16), we have

du 1

L - @UL F(e)de + F]

In a general case, we integrate this equation by using a primitive; in the
considered case where the stiffness is constant in pieces on a segment

[a, b] we take for stiffness k;. So we have
1
ulx) = u(a) + —(Py(x) - Py(a)),
1

where Py(x) is a primitive of N on the segment [a, b]. In the segment
[0, 71], we have u(/;) = %(PN (¢1) — Py (0)) which allows to determine
u on the segment [¢1, /5] and we continue step by step.

2.3.4. Numerical examples

Let us give values to the different geometrical and mechanical data:
L= 2, Ll = ]_4, L2 = 06, kl = 15, k2 = 0.562.
. (= T .
Let us take N, =50, f = ——sin (— xj, F = ——, by plotting on the
12 L L
same graph the movements of the heterogeneous bar and the

homogeneous global stiffness bar 1Y, we obtain the following figure:
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nc=50

0.6F _.-/ \ 4

displacement u
A

0.4} Y J

02+ / v 4

0.2 1 1 1 1 1 1 1 1 L
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

variable x
So, we notice « experimentally » that for N, rather large, the
displacement graph is confused with that of a homogeneous bar of

stiffness kC.
2.3.5. Heuristic method

The previous result can be experimentally justified by the « heuristic »
method introduced by Sanchez and developed by Suquet. To do this, the

graphs in the N, ratio are magnified around the point x = 0.5.
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2
n* . (m T
Let us take f = —Fsm(ij, F = A

nc=50
20 T T

19.5¢ 1

18.5F i :

displacement dilaté u*Nc
A\

15.5F / .

15 il I 1 1 I 1 I 1 1
0.42 0.44 0.46 0.48 0.5 0.52 0.54 0.56 0.58 0.6

variable x

We can see that the variation in the exact displacement u (in red)

over a period of time [x; x + /] is practically the same as the limit
displacement U (in green), i.e.,

du

u(x +0) - u(x):éa.

19)

For small /, the variation in normal effort over a period of time [x; x + /]

is negligible. Therefore, the period over the normal effort IV is roughly

constant. So the integration of the law of behaviour du N _ over a

i
€
period of time [x; x + /] gives

u(x + ) — u(x) = NJ L dg,

)
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which gives the approximate condition of (19), results in

x+/ 1 dU
N J' L g -4Y
RO
€
That is the law of macroscopic behaviour:

—kHdU

N 2
ax (20)
where the homogenized stiffness B s given by
11 j“f 1
— == —d 21)
€

By making a variable change and taking into account the periodicity of

k(y), the homogenized stiffness k¥ is independent of x.

_H J 0 k(y)

In the case considered where the stiffness k(y) is constant in pieces, it is

easily verified that:

L L L
k_H_EJrkZ' (22)

The stiffness k7 is well equal to the overall stiffness kC.
2.3.6. Double scale development

For a large number N, the displacement of the heterogeneous bar
under a given load is close to that of a homogeneous bar under the same
load. When & > 0 we can approximate the displacement of the

heterogeneous bar by that of the homogeneous bar. « homogenize » is like

stretching € — 0.
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The displacements as well as the voltages in these bars depend on the

parameter ¢ and are noted u, and N°.

The determination of the limits for ¢ — 0 of these quantities is an

asymptotic study that can be done by constructing an asymptotic
development of u, and N°® with respect to e.

n’ T T

Letustake f =—-—sin|—x |, F = ——.

! I? (L ) L

nc=100
38

37+ 4

36.5¢ J

35.5 :

displacement dilaté u*Nc

3sf 1
345 ]

341 7 J

33K e 1 1 1 1
0.4 0.48 0.5 0.52 0.54 0.56
variable x

The difference between the exact solution u and the limit solution U

is a perturbation which is in the order of NL = ¢ and this perturbation

4

is, at least locally, periodic of period /. That can be written locally:

u(x)=U(x) + gv(x),

where v is a locally periodic function of period /.
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This approximation is a beginning of development that is generalized

and systematized in the form of
ug(x) = ug (x, %) + gy (x, %) + 82u2 (x, %) e, (23)

where u;(x, v) is a function y-periodic of period Y.

This development is called double scale development because it shows

two scales of variation.

Indeed, a variation of x in the order of & causes variations of ¢ order

of u,(x, y) relative to the first variable but of order 1 relative to the

second. Variable x is called a large scale variable and y a small scale

variable.

Let x and x +¢L be two points on the bar, according to the

development (23), we have

w® =)o (7 2] o),
w, @ +6L) = up(E + L) + ey (§+8L,%+L)+g2(---).

Let us consider the periodicity of the functions u, and using Taylor

developments:
— — _ X duo — 2
ug(x +eL) = up(x) + el uy | x, = +W(x)L +e2(-+),
and by difference:
— — duo — 2
ug (% +eL) —uo(¥) = & — = (X)L +&(--).

We find, at order &2 near equality:

duo

0 @I,

ug(x +eL) —up(x) = ¢

that was used in the heuristic method.
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By derivation of (23), it comes

8 _ 1du0 ﬁ duo( xj dul( ﬁj
() (’8)+dxx +dyxs

e %(x £)+
dx \77 ¢

71

B

which reported in the law of behaviour (16), shows that the normal force

N, develops in

New) = IV (3, 2)5 MO (5, 2] 4 o) (3, 2]+ 2N (2, 2 1

where the N(”)(x, y) are y-periodic of period Y and verify by

identification terms of the same power of ¢ :

(1) _ 1) 30

N© - k(y>[% =

o)

By derivation, we obtain by omitting the variables:

dN, _ 1 dN"Y 1(aN")  anN©
dx 2 dy €

B dx +dy

dN©  gn® [dN(l)
+ + +¢& +
dx

dx dy

(24a)

(24b)

(24c¢)
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The transfer of this development into the equation of equilibrium (15)

gives after identification of terms of the same powers of ¢

dNl
L (25a)
dND  gn©)
e (25D)
(0) @
d];x +d];7y L f=o, (25¢)

From Equation (25a) we deduce that N 1 does not depend on y (which
is obviously compatible with the periodicity in y). Equation (24a) is then

integrated in
y
uole, 3) = NV v e+ g (x),

where #y(x) is an integration constant for the differential equation in y

(25a), 1.e., a function of the large-scale variable x alone.

The periodicity condition ug(x, L) = ug(x, 0) is equivalent to:
L
_ 1
NED I L dc-o,
0 HO

k being strictly positive, we have
NGV -,
and
ug(x, y) = @o(x),

l.e., ug depends only on the large-scale variable x.
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To obtain the «macroscopic» equations satisfied by wugy, we use

Equations (25) and (24).

NGD being zero, Equation (25b) implies that N ©) does not depend
on y. The integration on [0; L] of Equation (24b) rewritten:
duo dul 1

_ (0)
dx * dy k(y)N ’ (26)

then gives, taking into account the periodicity of u; and the

independence of u, with respect toy :

dug _ oyt 1
dx =N .[0 k(C)dC'

That we can write

NO) _  H dﬂ, @7
dx

with in the case considered where £ is constant in pieces
L L Ly
Pk kg

This law of macroscopic behaviour is exactly the law (20) found by the
heuristic method.

To determine the equilibrium equation verified by N (0), we integrate

Equation (25¢) on [0; L], which gives, considering the periodicity of N @,

dN©
dx

+(f) =0, (28)

where the average (f) of fis defined by

{f) = %JOL f(3)dy. 29)

The asymptotic method thus made it possible to determine the
macroscopic equivalent model of the finely heterogeneous bar constituted
of the homogenized constitutive law (27) and the macroscopic equilibrium
equation (28).
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2.3.7. Convergence

The results of the asymptotic double scale developments of the previous
paragraph remain formal until such time as convergence has not been
proven. Several convergence methods have been applied to the
homogenization of periodic media, G-convergence, I -convergence,
H-convergence, the so-called « Tartar » method, two-scale convergence,
bursting method. The two-scale convergence method will be studied in

the next section.
3. Two-Scale Convergence

This section is devoted to the concept of two-scale convergence and
some of its properties. We highlight how some results regarding two-scale

convergence relate to traditional results of weak and strong convergence.

Weak convergence does not keep information on the local behaviour

of functions. This loss of information In weak limit causes some

“unpleasant” properties. The study of the function sin(z%x) is a
particular example.
1.0 | 1.0, | 1.0 .
I|| !:| Jl [l I ‘JI IIl .ll\ !_I: | ||I|||.|.|_I!
M p l l (il 1 a3 b | .
3 2 1 1 2 i F 1 | I 2 2 1 1 2
R iu_-',lj ! | | 0 [ | . A o -I ,
1 ! . RRRRR ! !
| I I | 1.0 | 1 [ | I I I I'I.l.‘l | I I I | ! | | | | ll.ill -I
Figure 3. Graph of sin(ij with ¢ = —, L, L
0’1207 520
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If we take u.(x) = vg(x) = sin (2%36), u, and v, converge weakly in

(o, n) to 0. But the product wu.,v, converges to % The previous

example shows that the evolution of a problem is linked to small
perturbations. These perturbations cannot be neglected because they can

lead to completely divergent results in reality.
The two-scale convergence allows to capture the oscillations of a

function in reasoning with that of the type (p(x, %), a periodic test

function. In some cases, therefore, two-scale convergence makes it
possible to overcome the loss of information on local behaviour, it is an

intermediate convergence between weak convergence and strong

convergence. The test function ¢ (x, f) being a function of one variable
€
becomes by passing to the limit two-scale, a function ¢(x, y) dependent

on two variables. The variable y = % e Y is the fast variable also called

microscopic variable, while x € Q 1s the slow wvariable also called
macroscopic variable.
In this section, we will give first the essential definitions of two-scale

convergence in P, Secondly, we will give some homogenization
problems solved by two-scale convergence. And we will finish by an

application of two-scale convergence to a homogenization problem.
3.1. Definition and essential properties of two-scale convergence
in LP

In this part, we give the definition of two-scale convergence as well as

some properties and examples related to two-scale convergence.

The idea of two-scale convergence consists in moving from a sequence

of one variable functions to two variables.
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We pose

1

= ([ JoPas ", we zzen)

We define a norm in Lﬁ’ (Y) which in fact is a Banach space (a Hilbert if
p=2).
3.1.1. Definition of two-scale convergence

For all function y € LP(Q; C4(Y)), we designate by »° the function of
LP(Q) defined by

ve(x) = w(x, %), xeQ, £>0.

We give a fundamental result.

Lemma 2 ([55], p. 1). When ¢ — 0, we have y* — ¥ in LP(Q)-weak,
where ¥(x) = Jyw(x, y)dy is a LP(Q) function.

In other words:

lim | V(o) = | o(x)ds = [ . [ V(e yolx)dyds, Vo e L4(Q),

where lJrlzl.
b 4q

Let’s define now the notion of two-scale convergence.

Definition 1. A sequence (generalize) (u;),., of functions in L”(Q)

is said two-scale convergent in LP(Q) to a function uy € LP(Q x Y), if for

¢ — 0, we have

J.ng(x)w (x, %) dx > IQIY ug(x, y(x, y)dydx, Vy e LI(Q; Cﬂ(Y)).

(30)
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Remark 3. Nguetseng has also extended two-scale convergence

beyond periodicity, see [56].

0. The n

Remark 4 ([563], p. 17). u, means U, with snn o

index will be omitted routinely.

Remark 5 ([49], p. 17). There is a confusion in literature about the

choice of the space of the test function. Some authors take the test

function in D(Q; C°(Y)) instead of LP(Q).

In the Example 4 ([49], p. 11), the authors give an example of a
sequence (u;) in LP(Q) satisfying (30) for y € D(Q; C°(Y)) but which is

neither bounded nor weakly convergent in L”(Q).
In the Example 5 ([49], p. 11), they replace D(Q; C/°(Y)) by
C(Q; C(Y)) and they give an example of test function peC(Q; C;°(Y)),

for which the sequence (u.) does not converge weakly in L”(Q) to the

function v(x) defined by I Yu(x, y)dy. This sequence is not bounded also.

Then, when (u;) is bounded in LP(Q) we can take y(x, y) in

D(Q; C(Y)).

Proposition 1 ([49], p. 12). Let (u,) be a bounded sequence in LP(Q)

such that

IQ ug(x) w(x, %) dx > J.QJ.Y u(x, yw(x, y)dydx

for every v € D(Q; C{°(Y)). Then u, two-scale converges to u.



78 GERARD ZONGO et al.

Proposition 2 ([49], p. 6). Let’s be v a continuous function from
RY « R]yv to R. We suppose again that for all x = (xq, xg, ..., x5 ), the

partial function y — y(x, y) from Rlyv to R is Y-periodic. Then, we

suppose that Q is bounded, and we pose

ug(x) = w(x, %), x e Q, (31)

for all ¢ > 0. The sequence (ua)}3>0 is weakly two-scale convergent in

LP(Q) to the function uy e LP(Q; Lé)(Y)) defined by

up(x, y) = v(x, y), xeQ yeRY. (32)

Proof. Let’s show that
tim [ uo(wlo( X = [ [ uole. ydola. y)dydx vo < 14(0, ,¥)),
e—>0J 0 € QJY

le.,

lim w(x, £j(p (x, £jolx = I I v(x, y)o(x, y)dydx.
e>0J 0 € € QJY

Let’s pose that n®(x) = W(x, %)(p(x, %)

Obviously we have u, € LP(Q), because u, is continuous and Q is

bounded.
We pose v, (x) = q)(x, %)
v, € LP(Q) because Q is bounded. Then n°(x) € L (Q).

According to the Lemma 2, we have n®(x) - n(x) in L?(Q)-weak

where n(x) = va(x, y)o(x, y)dy. In other words, we have:

I n®(x)ox)dx —>j I v(x, y)o(x, y)a(x)dydx Vo e LI(Q).
Q oy
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In particular a(x) =1 (Q being bounded) leads to

lim W(x, ﬁ](p(x, ﬁjolx =J J p(x, y)o(x, y)dydx.
) € € QJY

£—>0

Proposition 3 ([G. Nguetseng]). Let's be vy the function from

Rfcv x Rfvv to R given by

o(x, y) = ou(y), «eRY,yeRY,
where ¢ is continuous with compact support in Rfcv, and u € Cy(Y).
We define u, like in (31), where Q isn’t supposed bounded.

Then, the sequence (u;).., weakly two-scale converges in LP(Q) to

the function ug given by (32).
Proof. Let’s show that IQ@(x)u(x/ eh(x, x/e)dx — Jijtp(x)u(y)

h(x, y)dydx, VheLll1(QxY)D(QxY) is dense in LI(QxY) so it

comes down to showing that
I o(x)u(x / e)h(x, x / €)dx — I I o(x)u(y)h(x, y)dydx, Vh e DQxY),
Q aly
D(Q) ® D(Y) is dense in D(Q x Y) so it comes down to showing that
[ otmte/om @hsx/e)dx > [ [ ol @ho(s)dyds, vhy e D),
Q oly
th S D(Y)

[ ohute / o @hs(x / e)dx = [ _olwhutx / ol [ el ().
Q Q
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Let’s pose v(x / €) = u(x / €)hg(x / €) we have IQq)(x)u(x / €)ho(x [ €)hy (x)dx
= jQ(p(x)v(x /€)hy(x)dx. @ is continuous with compact support and
v(x /€) e C4(Y) then o(x)u(x /€) is continuous with compact support.
According to the Lemma 2, jQ(p(x)v(x / e)hy(x)dx — Jgij(x)v(y)hl
(x)dydx.
We conclude that
IQus(x)h(x, x/e)dx — Igjyuo(x, y)h(x, y)dydx, Vh € LI(Q xY), where
uo(x, y) = ¥(x, y) = o(x ().
Proposition 4. Let’s be v the function from Rfcv x Rfv\] to R given by
b, y) = oleu(y), xeQcRY, yerY,
where ¢ is bounded with compact support in R,ZCV, and u e Cy(Y).

We define u, like in (31), where Q isn’t supposed bounded.

Then, the sequence (u;),., weakly two-scale converges in LP(QxY)

to the function ug given by (32).

Proof. Let’s show that
limj ug (x)h(x, x / £)dx = I I ug(x, y)h(x, y)dydx h € LI(QxY).
e>0J 0O QJY
We have

gli_r>r(1) JQ u, (x)h(x, x [ €)dx = 811_% J.Q(p(x)u(x / e)h(x, x / €)dx.
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¢ 1is bounded with compact support and u is continuous = @ ® u 1is
bounded then ¢ ® u € L*(Q). As ¢ ® u is with compact support then
o®u e L'(Q)Vvr.

It is sufficient that % = % —é so that u.(x) = o(x)u(x / ) € LP(Q).

According to the Lemma 2,

Sli_r)% IQ(p(x)u(x /eh(x, x [ €)dx = IQJ.Y o(x )u(y)h(x, y)dydx

- IQIYuO(x, y(x, v)dydx.

Now we will give some easy examples of sequences which two-scale

converges.
3.1.2. Examples
The notation is the same like the above.

Example 1. Let'stake N =1,1<p < +00, Q = [0, 1] and Y = [0; 2x].

We pose ¥(x, y) = sin(2ny), u.(x) = sin(2nx / €), u, is continuous on

Q and Q is bounded then u, € L”(Q).

y — ¥(x, y) = sin(2ny) is Y-periodic.

According to the Proposition 2, we deduce that sin (2nx / €) converges
two-scale in L”(Q) to sin (2rny) e LP(Q; Lé’ (Y)).

Example 2. Let’stake N =1,1<p < 40, Q =R and Y = [0; 1].

We pose ¥(x, y) = ¢(x)u(y) with o(x) = 2(x) if x € [0,1/2[, - 2x + 2

if x € [1/2; 1] and 0 elsewhere, we take u(y) = sin(2mny).

¢ 1is continuous with compact support in R,..
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u(y) is continuous and Y-periodic.

We define u,(x) = v(x, x / €), Vx € Q.

According to the Proposition 3, we deduce that ¢(x)sin(2nx /¢)
converges two-scale in LP(Q) to ¢(x)sin(2ry) € LP(Q; Lé’ (Y)).

1 . (x 1 . . 1

Example 3. If we take u,(x) = gsin| =]+ 5 sin(x) +1 with b;(x) = 3
a(x /&) = sin (%) and by(x) = %sin(x) +1. a(x / €) converges weakly to 0,
then u.(x) converges weakly to %sin(x) +1 and it two-scale converges

1 . 1 .

(strongly) to 3 sin(y) + 3 sin(x) + 1.

Remark 6. To better understand this example, see properties (4) and

(5) on the next page.

3.1.3. General properties

Theorem 1 ([49], p. 6). Let f(x, y) € L'(, C;(Y))- Then f(x, %) is

a measurable function on Q such that

(=)

o) <|/f(x, y)||L1(g, Cy(Y)) = Jgiglf(x, y)|dx,
and

lim Qf(x, %)dx = J.nyf(x, y)dydx.

e—0

Proof. For the proof, see ([49], pp. 6-7).
We now expose a result of compactness for two-scale convergence.
Theorem 2 ([49], p. 13). From any bounded sequence u, of LP(Q),

we can extract a subsequence that converges two-scale to a limit

ug(x, y) e LP(QxY).
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Proof. For the proof, see ([49], p. 13-14).

Simple cases of two-scale convergence (see [5], pp. 15-16) for
properties (1) to (3) and ([53], p. 107-108) for properties (4) to (7).

(1) Any sequence u, which converges strongly in L*(Q) to a limit

u(x), two-scale converges to the same limit w(x).
(2) For any smooth function ug(x, y), being Y-periodic in y, the

. x
associated sequence u,(x) = ug (x, —j two-scale converges to ug(x, y).
€

(3) Any sequence u, which admits an asymptotic expansion of type
ug(x) = ug (x, %) + ey (x, gj + e%uy (x, %) +---; where the functions

u;(x, y) are smooth and Y-periodic in y, converges two-scale to the first

term of the expansion, namely uq(x, y) since the Theorem 1 implies that
j ui(x, ﬁ)w (x, £jdx - j j ug(x, yW(x, y)dydx for all v € LP(Q, Cy(Y)).
Q € € QJY

(4) Let a(y) be a Y-periodic bounded function with zero mean value

Iya(y)dy =0 and let b(x), bg(x) € LP(Q). Then, the sequence (u,)

defined by u,(x) = by(x)a(x / €) + by(x) converges weakly to by(x) and it
two-scale converges (strongly) to b;(x)a(y) + bg(x). We see that the weak

limit is the function by only.

(5) Let us consider the same functions a(y), b;(x), by(x), but another

sequence (v;) defined by v, (x) = by(x)a(x / €2) + by(x). Then the two-
scale and weak limits coincide, which means that the two-scale limit is
constant in the variable y. In this case, the information on oscillations is
not kept. Similarly, taking a sequence given by w,(x) = b; (x)a(cxe) + by
with c¢ irrational, the two-scale limit equals to by only. It is the

consequence that diminishing the periods in sequences is not in

resonance with the periods in the test function.
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(6) Let u(y) be a Y-periodic function, we consider the functions
ug(x, y) = u(y) and uy(y) = u(y —1/2). We define the sequence (u,) by

g (x) = to(x / €).

Then ||ug| P ~ [lo [P (QxY)’ but (u,) two-scale converges to .

(7) Let us consider sequences (u,) from (4) and (v;) from (5). Denoting

the two-scale limit by ug and the weak limit by u, we have lim [u| (@)
~ Juolipan) > lilopiay oo = oy, > Iilp() and finally
the sum u, + v, satisfies sharp inequalities.

Proposition 5 ([49], pp. 9-10). Let u(x, y) be a smooth function

defined on QXRN, Y-periodic in y. Then the limit two-scale of

ug(x) = u[x, %) is equal to the weak LP limit, namely Izu(x, z)dz
€

where 7 is the unit cube in RY.

Proof. Indeed, let f(x, y, z) be a smooth function which is Y-periodic

in y and Z-periodic in z. Then it is well known that
f(x, z, i) - J J f(x, y, z2)dzdy  weakly in L”.
e g2 vdz
This implies that

J.Qu[x, %}b (x, %)dx - .[QJ.Y-[Zu(x, 2)dzf(x, y)dydx, Vo e LI(Q, C4(Y)).

€

In other words, the two-scale limit v of u, is v(x) = qu(x, z)dz.

As we can see, the previous compactness theorem generalizes the

theorem in L2(Q) (from any bounded sequence in L?(Q) one can extract

a subsequence which converges weakly in L?(Q)). This is all the more
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not surprising since the definition of two-scale convergence is written
under conditions of weak convergence. It is a convergence for any test

function and not a standard convergence.

Two-scale convergence also allows us to justify convergence of the

sequence of gradients Vu, in the sense of the following proposal.

Proposition 6 ([41], p. 34). Let u, be a bounded sequence in H'(Q).
Then u, converges two-scale, to a function uy(x) € H (Q) and there is a
function uy(x, y) e [* (& Hé(Y)) such that Vu, two-scale converges to

Vo (®) + Vyu (x, y) :

iy o )i [t s, o< P )

lim | Vug(x)¥ (x, £)dx = J. J. (Vaug(x) + Vyuy (x, y))¥(x, y)dydx,
e=>0J0 € QJY

Y e (L2 C(Y)N.
Remark 7

e Two-scale convergence can also extend to periodic surface cases ([8]

and [54]). If we note by I, a collection of periodically repeated surfaces in

the Q domain following the ¢ period (the edges of the inclusions present
in Q for the example in Figure 1), and by I' the corresponding reference

x
surface suchas Vx e I, = y == e T.
€

e The Proposition 6, can be expanded to the L” space (see [49], p. 22).

Proposition 7 ([41], p. 34). For all sequence u, on LQ(FS) which
checks

gj u Pdx<C, C >0, (39)
rs
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there is a subsequence, always noted u,, and a function ugy(x, y) e

L*(o L%(l")) such that u, two-scale converges to uy in the meaning

lim J - ug(x)w(x, fjdx = IQL uo(x, ylx, y)dydx, (34)

for any test function Y-periodic v(x, y) e L*(Q; C4(I)).

Remark 8 ([41], p. 34). If u, is bounded in I3(Q) and if Vu, is

bounded in L?(Q) as well, using Lemma 4.2.4 in [9], we deduce that u,
verifies (33) and two-scale converges to a limit v, which is nothing but

the trace of uy on T, uy being the two-scale limit of u,. vy is noted by

ug. If u; is bounded in H(Q) we have

21_13(1) IQ us(x)w(x, %)dx = IQIY ug(x(x, y)dydx,
timyef w5, % Jarto) = [ [ wolekte, nai(ra

lim QVua(x) - (x, %)dx = J.Qj.y(quO(x) +Vyu (x, y))

e—0

for all function y(x, y) e L*(Q; C;(Y)) and any function ¥(x, y) € (L2(y

c,Y)N.

Proposition 8 ([49], p. 22). Let u, be a bounded sequence of W"P(Q).
Then u, converges two-scale, to a function ug(x) € WP (Q) and there is a
function u;(x, y) e LP(Q; le’p(Q)) such that Vu, two-scale converges to

Vit (x) + Vi (x, 3).
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Remark 9 ([51], p. 6). For a sequence (u.) in L%(Q) space, we have
the following relations for the convergences:
Strong convergence = Two-scale convergence = Weak convergence.
Weak convergence = Two-scale convergence = Strong convergence.

The definition of two-scale convergence can take into account time

dependence, [50].
Definition 2 ([27], p. 22). Let (u,) be a sequence of functions in

L%((0, T)x Q). This sequence two-scale converges to a limit

u e L2((0, T)x Q x Y) if we have

Ve, x, y) € L2((0, T) x @ C4(Y)),

T T
lim I I ug (¢, x)w(t, X, £)dxolt = J J J u(t, x, y(t, x, y)dydxdt.
e>0J0 JO € 0JQJY

(36)
The definition quickly expands to a vector or tensor functions valued.

From a similar result in [3], the results are extended to time-

dependent functions resulting in the following compactness as in [59].

Lemma 3 ([27], p. 22). (a) Each bounded sequence in L2((O, T)x Q)
contains a subsequence which two-scale converges to a limit

ueL2(0, T)xQxY).

(b) Let (u;) be a bounded sequence in L2(0, T; H*(Q)). Then, there
exists ug € L2(0, T; HY(Q)) and u; € L2((0, T) x O Hjl(Y)) such that up
to a subsequence, u, and Vu, two-scale converges to u, and V,ug

(t, x) + Vyuy (¢, x, y), respectively.
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If in addition 6u, is bounded in L*((0, T)x Q), then duy e L?

((0, T)x Q) and 0,u, two-scale converges to O,uy.
Two-scale convergence is defined in H* (0, T') as follows:

Definition 3 ([27], p. 37). Let (¢,).., be a sequence in H7 Y0, T; M).

e>0

We say that ¢, two-scale converges to ¢ in H (0, T; L3(Q x Y)) when:

Vol x, y) € Hy((0, T); L*(Q; C,(Y)),

lim I;Ig%(t, x)w(t, x, %)dxdt = J;JQqu)(t’ x, ¥, x, y)dydxdt.

e—>0

(37)

Since the time variable is only a parameter in the two-scale convergence
defined by (37) and H7 (0, T) is separable, the weak two-scale

convergence defined by (37) has the same compactness property as in the

square-integrable in time case (Lemma 3).

3.2. Alternative approaches to the two-scale convergence ([53],
pPp- 99-100)

In [13], the authors dealt with a homogenization technique which was
used for the description of porous media. It is suitable for an alternative
approach to two-scale convergence. The alternative approach is based on
the so-called periodic unfolding also called two-scale transform. This idea
is based on the so-called transform which changes a sequence of one-

variable functions {u.(x)} into a sequence of two-variable functions

{Teulx, ).
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For each ¢ let us consider small non-overlapping cubes Cf =cY + ¢k,

kezVN. Here, for sake of simplicity, we restrict ourselves to the domains

Q that can be decomposed into these cubes, ie., Q = U@k. The
k

sequence {7 u(x, y)} is defined by the relation

T.u(x, y) = u, (g[g} + 8yj, xeQ, yeV, (38)

where [x] = k is the vector of the greatest integers k; less than or equal
to x;. On each cube Cf x Y the function 7.u is constant in the variable
x and as a function of y it is the function ug(x) on Cf transformed onto
the unit cube Y. The alternative definition reads:

Definition 4. We say that a sequence (u,) in LP(Q) two-scale

converges to a function uy(x, y) € LP(Q xY), if

e—>0

lim [ [ [Toutx, )= uolx, y)(x, y)dydx = o, (39)
QJY

for any test function y e D(Q; C{°(Y)). Moreover, if T.u — u, in
LP(Q x Y) strongly, we say that (u,) two-scale converges strongly.

We can refer to the article [29], where the approach mentioned above
is also used and is called periodic unfolding. Many authors have applied

this approach to the case of periodic multi-scale problems.

The other alternative approach is based on the so-called inverse two-
scale transform which changes a sequence {7 .(x)} of one-variable

functions into a sequence of two-variable functions ¥(x, y). The functions

¥, are built as follows. Similarly, as in the previous transform, we

consider non-overlapping cubes Cf that cover the Q domain (here the
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Q domain does not need a union of Cf cubes, ie., Q ¢ Uésk ). Outside
k

the domain we pose ¥(x, y) = 0. Let us average the extended function

¥(x, y) with respect to the first variable:
— 1 x k
7ilx) = J' cg'w(&’ ;)dg, x e Ck. (40)

Definition 5. Let (u;) be a sequence in L”(Q). We say that ()

two-scale converges to a function uy € LP(Q xY), if
limj ug ()0, (x)dx =J J ug(x, yw(x, y)dydx,
e=>0J0 QJy

for each test function y(x, y) € D(Q; C°(Y)). Moreover, if

. _ _ 1 x k
limfu, () - () = 0. where T(w) = 57 [ ol & L)ty x <.

we say that (u,) two-scale converges strongly.

Remark 10. The two-scale transformation used in the Definition 4
allows us to define two-scale convergence and strong two-scale
convergence more naturally with the help of weak convergence with
regular test functions. On the other hand, the Definition 5 is similar to
the classic definition by Nguetseng and Allaire, but differs from (30) in

the choice of test function on the left side.

Why do we look for alternative approaches to the original one? In the
definition we want to test the convergence with functions from a space as
small as possible, thus, smooth functions are convenient. On the other

hand, in applications the largest class is desirable. In Definition 1 we
cannot take the test functions y(x, y) from the whole space LI(Q xY),
since it is not correctly defined on the zero-measure set {[x, y]: y = x/¢}

and thus the measurability of the composed function y(x, x /&) is not
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guaranteed. Moreover, the test functions can satisfy some convergences,
which is not always obvious. The class of suitable test functions is
discussed at the top of the following section. Such functions are called
admissible. Further, we will see that the two mentioned alternative

definitions avoid described problems.

The main result of convergence on two-scale is convergence into a

norm.

Theorem 3 ([49], p. 10). Let (u,) be a sequence in LP(Q) which

e>0

two-scale converges to ug € LP(QxY). Then
u, — v(x) = j ug(x, y)dy weakly in LP(Q), (41)
Y

and (u,) is bounded.

Theorem 4 ([49], p. 17). Let (u,) be a sequence in LP(Q) which

e>0

two-scale converges to ug € LP(QxY). Then

lim inf el zr @) 2 ol 2 ey = Il 2 () (42)
where u(x) = jyuo(x, y)dy.

Remark 11. We note that the result (42) of the Theorem 4 can be

compared with the well-known fact that if u, - u weakly, then
lim inf el @) = el 2p ()-

So far, we have given the main results on the bounded sequences of
IP(Q). For bounded sequences of H'(Q), the results may be more

accurate.
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Theorem 5 ([10], pp. 23). Let (u,),., be a bounded sequence in HY(Q).
Then, there exists uy € H'(Q) and u; e [*(Q, Hé(Y)), such that, up to

the extraction of a subsequence, one has

u, converges to ug weakly in H(Q),

u, converges to ug strongly in L*(Q),
u, two-scale converges to ug,

Vu, two-scale converges to V .ug(x) + V yuy (x, ).

Proposition 9 ([10], pp. 26). Let (u )., be a bounded sequence of L}(Q)
such that (eVu),. is bounded in L2(Q). There exists ug(x, y) € L2(QxY),
such that, up to the extraction of a subsequence, one has

u, two-scale converges to ug,

eVu, two-scale converges to V yug(x, ).

Theorem 6 ([49], p. 20). Any function u € LP(Q xY) is attained as a

two-scale limit.
3.3. Other properties of two-scale convergence ([563], p. 107-108)

The sequences from the previous two properties (4) and (5) point to
an interesting fact. An extracted subsequence of weakly converging
sequence converges to the same limit. In the case of two-scale
convergence, we must consider convergence also with respect to
subsequences of periods. Otherwise the limits may differ (e.g., the

sequence (v,) from the properties above can be considered as extracted

subsequence from (u,)).
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Definition 6. Let u € LP(Q xY), we define 7, by

€ ﬁ} +sy), for x € Q,
Y

(Tou)(, 5) - ( E

u(x), for x € A, where A, = Q - Q..

In the case where Q = RY or if the domain Q can be written as interior

of a union of complete cells we can take Q, = Q and A, = 0.

Property 1 ([39], p. 78). Let f, g € L”(Q) and y € L*(Y;), such

that fyw(y)dy =0.

Then the sequence u.(x) = f(x)y (%) + g(x) is bounded in L”(Q).

Since its unfolding 7, u, yields (T u,)(x, y) = f(x}w(y) + g(x) in Q. x Y.
It strongly two-scale converges in LP(Q) to the limit uy(x, y) =

f(xW(y) + g(x). The sequence u, converges to g(x) in LP(Q) weakly,
but not strongly, unless that f(x) =0 or p(y) = 0. The property shows

that the local oscillations of u,, which are lost in the usual weak limit

LP(Q), are conserved in the strong two-scale limit.

Remark 12. In the previous property (4), the sequence was strongly

two-scale converging. It was caused by the fact that the period ¢ of y (%)
was “in resonance” with the scale E = {¢}. Modifying the sequence to
ug(x) = f(x)w(%cj + g(x) with the same scale E, the sequence also

strongly two-scale converge but the limit is ug(x, ¥) = f (xw(2y) + g(x).

The weak LP(Q) limit is unchanged.
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If the period of the function y is not “in resonance” with the E scale,
i.e., their ratio is irrational, e.g., u.(x) = f(x)p (%) + g(x), then the
€

sequence u, does not converge two-scale strongly but only weakly. Its
limit ug(x, y) = g(x) is independent of y, i.e., the local oscillations are

again lost.
4. Solving Some Problems by Two-Scale Convergence Method

We will give in this section some problems solved with two-scale

convergence and applied it to an example.
4.1. Some problems solved by the two-scale convergence method

Two-scale convergence has been used to study different problems. We

give an overview of these problems.

Two-scale convergence applied to the Vlasov-Poisson equation and
Vlasov equation

Jiann-Sheng Jiang and Chi-Kun Lin use two-scale convergence in
their article “Weak turbulence plasma induced by two-scale
homogenization”, see [46]. They showed that the homogenization limit, in
the sense of two-scale limit, of the distribution function satisfies the
linear Vlasov-Poisson equations. Moreover, the limit distribution function
can be decomposed into the mean and the fluctuation parts. They also
investigate the Landau damping from the point of view of

homogenization through the two-scale limit.

They use the two-scale convergence on the quasi-linear theory of the

plasma turbulence described by the Vlasov-Poisson system.

In the same topic Aurore Back and Emmanuel Frenod use it in their
article “Geometric two-scale convergence on manifold and applications to
the Vlasov equation”, see [17]. They adapt the two-scale convergence on
manifold using the Birkhoff’'s theorem and they do asymptotic analysis

using geometric objects (differential forms).
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Two-scale convergence applied to fluid flow in porous media

Gregoire Allaire applied the two-scale convergence to fluid flow in
porous media, see ([4], pp. 13-19). He considered the steady Stokes

equations in a porous medium Qg with a Dirichlet boundary condition.
Denoting by u, and p, the velocity and pressure of the fluid, and f the

density of forces acting on the fluid. The system of equations is

Vp, — sgAu8 =f in Q

£
divu, =0 in Q, (43)

u, =0 on 0Q;.

Two-scale convergence applied to behaviour of the warping and

the torsion problems

Polisevski and Mascarenhas in [61] use the two-scale convergence
method to study the homogenized behaviour of the warping and the
torsion problems in a two-dimensional domain with a quasi-periodic
perforation, as well as the relationship between the two homogenized

problems. The Neumann problem was also analyzed.
Two-scale convergence applied to the stochastic

Wright et al. in [23] studied stochastic homogenization of partial
differential equations and generalise the method of two-scale
convergence. The two-scale convergence has been extended from the
periodic setting to the more general stochastic setting. The compactness
and convergence results are important tools in the resolution of
homogenization problems for partial differential equation. These results
can be applied to the monotone operators and nonlocal. For the two-scale

convergence of almost periodic function, see [26].
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Two-scale convergence applied to the viscous fluid

Saint Jean-Paulin and Polisevski in [60] used the two-scale
convergence in the study of viscous fluid. The so-called dual-porosity
model for immiscible incompressible two-phase flow in a natural
fractured reservoir has been studied in the means of two-scale

convergence method by Bourgeat et al. in [22].
Two-scale convergence on BV-spaces

The two-scale convergence method has been used by Amar in [11] to
study some classes of homogenization problems on BV-spaces for periodic

energies with linear growth.
Two-scale convergence applied to other problems

The two-scale limit has many others applications. It can also be
applied to fluid flow problems, see [2, 12, 20, 21, 34, 38, 62], and to
several other types of homogenized problems. For magnetic field
problems, see [40, 64] and for parabolic problems, see [25, 44, 65]. For
degenerated parabolic differential equations, see [32, 33, 52]. For spectral
problems in fluid-solid structures, see [7]. Other applications of two-scale

convergence can be found in [1, 48, 50] and especially the books [31, 35].

Other methods of analyzing multi-scale problems exist. One of these
methods is the Representative Elementary Volume method (VER or
RVE) [28, 42, 43].

The basic idea is to calculate means of disturbances in a volume
representative of the heterogeneity of the system, then use these means
to describe macroscopically the problem initially described in a

microscopic way.

The method of mathematical homogenization is based on the same
principle. Nevertheless, the averages it provides are obtained in a
mathematically more rigorous and justified manner. Moreover, it allows
to approach the local values of the disturbances thanks to corrective
terms. The physical homogenization method is limited to the definition of

an average value of these disturbances.
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4.2. Applications to 2nd order elliptic linear equations ([10], pp. 27)

We now turn to the homogenization of the model problem and
generalize the method to classical second order elliptic PDEs. As we shall
see, the main strategy consists in the following methodology:

e find a sequence (u;), bounded in HY;

e extract a subsequence and apply the Theorem 5;

e identify the problems solved by ©y and u;;

e show that the whole sequence converges;

e give sufficient conditions to get the strong convergence and prove

the multiscale expansion. Let’s consider the problem (2), namely,
- div (A (%)Vua (x)j = f(x) in Q,
Ug =0 on 09,

where Q 1s a bounded open set. Note that under the classic tensor

assumptions of A, namely, the existence of 0 < ¢ < C such that
ve e RY, dg’<(4g, &)< Clg?, (44)

and the fact that f e LZ(Q), the problem (2) admits a unique solution

u, € H}(Q), which moreover satisfies

_ IdeV (A (%)Vug(x)) cug(x) = —Im A £jVug(x)j ug(x) - n(x)do

€

(
(A ﬁ)Vug(x)) - Vug(x)dx
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The following variational formulation:

IQ(A (%)Vug(x), Vus(x))dx = IQ f(x)ug(x)dx in Q, 45)
u =0 on 0Q

€

lead to

.[Q(A (gj Vi (%), Vus(x)) dx _[Q £ (o) () dx

N

11122 s 2

N

Cplfllz2IVuel 2,

where Cp represents Poincaré’s constant on Q. Using the coercivity

hypothesis (44), we easily deduce

(A (%)Vug(x), Vug(x)j = J‘Q(A (%)Vug(x), Vug(x))dx,

0,Q
or

vy < (4(ZJ7u, @), Vi) < Colflalvz

Then
C
Mz < <21l

< Ifllzz-

We have the following theorem.
Theorem 7 ([49], p. 25). The solution sequence of the Equation (45)
weakly converges to ug in W01’2(Q) and the sequence Vu, two-scale

converges to Vugy(x)+ V uy(x, y), where (ug, uy) is the single solution in

Wol’2(Q) x L2(Q, %1’2(Y)) of the homogenized equation:
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[ ] (A0 (V@) + ¥y (. ). Vol) + V1w, )y = [ fod,
for all v(x) e W(}’Z(Q) and vy(x, y) e I2(Q, le’z(Y)). (46)

5. Conclusion

The theory of homogenization uses the method of asymptotic analysis
to describe the behaviour of a physics system. A new method of
convergence of homogenization processes is proposed to justify the theory
of homogenization: two-scale convergence. In this article we surveyed
some phenomena in the two-scale convergence. By the original
definitions from Nguetseng we give again some other definitions. The
two-scale convergence has been genaralized to the multiscale
convergence, see [6] and Corollary 1.16 of [3]. We also see that the two-
scale convergence can be defined by a new way: the alternative
approaches. This principle is to transform a sequence of one variable
function to a sequence of two variable functions. We give some examples
to help the reader to more understand the notion of two-scale
convergence. We see also that the choice of the space is very important to

be able to apply the definition of two-scale convergence.
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