Journal of Algebra, Number Theory: Advances and Applications
Volume 20, Number 1-2, 2019, Pages 17-40

Available at http://scientificadvances.co.in

DOI: http://dx.doi.org/10.18642/jantaa_7100122060

ON THE UNIFORM DISTRIBUTION IN
POSITIVE CHARACTERISTIC

ZHIYONG ZHENG!, ZIWEI HONG?
and MAN CHEN?

1School of Mathematics
Renmin University of China
Beijing
P. R. China
e-mail: zhengzy@ruc.edu.cn

2School of Mathematics and Systems Science
Beihang University
Beijing
P. R. China
e-mail: hongziwei@live.com

3Department of Mathematics
South China University of Technology
Guangzhou
P. R. China
e-mail: 13798043026@163.com

2010 Mathematics Subject Classification: 11J61, 11J70.

Keywords and phrases: uniformly distributed modulo 1, Laurent series field, Haar measure.
This work was partially supported by the “973” project 2013CB834205 of P. R. China.
Received April 26, 2019

© 2019 Scientific Advances Publishers



18 ZHIYONG ZHENG et al.

Abstract

Uniform distribution is an important subject in classical Diophantine
approximation. There is a close connection between the distribution of real
numbers and the estimation of exponential sums via Weyl’s criteria. Carlitz
gave a definition of uniform distribution in positive characteristic in an
elementary way (see [11]), however, we are going to find a geometrical
description. In this paper, we present a precise analogue to Weyl’s criteria in the
case of positive characteristic by using Haar measure. As an application, we
show that the uniformly distributed modulo 1 for linear forms and for
polynomial functions. In particular, we prove the set {m0} in the Laurent series
field is uniformly distributed modulo 1, where m extends over all the

polynomials and O is a fixed irrational function.
1. Introduction

Let F, be a finite field with ¢ elements of characteristic p,

K =TF,[T] be the polynomial ring, k = F,(T) be the rational function

field, and k,, = F,(( % )) be the formal Laurent series field. Let v be the

normalized exponential valuation of &, with o( % ) =1 and v(0) = o. If

o 1s an element in k,, then o can be uniquely expressed as a Laurent

series as follows:

i
o= Zai(—) , neZ a €l and a, # 0, (1.1)

i=n
where v(a) = n. We define the square bracket function [a] by

0 i
[a] = Zai(%j ,if n <0, and [a] =0, if n > 0, (1.2)

1=n
which is called the “integral part” of o as usual. We see that [a] € K,
[0 + B] = [a] + [B], [aa] = a[a] for all a e F,, and v(a —[a]) > 1. In fact,

there is a unique polynomial A = [a], such that v(a — A) > 1. We write
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(a) = o —[a], which is called the “fractional part” of o. It is easily seen
that (a +B) = (o) + (B), (aa) = a(a) for all a € F,, and (a + A) = (a) for
all A € K, in particular, we have (o) = 0 if and only if o € K. The

absolute value functions |o| and |o| in &, are given by
of = ™ and o] = (o). 1.9

It is worth to keep in mind that |0 =0, o =1 for all a e ]F;, and

|op| = |of - |B] for a, B € k,. For the double absolute function, we have

oo + A = [lof| for all A e K, |jao|| = |jof| for all a ]F;, 0 <o < L for all
q

o € ky, and |of = 0 if and only if o € K. In particular, we have

oo + B < max{od, B}, and fo = inf|o - A]. (1.4)
eK

Thus, ||a is the smallest distance from o to any element of K, and [a] is

the nearest polynomial to o.

The valuation ring P and the valuation ideal P of %, are given by
PBo =1{a €k, : o <1}, and P = {a € ky, : |of < 1}. (1.5)

If n is an integer, the fractional ideal 3, is given by
1 _
Pu = (F )" Po={aecks:lof<g} (1.6)
Obviously, P; = P and

“DP_o2 P D Po D P D P >

The collection {8, },., is a fundamental system of neighbuorhoods of 0.

If o € k,, we denote a ball by a + B,
a+P, ={xek, :jx-of <qg™"} (1.7)

which is usually said to be a ball of center o and radius ¢~".
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Let k! be the additive group of k.. Since k) is a local compact
topological group, there exists a unique Haar measure, up to a positive
multiplicative constant. Define by p the Haar measure on k) normalized

to have total mass 1 on ‘B, we thus have
wP,)=¢" " and wo+B,)=q¢'™, neZ ack,. (1.8)

We write dx = du(x), and denote by L!(k,, ) the set of all complex valued

measurable functions on k. such that
j ()| dax < o0,
ks

Let kA:;; be the dual group of k), which is the set of all continuous
group homomorphism from £, to the circle group T = {z € C : [¢] = 1}.

Every element y in l%;; is said to be an additive character of k.. Let g
be the principal additive character. For each additive character y # ¥,

there exists an integer n such that y is trivial on 93,,. Let
n() := min{n : p(x) = 1 for evey x € B, }, (1.9)

which is called the conductor of y (see [4], (2.6)). We set n(py) = o. If

ock,, and p e ]5;), we define v, (x) = p(ax) for all x € k. Clearly, y,
is again an additive character of k,, and the conductor of y, is given by

(see [4], (2.14))
n(¥y) = n(®) - v(a). (1.10)

In the preceding papers [9, 10], we showed that a few basic results on
the simultaneous Diophantine approximation in k.. In particular, we

showed in [10] that the set {(m6)} _, are everywhere dense in the

valuation ideal . For a general background to material on Diophantine
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approximation in characteristic zero and in positive characteristic, we
refer the reader to [1, 2, 3, 7] as well as the survey papers [5, 8]. In this

paper, we define and describe the uniform distribution modulo 1 for k.,

and present a precise analogue to Weyl’s criterion in the case of positive

characteristic. In particular, we prove the set {m6}, g is uniformly

distributed modulo 1.

To state our definitions and results, let (") = (Zm1s Zm2s > Zms)
(1 £ m < M) be M s-dimensional vectors in B°, let a = (0o, ag, ..., a)
e P® and r=(n,...,75) € Z° with r; >1. We denote by Fp(a, r) a
counting numbers function as follows:
Fy(a, r) :#{z(m) :1<m< M, and z,; € a; + B, for all 1 < j < s}.

(1.11)

The discrepancy of the sequence {z") H<m<y are defined by

S
Dy = sup |M_1FM(OL, T)—HM(%' + ‘43;7 )
aeP’ j=1

reZs,rjzl

-1 S=2 47
= sup |M Fy(oa,r)-q =,

acP®

reZs,rjzl

(1.12)

Definition 1.1. If limys ,, Dpy =0, we call the sequence
{z(m) Hemewo N P° uniformly distributed. Suppose that z(m)(l <m < M)
are M vectors in kj, not necessarily restricted to lie in B°. Let
(z(m)> = ((2m1)s (Zm2)s ---» (2Zms)) be the fractional parts vector of 2m),
If (z(m)) (1 £ m < ©) is uniformly distributed in B°, then we call the

sequence {2 H<m<oo uniformly distributed modulo 1.
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The main results of this paper are the following theorems.

Theorem 1.1 (Weyl’s criteria). Let z(m)(l < m < ») be a sequence of

vectors in B°. Then the following statements are equivalent:
@) z(m)(l < m < ») is uniformly distributed in 3°.

(1) For all real or complex valued Haar-integrable functions

f(z) = f(z1, 29, ..., 25) on B°, we have
Jim M—llng:M £z = LB-.- Jm f(2)dzydzs - dz,. (1.13)

(iii) Let v be an additive character of k,, with the conductor n(y) = 2.

Then we have

lim Mt Z p(A -2 = o, (1.14)
M —x©
1<m<M
for all nonzero vectors A = (A1, Ay, ..., Ay) € K®, where A - 2 is the

inner product of vectors A and 2(m) given by
Xy =x1y] +XgYg + o+ XY, where x = (x1, ..., Xg), ¥ = (V15 05 V)

(1.15)

Corollary 1.1. Let z(m)(l < m < o) be a sequence of vectors in k5,

not necessarily restricted to lie in B°. Suppose that v is an additive

character on k., such that n(y) = 2 and v(o + A) = (o) for all o € ky

and A € K. The necessary and sufficient conditions that {z(m)} be

uniformly distributed modulo 1 is that

; -1 C(m)y
Jim M Z B(A - 2™ = o, (1.16)
1<m<M

for all nonzero vectors A = (4, ..., Ay) € K°.
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In Section 3 below, we shall introduce an additive character y such
that n(y) = 2 and y(a + A) = ¥(a) for all a € k,, A € K, of which may

be regarded as an analogue to the exponential function e?™* in the
complex number field. Therefore, the summation on the left-hand side of

(1.14) may be regarded as the exponential sums in k.

To apply the above Weyl’s criteria, we next show that some of
classical examples of uniformly distributed modulo 1. First, we consider

the simplest case as follows.
Theorem 1.2. Suppose that 0 € k,, and 0 ¢ k. Then the sequence

{m6}, _x in k,, is uniformly distributed modulo 1.

There is two nature generalizations of Theorem 1.2, and the first one
is uniformly distributed modulo 1 for linear forms. Let L(x) = L(x;, x9,

vy Xg) = X7 + agXg + -+ + agxy, where o; € ky. L(x) is said to be a

linear form over k,, in variables x;, xo, ..., xs. We show that

Theorem 1.3. Let L;(x)(1 <i<n) be n linear forms in the s

variables x1, xg, ..., x5. Suppose that the only set of polynomial vectors
A= (A, Ay, ..., A,) € K" such that
ALy (x) + AgLy(x) + -+ + Ay Ly (x),
has polynomial coefficients in x1, xg, ..., x5 is A = 0. Then the sequence
of vectors 2™ = (Ly(m), Ly(m), ..., L,,(m)) for m = (mq, ..., mg) € K® is
uniformly distributed modulo 1 as |m| := min;.;<,|m;| — oo.
Let s = 1. As a straightforward consequence, we have

Corollary 1.2. Let 0, 09, ..., 0, be n elements in k, such that

{1, 04, ..., 0,,} are linearly independent over k. Then the sequence of

vectors 2\ = (m0;, mbg, ..., m0,,) for m € K is uniformly distributed

modulo 1.
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Next, we show that another example of uniformly distributed modulo

1 for polynomial functions.

Theorem 1.4. Let f(x) = a,x" + -+ a;x + ag be a polynomial over
k., of degree less than p with the variable x. Suppose that f(x) has at
least one irrational function coefficient a; with j =1 (i.e., a; ¢ k). Then,

the sequence {f(m)},, g is uniformly distributed modulo 1.

Clearly, if n =1, Theorem 1.4 becomes Theorem 1.2. All of the

results we present here are very famous in the real number field, for
details we refer the reader to ([3], Chapter 4). Throughout this paper, the

notation o = B(mod1) means that there is a polynomial A such that
a = A+ B, where a, B € k. In particular, we have a = (a) (mod1) for
all o € k,,. This result has been proved by Carlitz in a very elementary

method (see [11]) and also other scholars gave a proof in similar method.

Now we will give a proof based on Fourier transformation.
2. Proof of the Weyl's Criteria

To prove Theorem 1.1, we need some basic techniques of harmonic

analysis on k,. The reader should consult ([4], Chapter 2) and
([6], Chapter 2) for details. Let f be a complex valued function and

f e L}(k,), the Fourier transform f takes the form

f(x) = J.k f(Ew(xt)dt, x € ky, 2.1)

where v is an additive character on k. If f € L'(k,), then its Fourier

transform via the conjugate of y takes the form

;(t) = Ik flaw(=tx)dx, tek,. (2.2)
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Lemma 2.1. If f € I}(k,,) for continuous f e L*(k,), then

f(t) = ¢ "), 2.3)
forall t € k,,, where n(y) is the conductor of .

Proof. From the general theory (see [6], or page 26 of [4]), we know

that f = cyf for some constant ¢, which is independent of f. To
determine this constant, we take f to be the characteristic function of .

It is easily seen that

flx) = Ik f@(xt)dt = me(xt)dt.

Since n(v,) = n(v) - v(x) (see (1.10)), it follows that f is the

characteristic function of Br(p)-1- Hence by (2.2), we have

f(t) = jk fopmde= [ w-w

n(y)-1

One easily computes that

Ft) = w(Pnp)-1 () = 1),
The lemma follows at once. O

Let f be a continuous function on 9. We denote by cs(A) the Fourier

coefficients of fon P as follows:

cp(A) = j LO0Ands A< K. 2.4)

. + . . . .
Since k; = K x 3, we have the following Fourier series expansion.
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Lemma 2.2. Let n(y) = 2, and suppose that f is a continuous complex

valued function on B such that

D lep(A)] < . (2.5)

AeK

Then for all t € P, we have

fO) = Y cp(Ap(- At). (2.6)

AeK

Proof. Extend f to all of k, by defining f(t) =0 for ¢ € ky, —B.

Since P is open in kg, thus fis continuous on k,, and
fo = [ fepe

We note that if x € P;, v € B, then xy e Bisjs in particular, we have
xy € Py, if x € P and y € P. Since n(p) = 2, it follows that p(xy) =1

forall x € P and y € P. We see that for x = b + y with y € B, then

ey = fo 4 )= [ rewteo s e = [ ewtew)ds = o)

Hence, f is periodic on k, with P as a group of periods. By the

definition of fon k., we have
fla)= [ rptands = [ fwads = ()
It follows that

j km| Fx)|dt = ;{IA+m|f(x)|dx

= DA = Y le(A)] < =,

AeK AeK
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by the assumption. Thus f € Ll(kOo ). If t € B, by Lemma 2.1, we have

f0) = [ Fe(-

- f;{fw [ .t )

= > flap(- tA)J'mw(— tx)dx

AeK

= D flAp(- 4.

AeK
We complete the proof of Lemma 2.2. O

Proof of Theorem 1.1. To simplify the notations, we assume that

s =1, since there are no great additional complications when s > 1. Our

vectors z(™) (1 £ m < ») are thus substantially elements in 3, which we
shall denote by z,, (1 < m < ©). To prove Theorem 1.1, it is enough to

prove the cycle of implications about z,,
(A) > (B) > (C) » (D) —> (4),

where 2z, € P for 1 < m < w0, and (A), (B), (C), and (D) are statements

about z,, as follows.
Statement (A). z,, (1 < m < ) is uniformly distributed in ‘.

Statement (B). Suppose that o € B and r is a positive integer given,

then
M7Fy(a,r)—> ¢, as M > o,

where M > 1 is a positive integer, Fy;(a, r) (as before) is the number of

solutions of
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Uniformity with respect to oo and r is not assumed.

Statement (C).

MY () - Lpf(z)dz, as M — w,

1<m<M

for all functions f(z) Haar-integrable in B.

Statement (D). Let y be any additive character with n(y) = 2, then

Mt Z ¥(Az,,) > 0, as M — oo,
1<m<M

for all polynomials A # 0. Again, no uniformity with respect to A is

assumed.

Proof that (A) implies (B). It is trivial, since (B) is an ostensibly

weaker form of (4).

Proof that (B) implies (C). By considering the real and imaginary
parts of f(z) separately, we may suppose without loss of generality that

f(z) is a real valued function and, by adding an appropriate constant to

f(z), that f(z) > 0. Since f is Haar-integrable in ‘B, for each r € Z,

r > 1, we have

Imf(z)d,z: > _[ £(t)dt.

acP/ P, o

Denote y, and I';, by

Yo = min f(¢), and T, = tergf% f(2).

tea+P,

For each ¢ > 0, if r is sufficiently large, then we have

I f(z)dz —e < ¢*" Z Yo < g7 Z T, SJ‘ f(z)dz +e (2.7)
¥ TP, TP, ¥
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It is easy to see that

M_l Z f(zm): Z M_l Z f(zm)

1<m<M aePB/P, 1<m<M
Zmea+P,

If M is sufficiently large, by statement (B) we have

@-9¢"" > v <M D fe) <0+’ D T, @28

aePB /B, 1<m<M aePB /P,

If follows that

M Z f(zm) < (1 +e)gt™” Z I, <@+ e)[J.mf(z)dz + ej.

1<m<M aeP/P,

On the other hand, we have similarly

MY ez -9 Y vaz(l—f)Umf(Z)dZ—fj-

1<m<M aePB/ P,
Therefore, we have

M Z f(z,,) = I f(z)dz, as M — .
1<m<M ¥
Proof that (C) implies (D). Since z,, € B (1 < m < »), we write
¥(Az,,) =v4(z,,), where n(v,)=n({)-v(A)> 2 if A is a polynomial
and A # 0. We see that ¥4 is a nontrivial additive character on P for

all A e K and A # 0. It follows that

Imw(At)dt = {

Since ¥4 is continuous on ‘B, by (C), we have

1,if A =0,

0,if Ae K, A=O0.

MY w(4z,) > j' p(Az)dz = 0,
1<m<M ¥

for all nonzero polynomials A.
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Proof that (D) implies (A). Suppose o € P and r € Z with r > 1. Let

Yo, be the characteristic function of a +%,. By the definition of

Fyr(a, r), we see that

M7 Fyla,r) = M7 D g (2m)- (2.9)
1<m<M

To make use of Lemma 2.2, we must compute the Fourier coefficients of

Yo r- Let A € K, itis easily seen that

Cpq.r (A) = J.mXa,r(t)W(At)dt

= J v(At)dt = w(Aa)I p(Ax)dx.
a+P, Br

Since n(v4) = 2 - v(A), we have

W(Aa)' ™, if |4 < ¢,
(A) =

chc,r 9
0, if |A] > ¢"2.

Then

Z ey, (A)] < .

AeK

By Lemma 2.2, the Fourier expansion of y, , on P is

Yar@m) = D ¢y (AW Azy,)

AeK

=gl Z p(AaY(— Az,,). (2.10)
AeK
Al<q" 2
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It follows by (2.9) that

Dy = sup lg"" D w(A)M T Y v(- Az,)-g
aeP,rx1 AeK 1<m<M
\A\Sqr72

= swp (g > wAaM T Y u(- Azp)

e, r=1 Ack 1<m<M
0<|Al<qg" 2
< ¢ max M Z v(Az,,)|.
A¢0 1<sms<M

By statement (D), we have Dy; — 0 as M — oo. This is the proof of
Theorem 1.1. O

Proof of Corollary 1.1. Without loss of generality, we may assume
that s =1. Let z, (1 <m < o) be elements in k,, not necessarily
restricted to lie in P, we have z,, = (z,,) (mod1). Suppose that y is an
additive character with n(y) = 2 and y(a) = 9(B) if o = B(mod1). Then
¥(A) =1 forall A € K, and

bAz,) = D w(Aly):

1<m<M 1<m<M

The assertion of Corollary 1.1 follows by Theorem 1.1 immediately. O
3. Uniform Distribution for Linear Forms

In this section, we first introduce an additive character y with
n(@) =2, and y(a)=p(pB) if o =P (modl), so that the assertion of
Corollary 1.1 makes sense. If a € k., then o can be uniquely written as

a Laurent series as follows:

+o0
a:Zai(%)l,seZ, a; € ¥y, and ag # 0. (3.1)

i=s
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For every positive integer n > 1, we set 7,(a) = a,,, which is a map from
ko to F, such that 7,(aa)=ar,(a) for all aeFy, 7,(a+p)=
(@) +1,B), and 1,(A)=0 for all A € K(n >1). In particular, we

have
m,(Ta) = 7,,,;(a) for all i > 0, (3.2)

and
T,(a) # 0, if n = v(a). (3.3)

Let A be a fixed primitive p-th root of 1, we thus introduce an additive

character w(n) as follows:
w(n)(a) — xtr(Tn(a)) — }\‘tr(an), (34)

where tr is the trace map from F, to Fp. Obviously, w(n) 1s an additive
character on k, with the conductor n(w(n)) =n+1 for each positive

integer n. In particular, we have n(w(l)) =2, and
1W(a + A) = pW(a), for all a e k,, and A < K. (3.5)

In the sequel of this paper, we fix y = w(l).w should play a role of
exponential function in k.
Suppose that A. H e K and A =0, H #0,0 € k,, we denote by
S 4(0, H) the exponential sums as follows:
Sa(0, H) = > p(mao), (3.6)
meK
m|<|H]|

where y = w(l) given by (3.4).
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Lemma 3.1. (1) If 6 € k¥ is a rational function, then there is a

polynomial A # 0 such that
SA(0, H) = |H|, for all H € K with H # 0. 3.7

(1) If © ¢ k is an irrational function in k, and A € K with A # 0,
then we have
Sa(6, H) = 0, if |H| > |46, (3.8)
where ||a| = [(a)| (o € ky) is the smallest distance from o to any element
of K (see (1.4) above).

Proof. (i) is trivial. Since 0 1is a rational function, there is a
polynomial A # 0 such that A0 € K. We thus have y(mA0) =1 for all

m e K and S4(06, H) = |H| for all H € K with H = 0.
To prove (i1), we note that by (3.2)
o (Tig) = At (ta(T70)) _ 4tr(704i(0)) _ §7(0). (3.9)
Let deg(H)=h=>1 and m=b, T +by, oT" %+ +b,T +by.
Then, we may rewrite S4(0, H) as follows

h-1
Sa(0, H) = H( Z (b, T A9)). (3.10)
1=0 bie]Fq

Since |H| > ||A9||_1 by assumption, we thus have h > v((46)) > 1. Then
there exists one of i such that 0 <i<h-1, and i = v((A6)) - 1. Let
i +1 = v((A6)), we have by (3.9)

D 6T A0) = D (T, {A6)) = D 8 (bi(46))

b; E]Fq b; qu b; EIFq
_ Z Ar(114i(6:(A48))) _ Z r(biT14i((46))) _ 0,
bie]Fq biEFq

because of T1,;((46)) = 0 by (3.3). It follows that S,(06, H) =0. We
complete the proof of Lemma 3.1. O
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As a straightforward consequence of Corollary 1.1 and Lemma 3.1,
we have the following corollary, which contains the assertion of Theorem
1.2.

Corollary 3.1. If 0 € k,, and 0 ¢ k. then the sequence {m8},, g is

uniformly distributed modulo 1. If 0 € k, then it is not uniformly

distributed modulo 1.

There is a high dimensional version of Lemma 3.1. Let L;(x), ..., L,(x)
be n linear forms in variables x = (x;, x9, ..., X,,) given by
Ly(x) X1
_B| | (3.11)
Ly (x) X

where B = (a;;),,s is an n x s matrix over k,. We denote

nxs

Sa(B H)= D o > w(ALy(m)+ -+ A Ly(m),  (3.12)

my ek mgeK
ma[<|H1|  |mg|<|H|

where H = (Hy, ..., H)) e K°, A = (A, Ay, ..., A,) e K", and m =
(mq, ..., mg) e K°. Weset [H = min{|H;| : 1 <i <s}.
Lemma 3.2. If Li(x), ..., L,(x) are n linear forms given by (3.11),

and the only set of polynomial vector A = (A, ..., A,) € K" such that
AjLi(x)+ -+ A,L,(x) has polynomial coefficients in xi, xg, ..., Xg 1S

A = 0. Then, we have

SA(B, H) =0,

for sufficiently large |H|, where A = (A, ..., A,)e K" is a nonzero

polynomial vector.
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Proof. If A = (4, ..., A,) e K" and A # 0 is given, we may write
AjLi(x)+ - AL, (x) = c;x] + CoXg + -+ + CpX,,,

where ¢; € k, depends only on A = (A4, ..., A4,) and the matrix B.
Since A # 0, there is at least a ¢; ¢ k. By (3.12), we have

S

SaB, H) =€ D, vimje;)).
j=1 mjeK
Imj|<|Hj|
Suppose that ¢; ¢ k, we thus have by Lemma 3.1,
-1
D wimie;) = 0, as [H;| > [
m;eK
|m; |<|H;|
If follows that S, (B, H) = 0 as |H| is large enough. We complete the
proof of Lemma 3.2. g
Now Theorem 1.3 follows immediately from Theorem 1.1 and the
above lemma.
4. Uniform Distribution for Polynomial Functions
In this section, we give a proof of Theorem 1.4. To do this we need the

following lemmas.

Lemma 4.1. Let u(m) be a complex valued function on K, and

N, M e K be two polynomials such that 1 < |N| < |M|. Then

INLL Y wm)P < M| Y fum)P+ > > umulm k) |.
meK meK heK meK
Im|<| M| Im|<[ M| O<[A|<|N|[m|<| M|

(4.1)
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Proof. Let g € K be a fixed polynomial such that |g| < |N| < |M|, it

1s easily seen that

Z u(m) = Z ult - g). (4.2)

meK teK
|ml|<[M| |t]<[ M|
If follows that

V] Z u(m) = Z Z ult - ).

\m\<\M\ \t\<\MHg\<\N\

By Schwartz’s inequality, we have

NEL S e < 3| S ke

meK
|m|<| M| \t\<\M\ \g\<\N\

=YY ue- gt - &) 4.3)

teK glyg2€K
|t|<[M]| g, |<|N|,]|ga|<|N|

= MIIND Y fulm)? MDY ult - g ult - g2)-
K

meK te g1#8
|ml<|M| jel<|pa| 702

Let m =t-g; and h = g; — g9 in the above inequality. Then the
right-hand side of (4.3) becomes

VLML D fulm) + Z Z u(mu(m + 1) |.

meK
Im|<|M| 0<\h\<\MHm\<\M\

The lemma follows immediately. O
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Lemma 4.2. Let z,, € k, for m € K, and suppose that

-1
M Wzmen —2m) > 0 (M] > =),
meK
|m|<|M]|
foreach h € K, h # 0, not necessarily uniformly in h. Then
-1
M w(zm) > 0 (M] > ).
meK
|m|<[M]|
Proof. Put u(m) =¥(z,,) in Lemma 4.1, then for all N, M € K,
0 < |N| < |M| we have

IN[L D v )P < IMP (M) Y D w(@m W)
h

meK cK meK
|m|<|M| 0<[R|<|N|[m|<|M]|

It follows that

-2 2 1 1
|M| |”;{ w(zm)l SW+|N||M| Z Z W(zman — 2Zm)|-

K meK
|ml|<[M| 0<[h|<|N||m|<[M]|

(4.4)

If, now, N is fixed and let |M| — o, the right-hand side of (4.4) tends to

|1W|’ which is arbitrarily small by appropriate initial choice of N. Hence

the left-hand side of (4.4) must tends to 0 as |M| — «. We complete the
proof of Lemma 4.2. O

Lemma 4.3. A sufficient condition for the sequence {zm}mEK in ky to
be uniformly distributed modulo 1 is that the sequence {Zy p — Zm }mek

is uniformly distributed modulo 1 for each polynomial h # 0.
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Proof. By the hypothesis and Corollary 1.1, we have

M D W Aen —2m)) > 0, as [M] > o,
meK
Im|<|M|
for all polynomials A and A with A # 0, h # 0. By Lemma 4.2 applied to
¥(Az,, ) we deduce

|M|™ Z ¥(Az,, ) —> 0, as |[M| - o,

meK
|m|<|M]|

for all A € K, A # 0. The sequence {z,,} is thus uniformly distributed
modulo 1 by Corollary 1.1 again. O

Proof of Theorem 1.4. Since f(x)= a,x" + -+ a1x + ag € ky[x]
has at least one irrational function coefficient a; with j > 1, we suppose
first that the leading coefficient a, 1is an irrational function
(i.e., a, ¢ k). When n =1, the result has been proved in Theorem 1.2,
we thus may assume that n > 1, and the result has been proved for
n —1. For any fixed polynomial h # 0, we denote that z,, = f(m) for all

m € K, and thus
Zm+h —%m = f(m"'h)_f(m)’

which 1s a polynomial in m of degree n —1 with the irrational function
leading coefficient ha,CL. With deg f(x) < p. We always have ha,C. is
not zero. Hence the result for n follows from that for n —1 and Lemma
4.3.

If, however, a,, is a rational function and there is some s (1 < s < n)
such that a, is an irrational function but a,,q, ..., @, are rational
functions. Let N € K, N # 0, such that Nag,q, ..., Na,, are polynomials.

It is clearly enough to show that

Em = f(Nm+h), meK,
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is uniformly distributed modulo 1 for each h € K and |h| < |N|. But

Em = ag +a;(Nm +h)+ -+ a,(Nm+h)"
=ag +a(Nm+h)+ -+ ag(Nm + h)° + ag,1h*™ + - + a,h" (mod 1)
=by +bym + - + bym®,
where by, by, ..., by are independent of m. In particular, b, = N°a, is an

irrational function. This is the first case, so the theorem is proved

generally. O
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