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Abstract 

Uniform distribution is an important subject in classical Diophantine 
approximation. There is a close connection between the distribution of real 
numbers and the estimation of exponential sums via Weyl’s criteria. Carlitz 
gave a definition of uniform distribution in positive characteristic in an 
elementary way (see [11]), however, we are going to find a geometrical 
description. In this paper, we present a precise analogue to Weyl’s criteria in the 
case of positive characteristic by using Haar measure. As an application, we 
show that the uniformly distributed modulo 1 for linear forms and for 
polynomial functions. In particular, we prove the set { }θm  in the Laurent series 

field is uniformly distributed modulo 1, where m extends over all the 
polynomials and θ  is a fixed irrational function. 

1. Introduction 

Let qF  be a finite field with q elements of characteristic ,p  

[ ]TK qF=  be the polynomial ring, ( )TqF=k  be the rational function 

field, and (( ))Tq
1F=∞k  be the formal Laurent series field. Let v be the 

normalized exponential valuation of ∞k  with ( ) 11 =Tv  and ( ) .0 ∞=v  If 

α  is an element in ,∞k  then α  can be uniquely expressed as a Laurent 

series as follows: 

,0and,,,1 ≠∈∈




=α ∑

+∞

=
nqi

i
i

ni
aanTa FZ  (1.1) 

where ( ) .nv =α  We define the square bracket function [ ]α  by 

[ ] [ ] ,0if,0and,0if,10
>=α≤





=α ∑

=

nnTa
i

i
ni

 (1.2) 

which is called the “integral part” of α  as usual. We see that [ ] ,K∈α  

[ ] [ ] [ ] [ ] [ ]α=αβ+α=β+α aa,  for all ,∗∈ qa F  and [ ]( ) .1≥α−αv  In fact, 

there is a unique polynomial [ ],α=A  such that ( ) .1≥−α Av  We write 
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[ ],α−α=α  which is called the “fractional part” of .α  It is easily seen 

that α=αβ+α=β+α aa,  for all ,qa F∈  and α=+α A  for 

all ,KA ∈  in particular, we have 0=α  if and only if .K∈α  The 

absolute value functions α  and α  in ∞k  are given by 

( ) .and α=α=α α−vq   (1.3) 

It is worth to keep in mind that 1,00 == a  for all ,∗∈ qa F  and 

β⋅α=αβ  for ., ∞∈βα k  For the double absolute function, we have 

α=+α A  for all α=α∈ aKA ,  for all qa q
10, ≤α≤∈ ∗F  for all 

,∞∈α k  and 0=α  if and only if .K∈α  In particular, we have 

{ } .infand,,max A
KA

−α=αβα≤β+α
∈

  (1.4) 

Thus, α  is the smallest distance from α  to any element of K, and [ ]α  is 

the nearest polynomial to .α  

The valuation ring 0P  and the valuation ideal P  of ∞k  are given by 

{ } { }.1:and,1:0 <α∈α=≤α∈α= ∞∞ kk PP   (1.5) 

If n is an integer, the fractional ideal nP  is given by 

( ) { }.:1
0

nn
n qT

−
∞ ≤α∈α== kPP   (1.6) 

Obviously, PP =1  and 

.21012 "" ⊃⊃⊃⊃⊃⊃ −− PPPPP  

The collection { } Z∈nnP  is a fundamental system of neighbuorhoods of 0. 

If ,∞∈α k  we denote a ball by nP+α  

{ },: n
n qxx −

∞ ≤α−∈=+α kP   (1.7) 

which is usually said to be a ball of center α  and radius .nq−  
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Let +
∞k  be the additive group of .∞k  Since +

∞k  is a local compact 

topological group, there exists a unique Haar measure, up to a positive 

multiplicative constant. Define by µ  the Haar measure on +
∞k  normalized 

to have total mass 1 on ,P  we thus have 

( ) ( ) .,,and, 11
∞

−− ∈α∈=+αµ=µ kZnqq n
n

n
n PP   (1.8) 

We write ( ),xddx µ=  and denote by ( )∞k
1L  the set of all complex valued 

measurable functions on ∞k  such that 

( ) .∞<∫
∞

dxxf
k

 

Let +
∞k̂  be the dual group of ,+∞k  which is the set of all continuous 

group homomorphism from +
∞k  to the circle group { }.1: =∈= zz CT  

Every element v/  in +
∞k̂  is said to be an additive character of .∞k  Let 0v/  

be the principal additive character. For each additive character ,0vv /≠/  

there exists an integer n such that v/  is trivial on .nP  Let 

( ) { ( ) },eveyfor1:min: nxxvnvn P∈=/=/   (1.9) 

which is called the conductor of v/  (see [4], (2.6)). We set ( ) .0 ∞=/vn  If 

,∞∈α k  and ,ˆ+
∞∈/ kv  we define ( ) ( )xvxv α/=/α  for all .∞∈ kx  Clearly, α/v  

is again an additive character of ,∞k  and the conductor of α/v  is given by 

(see [4], (2.14)) 

( ) ( ) ( ).α−/=/α vvnvn   (1.10) 

In the preceding papers [9, 10], we showed that a few basic results on 
the simultaneous Diophantine approximation in .∞k  In particular, we 

showed in [10] that the set { } Kmm ∈θ  are everywhere dense in the 

valuation ideal .P  For a general background to material on Diophantine 
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approximation in characteristic zero and in positive characteristic, we 
refer the reader to [1, 2, 3, 7] as well as the survey papers [5, 8]. In this 
paper, we define and describe the uniform distribution modulo 1 for ,∞k  

and present a precise analogue to Weyl’s criterion in the case of positive 
characteristic. In particular, we prove the set { } Kmm ∈θ  is uniformly 

distributed modulo 1. 

To state our definitions and results, let ( ) ( )msmm
m zzzz ,,, 21 …=  

( )Mm ≤≤1  be M s-dimensional vectors in ,sP  let ( )sααα=α ,,, 21 …  
sP∈  and ( ) s

srrr Z∈= ,,1 …  with .1≥jr  We denote by ( )rFM ,α  a 

counting numbers function as follows: 

( ) { ( ) }.1allforand,1:#, sjzMmzrF jrjmj
m

M ≤≤+α∈≤≤=α P  

(1.11) 

The discrepancy of the sequence { ( )} Mm
mz ≤≤1  are defined by 

( ) ( )j

j
s

s
rj

s

j
M

rr

M rFMD P
P

+αµ−α= ∏
=

−

≥∈
∈α 1

1

1,

,sup

Z

 

( ) ,,sup 11

1,

j
s
j

j
s

s

rs
M

rr

qrFM ∑ =−−

≥∈
∈α

−α=

Z
P

 (1.12) 

Definition 1.1. If ,0lim =∞→ MM D  we call the sequence 

{ ( )} ∞<≤m
mz 1  in sP  uniformly distributed. Suppose that ( )( )Mmz m ≤≤1  

are M vectors in ,s
∞k  not necessarily restricted to lie in .sP  Let  

( ) ( )msmm
m zzzz ,,, 21 …=  be the fractional parts vector of ( ).mz  

If ( )mz  ( )∞<≤ m1  is uniformly distributed in ,sP  then we call the 

sequence { ( )} ∞<≤m
mz 1  uniformly distributed modulo 1. 
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The main results of this paper are the following theorems. 

Theorem 1.1 (Weyl’s criteria). Let ( )( )∞<≤ mz m 1  be a sequence of 

vectors in .sP  Then the following statements are equivalent: 

(i) ( )( )∞<≤ mz m 1  is uniformly distributed in .sP  

(ii) For all real or complex valued Haar-integrable functions  

( ) ( )szzzfzf ,,, 21 …=  on ,sP  we have 

( ( ) ) ( ) .lim 21
1

1
s

m

Mm
M

dzdzdzzfzfM "" ∫∫∑ =
≤≤

−
∞→ PP

 (1.13) 

(iii) Let v/  be an additive character of ∞k  with the conductor ( ) .2=/vn  

Then we have 

( ( ) ) ,0lim
1

1 =⋅/∑
≤≤

−
∞→

m

Mm
M

zAvM  (1.14) 

for all nonzero vectors ( ) ,,,, 21
s

s KAAAA ∈= …  where ( )mzA ⋅  is the 

inner product of vectors A and ( )mz  given by 

( ) ( ).,,,,,, 112211 ssss yyyxxxwhereyxyxyxyx ……" ==+++=⋅  

(1.15) 

Corollary 1.1. Let ( )( )∞<≤ mz m 1  be a sequence of vectors in ,s
∞k  

not necessarily restricted to lie in .sP  Suppose that v/  is an additive 

character on ∞k  such that ( ) 2=/vn  and ( ) ( )α/=+α/ vAv  for all ∞∈α k  

and .KA ∈  The necessary and sufficient conditions that { ( )}mz  be 

uniformly distributed modulo 1 is that 

( ( ) ) ,0lim
1

1 =⋅/∑
≤≤

−
∞→

m

Mm
M

zAvM  (1.16) 

for all nonzero vectors ( ) .,,1
s

s KAAA ∈= …  
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In Section 3 below, we shall introduce an additive character v/  such 
that ( ) 2=/vn  and ( ) ( )α/=+α/ vAv  for all ,, KA ∈∈α ∞k  of which may 

be regarded as an analogue to the exponential function ixe π2  in the 
complex number field. Therefore, the summation on the left-hand side of 
(1.14) may be regarded as the exponential sums in .∞k  

To apply the above Weyl’s criteria, we next show that some of 
classical examples of uniformly distributed modulo 1. First, we consider 
the simplest case as follows. 

Theorem 1.2. Suppose that ∞∈θ k  and .k∈/θ  Then the sequence 

{ } Kmm ∈θ  in ∞k  is uniformly distributed modulo 1. 

There is two nature generalizations of Theorem 1.2, and the first one 
is uniformly distributed modulo 1 for linear forms. Let ( ) ( ,, 21 xxLxL =  

) ,, 2211 sss xaxaxax +++= "…  where ( )xLi .∞∈α k  is said to be a 

linear form over ∞k  in variables .,,, 21 sxxx …  We show that 

Theorem 1.3. Let ( ) ( )nixLi ≤≤1  be n linear forms in the s 

variables .,,, 21 sxxx …  Suppose that the only set of polynomial vectors 

( ) n
n KAAAA ∈= ,,, 21 …  such that 

( ) ( ) ( ),2211 xLAxLAxLA nn+++ "  

has polynomial coefficients in sxxx ,,, 21 …  is .0=A  Then the sequence 

of vectors ( ) ( ( ) ( ) ( ))mLmLmLz n
m ,,, 21 …=  for ( ) s

s Kmmm ∈= ,,1 …  is 

uniformly distributed modulo 1 as .min: 1 ∞→= ≤≤ ini mm  

Let .1=s  As a straightforward consequence, we have 

Corollary 1.2. Let nθθθ ,,, 21 …  be n elements in ∞k  such that 

{ }nθθ ,,,1 1 …  are linearly independent over .k  Then the sequence of 

vectors ( ) ( )n
m mmmz θθθ= ,,, 21 …  for Km ∈  is uniformly distributed 

modulo 1. 
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Next, we show that another example of uniformly distributed modulo 
1 for polynomial functions. 

Theorem 1.4. Let ( ) 01 axaxaxf n
n +++= "  be a polynomial over 

∞k  of degree less than p with the variable x. Suppose that ( )xf  has at 

least one irrational function coefficient ja  with ( )..,.1 k∈/≥ jaeij  Then, 

the sequence ( ){ } Kmmf ∈  is uniformly distributed modulo 1. 

Clearly, if ,1=n  Theorem 1.4 becomes Theorem 1.2. All of the 

results we present here are very famous in the real number field, for 
details we refer the reader to ([3], Chapter 4). Throughout this paper, the 
notation ( )1modβ≡α  means that there is a polynomial A such that 

,β+=α A  where ., ∞∈βα k  In particular, we have ( )1modα=α  for 

all .∞∈α k  This result has been proved by Carlitz in a very elementary 

method (see [11]) and also other scholars gave a proof in similar method. 
Now we will give a proof based on Fourier transformation. 

2. Proof of the Weyl's Criteria 

To prove Theorem 1.1, we need some basic techniques of harmonic 
analysis on .∞k  The reader should consult ([4], Chapter 2) and             

([6], Chapter 2) for details. Let f be a complex valued function and 

( ),1
∞∈ kLf  the Fourier transform f̂  takes the form 

( ) ( ) ( ) ,,ˆ
∞∈/= ∫

∞
k

k
xdtxtvtfxf   (2.1) 

where v/  is an additive character on .∞k  If ( ),ˆ 1
∞∈ kLf  then its Fourier 

transform via the conjugate of v/  takes the form 

( ) ( ) ( ) .,ˆˆ̂
∞∈−/= ∫

∞
k

k
tdxtxvxftf   (2.2) 
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Lemma 2.1. If ( )∞∈ k1ˆ Lf  for continuous ( ),1
∞∈ kLf  then 

( ) ( ) ( ),ˆ̂ 2 tfqtf vn /−=   (2.3) 

for all ,∞∈ kt  where ( )vn /  is the conductor of .v/  

Proof. From the general theory (see [6], or page 26 of [4]), we know 

that fcf v/=
ˆ̂  for some constant vc /  which is independent of f. To 

determine this constant, we take f to be the characteristic function of .P  

It is easily seen that 

( ) ( ) ( ) ( ) .ˆ dtxtvdtxtvtfxf /=/= ∫∫
∞ Pk

 

Since ( ) ( ) ( )xvvnvn x −/=/  (see (1.10)), it follows that f̂  is the 

characteristic function of ( ) .1−/vnP  Hence by (2.2), we have 

( ) ( ) ( )
( )

( ) .ˆˆ̂
1

dxtxvdxtxvxftf
vn

−/=−/= ∫∫
−/∞ Pk

 

One easily computes that 

( ) ( ( ) ) ( ) ( ) ( ).ˆ̂ 2
1 tfqtftf vn

vn
/−

−/ =µ= P  

The lemma follows at once.   

Let f be a continuous function on .P  We denote by ( )Acf  the Fourier 

coefficients of f on P  as follows: 

( ) ( ) ( ) ., KAdtAtvtfAcf ∈/= ∫P   (2.4) 

Since ,P×=+
∞ Kk  we have the following Fourier series expansion. 

 



ZHIYONG ZHENG et al. 26

Lemma 2.2. Let ( ) ,2=/vn  and suppose that f is a continuous complex 

valued function on P  such that 

( ) .∞<∑
∈

Acf
KA

  (2.5) 

Then for all ,P∈t  we have 

( ) ( ) ( ).AtvActf f
KA

−/= ∑
∈

  (2.6) 

Proof. Extend f to all of ∞k  by defining ( ) 0=tf  for .P−∈ ∞kt  

Since P  is open in ,∞k  thus f is continuous on ,∞k  and 

( ) ( ) ( ) .ˆ dtxtvtftf /= ∫P  

We note that if ,, ji yx PP ∈∈  then ,jixy +∈ P  in particular, we have 

,2P∈xy  if P∈x  and .P∈y  Since ( ) ,2=/vn  it follows that ( ) 1=/ xyv  

for all P∈x  and .P∈y  We see that for ybx +=  with ,P∈y  then 

( ) ( ) ( ) ( )( ) ( ) ( ) ( ).ˆˆˆ bfdttbvtfdtybtvtfybfxf =/=+/=+= ∫∫ PP
 

Hence, f̂  is periodic on ∞k  with P  as a group of periods. By the 

definition of f on ,∞k  we have 

( ) ( ) ( ) ( ) ( ) ( ).ˆ AcdxAxvxfdxAxvxfAf f=/=/= ∫∫
∞ Pk

 

It follows that 

( ) ( ) dxxfdtxf
AKA

ˆˆ ∫∑∫ +∈

=
∞ Pk

 

( ) ( ) ,ˆ ∞<== ∑∑
∈∈

AcAf f
KAKA
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by the assumption. Thus ( ).ˆ 1
∞∈ kLf  If ,P∈t  by Lemma 2.1, we have 

( ) ( ) ( )dxtxvxftf −/= ∫
∞

ˆ
k

 

( ) ( )dxtxvAf
AKA

−/= ∫∑ +∈ P

ˆ  

( ) ( ) ( )dxtxvtAvAf
KA

−/−/= ∫∑
∈ P

ˆ  

( ) ( ).ˆ AtvAf
KA

−/= ∑
∈

 

We complete the proof of Lemma 2.2.   

Proof of Theorem 1.1. To simplify the notations, we assume that 
,1=s  since there are no great additional complications when .1>s  Our 

vectors ( ) ( )∞<≤ mz m 1  are thus substantially elements in ,P  which we 

shall denote by ( ).1 ∞<≤ mzm  To prove Theorem 1.1, it is enough to 

prove the cycle of implications about mz  

( ) ( ) ( ) ( ) ( ),ADCBA →→→→  

where P∈mz  for ,1 ∞<≤ m  and (A), (B), (C), and (D) are statements 

about mz  as follows. 

Statement (A). ( )∞<≤ mzm 1  is uniformly distributed in .P  

Statement (B). Suppose that P∈α  and r is a positive integer given, 

then 

( ) ,as,, 11 ∞→→α −− MqrFM r
M  

where 1≥M  is a positive integer, ( )rFM ,α  (as before) is the number of 

solutions of 

.1, Mmz rm ≤≤+α∈ P  
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Uniformity with respect to α  and r is not assumed. 

Statement (C). 

( ) ( ) ,as,
1

1 ∞→→ ∫∑
≤≤

− MdzzfzfM m
Mm P

 

for all functions ( )zf  Haar-integrable in .P  

Statement (D). Let v/  be any additive character with ( ) ,2=/vn  then 

( ) ,as,0
1

1 ∞→→/∑
≤≤

− MAzvM m
Mm

 

for all polynomials .0≠A  Again, no uniformity with respect to A is 
assumed. 

Proof that (A) implies (B). It is trivial, since (B) is an ostensibly 
weaker form of (A). 

Proof that (B) implies (C). By considering the real and imaginary 
parts of ( )zf  separately, we may suppose without loss of generality that 

( )zf  is a real valued function and, by adding an appropriate constant to 

( ),zf  that ( ) .0≥zf  Since f is Haar-integrable in ,P  for each ,Z∈r  

,1≥r  we have 

( ) ( ) .dttfdzzf
rr

∫∑∫ +α∈α

=
PPPP

 

Denote αγ  and αΓ  by 

( ) ( ).maxand,min tftf
rr tt PP +α∈α+α∈α =Γ=γ  

For each ,0>  if r is sufficiently large, then we have 

( ) ( ) .11  +≤Γ≤γ≤− ∫∑∑∫ α
∈α

−
α

∈α

− dzzfqqdzzf
rr

rr
PPPPPP

 (2.7) 
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It is easy to see that 

( ) ( ).
1

1

1

1
m

z
Mm

m
Mm

zfMzfM

rm
r

P
PP

+α∈
≤≤

−

∈α≤≤

− ∑∑∑ =  

If M is sufficiently large, by statement (B) we have 

( ) ( ) ( ) .11 1

1

11
α

∈α

−

≤≤

−
α

∈α

− Γ+≤≤γ− ∑∑∑
rr

r
m

Mm

r qzfMq
PPPP

  (2.8) 

If follows that 

( ) ( ) ( ) ( ) .11 1

1

1 






 ++≤Γ+≤ ∫∑∑ α
∈α

−

≤≤

−  dzzfqzfM
r

r
m

Mm PPP

 

On the other hand, we have similarly 

( ) ( ) ( ) ( ) .11 1

1

1 






 −−≥γ−≥ ∫∑∑ α
∈α

−

≤≤

−  dzzfqzfM
r

r
m

Mm PPP

 

Therefore, we have 

( ) ( ) .as,
1

1 ∞→→ ∫∑
≤≤

− MdzzfzfM m
Mm P

 

Proof that (C) implies (D). Since ( ),1 ∞<≤∈ mzm P  we write  

( )mAzv/   ( ),mA zv/=  where ( ) ( ) ( ) 2≥−/=/ Avvnvn A  if A is a polynomial 

and .0≠A  We see that Av/  is a nontrivial additive character on P  for 

all KA ∈  and .0≠A  It follows that 

( )






≠∈

=
=/∫

.0,if,0

,0if,1

AKA

A
dtAtv

P
 

Since Av/  is continuous on ,P  by (C), we have 

( ) ( ) ,0
1

1 =/→/ ∫∑
≤≤

− dzAzvAzvM m
Mm P

 

for all nonzero polynomials A. 
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Proof that (D) implies (A). Suppose P∈α  and Z∈r  with .1≥r  Let 

r,αχ  be the characteristic function of .rP+α  By the definition of 

( ),, rFM α  we see that 

( ) ( )., ,
1

11
mr

Mm
M zMrFM α

≤≤

−− χ=α ∑  (2.9) 

To make use of Lemma 2.2, we must compute the Fourier coefficients of 
., rαχ  Let ,KA ∈  it is easily seen that 

( ) ( ) ( )dtAtvtAc rr /χ= αχ ∫α ,, P
 

( ) ( ) ( ) .dxAxvAvdtAtv
rr
/α/=/= ∫∫ +α PP

 

Since ( ) ( ),2 Avvn A −=/  we have 

( )
( )







>

≤α/
=

−

−−

χα
.if,0

,if,

2

21

, r

rr

qA

qAqAv
Ac r  

Then 

( ) ., ∞<
αχ

∈
∑ Ac r

KA
 

By Lemma 2.2, the Fourier expansion of r,αχ  on P  is 

( ) ( ) ( )m
KA

mr AzvAcz r −/=χ
αχ

∈
α ∑ ,,  

( ) ( ).

2

1
m

qA
KA

r AzvAvq

r

−/α/=

−≤
∈

− ∑  (2.10) 
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It follows by (2.9) that 

( ) ( ) r
m

Mm
qA
KA

r
r

M qAzvMAvqD

r

−

≤≤

−

≤
∈

−

≥∈α
−−/α/= ∑∑

−

1

1

11
1,

2

sup
P

 

( ) ( )m
Mm

qA
KA

r
r

AzvMAvq

r

−/α/= ∑∑
≤≤

−

≤<
∈

−

≥∈α
−

1

1

0

1
1,

2

sup
P

 

( ) .max
1

1

0
m

MmA
KA

AzvMq /≤ ∑
≤≤

−

≠
∈

 

By statement (D), we have 0→MD  as .∞→M  This is the proof of 
Theorem 1.1.   

Proof of Corollary 1.1. Without loss of generality, we may assume 
that .1=s  Let ( )∞<≤ mzm 1  be elements in ,∞k  not necessarily 

restricted to lie in ,P  we have ( ).1modmm zz ≡  Suppose that v/  is an 

additive character with ( ) 2=/vn  and ( ) ( )β/=α/ vv  if ( ).1modβ≡α  Then 
( ) 1=/ Av  for all ,KA ∈  and 

( ) ( ).
11

m
Mm

m
Mm

zAvAzv /=/ ∑∑
≤≤≤≤

 

The assertion of Corollary 1.1 follows by Theorem 1.1 immediately.   

3. Uniform Distribution for Linear Forms 

In this section, we first introduce an additive character v/  with 
( ) ,2=/vn  and ( ) ( )β/=α/ vv  if ( ),1modβ=α  so that the assertion of 

Corollary 1.1 makes sense. If ,∞∈α k  then α  can be uniquely written as 
a Laurent series as follows: 

( ) .0and,,,1 ≠∈∈=α ∑
+∞

=
sqi

i
i

si
aasTa FZ  (3.1) 
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For every positive integer ,1≥n  we set ( ) ,nn a=ατ  which is a map from 

∞k  to qF  such that ( ) ( )α=α nn aa ττ  for all ( ) =β+α∈ nqa τ,F  

( ) ( ),β+α nn ττ  and ( ) 0=Anτ  for all ( ).1≥∈ nKA  In particular, we 

have 

( ) ( ) ,0allfor ≥α=α + iT in
i

n ττ   (3.2) 

and 

( ) ( ).if,0 α=≠α vnnτ   (3.3) 

Let λ  be a fixed primitive p-th root of 1, we thus introduce an additive 

character ( )nv/  as follows: 

( )( ) ( ( ) ) ( ),trtr nn anv λ=λ=α/ ατ   (3.4) 

where tr is the trace map from qF  to .pF  Obviously, ( )nv/  is an additive 

character on ∞k  with the conductor ( ( ) ) 1+=/ nvn n  for each positive 

integer n. In particular, we have ( ( ) ) ,21 =/vn  and 

( )( ) ( )( ) .and,allfor,11 KAvAv ∈∈αα/=+α/ ∞k   (3.5) 

In the sequel of this paper, we fix ( ) vvv //=/ .1  should play a role of 

exponential function in .∞k  

Suppose that KHA ∈.  and ,,0,0 ∞∈θ≠≠ kHA  we denote by 

( )HSA ,θ  the exponential sums as follows: 

( ) ( ),, θ/=θ

<
∈
∑ mAvHS

Hm
Km

A  (3.6) 

where ( )1vv /=/  given by (3.4). 
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Lemma 3.1. (i) If k∈θ  is a rational function, then there is a 
polynomial 0≠A  such that 

( ) .0,, ≠∈=θ HwithKHallforHHSA   (3.7) 

(ii) If k∈/θ  is an irrational function in ∞k  and KA ∈  with ,0≠A  
then we have 

( ) ,,0, 1−θ≥=θ AHifHSA   (3.8) 

where ( )∞∈αα=α k  is the smallest distance from α  to any element 
of K (see (1.4) above). 

Proof. (i) is trivial. Since θ  is a rational function, there is a 
polynomial 0≠A  such that .KA ∈θ  We thus have ( ) 1=θ/ mAv  for all 

Km ∈  and ( ) HHSA =θ,  for all KH ∈  with .0≠H  

To prove (ii), we note that by (3.2) 

( )( ) ( ( ) ) ( ( ) ) ( ).θ/=λ=λ=θ/ +θθ + nitrTtrin vTv in
i

n ττ   (3.9) 

Let ( ) ,1deg ≥= hH  and .01
2

2
1

1 bTbTbTbm h
h

h
h ++++= −

−
−

− "  
Then, we may rewrite ( )HSA ,θ  as follows 

( ) ( ( )).,
1

0
θ/=θ ∑∏

∈

−

=

ATbvHS i
i

b

h

i
A

qi F
 (3.10) 

Since 1−θ≥ AH  by assumption, we thus have ( ) .1≥θ≥ Avh  Then 
there exists one of i such that ,10 −≤≤ hi  and ( ) .1−θ= Avi  Let 

( ),1 θ=+ Avi  we have by (3.9) 

( ) ( ) ( )θ/=θ/=θ/ +

∈∈∈
∑∑∑ AbvAbTvATbv i

i

b
i

i

b

i
i

b qiqiqi

1

FFF
 

( ( ) ) ( ( ) ) ,011 =λ=λ= θ

∈

θ

∈

++ ∑∑ Abtr

b

Abtr

b

ii

qi

ii

qi

ττ

FF
 

because of ( ) 01 ≠θ+ Aiτ  by (3.3). It follows that ( ) .0, =θ HSA  We 
complete the proof of Lemma 3.1.   
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As a straightforward consequence of Corollary 1.1 and Lemma 3.1, 
we have the following corollary, which contains the assertion of Theorem 
1.2. 

Corollary 3.1. If ∞∈θ k  and .k∈/θ  then the sequence { } Kmm ∈θ  is 

uniformly distributed modulo 1. If ,k∈θ  then it is not uniformly 

distributed modulo 1. 

There is a high dimensional version of Lemma 3.1. Let ( ) ( )xLxL n,,1 …  

be n linear forms in variables ( )nxxxx ,,, 21 …=  given by 

( )

( )

,

11





















=





















sn x

x

B

xL

xL

##  (3.11) 

where ( ) snijaB ×=  is an sn ×  matrix over .∞k  We denote 

( ) ( ( ) ( )),, 11

11
1

mLAmLAvHBS nn

Hm
Km

Hm
Km

A

ss
s

++/=

<
∈

<
∈

∑∑ ""  (3.12) 

where ( ) ( ) ,,,,,,, 211
n

n
s

s KAAAAKHHH ∈=∈= ……  and =m  

( ) .,,1
s

s Kmm ∈…  We set { }.1:min siHH i ≤≤=  

Lemma 3.2. If ( ) ( )xLxL n,,1 …  are n linear forms given by (3.11), 

and the only set of polynomial vector ( ) n
n KAAA ∈= ,,1 …  such that 

( ) ( )xLAxLA nn++"11  has polynomial coefficients in sxxx ,,, 21 …  is 

.0=A  Then, we have 

( ) ,0, =HBSA  

for sufficiently large ,H  where ( ) n
n KAAA ∈= ,,1 …  is a nonzero 

polynomial vector. 
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Proof. If ( ) n
n KAAA ∈= ,,1 …  and 0≠A  is given, we may write 

( ) ( ) ,221111 nnnn xcxcxcxLAxLA +++=+ ""  

where ∞∈ kic  depends only on ( )nAAA ,,1 …=  and the matrix B. 

Since ,0≠A  there is at least a .k∈/ic  By (3.12), we have 

( ) ( ( )).,
1

jj

Hm
Km

s

j
A cmvHBS

jj
j

/=

<
∈=
∑∏  

Suppose that ,k∈/ic  we thus have by Lemma 3.1, 

( ) .as,0 1−

<
∈

>=/∑ iiii

Hm
Km

cHcmv

ii
i

 

If follows that ( ) 0, =HBSA  as H  is large enough. We complete the 

proof of Lemma 3.2.   

Now Theorem 1.3 follows immediately from Theorem 1.1 and the 
above lemma. 

4. Uniform Distribution for Polynomial Functions 

In this section, we give a proof of Theorem 1.4. To do this we need the 
following lemmas. 

Lemma 4.1. Let ( )mu  be a complex valued function on K, and 

KMN ∈,  be two polynomials such that .1 MN ≤≤  Then 

( ) ( ) ( ) ( ) .

0

22



















++≤

<
∈

<<
∈

<
∈

<
∈

∑∑∑∑ hmumumuMmuN

Mm
Km

Nh
Kh

Mm
Km

Mm
Km

 

(4.1) 
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Proof. Let Kg ∈  be a fixed polynomial such that ,MNg <<  it 

is easily seen that 

( ) ( ).gtumu

Mt
Kt

Mm
Km

−=

<
∈

<
∈

∑∑  (4.2) 

If follows that 

( ) ( ).gtumuN

Ng
Kg

Mt
Kt

Mm
Km

−=

<
∈

<
∈

<
∈

∑∑∑  

By Schwartz’s inequality, we have 

( ) ( ) 222 gtuMmuN

Ng
Kg

Mt
Kt

Mm
Km

−≤

<
∈

<
∈

<
∈

∑∑∑  

( ) ( )21

,
,

21
21

gtugtuM

NgNg
Kgg

Mt
Kt

−−=

<<
∈

<
∈

∑∑  (4.3) 

( ) ( ) ( ).21
2

21

gtugtuMmuNM
gg

Mt
Kt

Mm
Km

−−+= ∑∑∑
≠

<
∈

<
∈

 

Let 1gtm −=  and 21 ggh −=  in the above inequality. Then the 

right-hand side of (4.3) becomes 

( ) ( ) ( ) .

0

2



















++

<
∈

<<
∈

<
∈

∑∑∑ hmumumuMN

Mm
Km

Mh
Kh

Mm
Km

 

The lemma follows immediately.   
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Lemma 4.2. Let ∞∈ kmz  for ,Km ∈  and suppose that 

( ) ( ),01 ∞→→−/ +

<
∈

− ∑ MzzvM mhm

Mm
Km

 

for each ,0, ≠∈ hKh  not necessarily uniformly in h. Then 

( ) ( ).01 ∞→→/

<
∈

− ∑ MzvM m

Mm
Km

 

Proof. Put ( ) ( )mzvmu /=  in Lemma 4.1, then for all ,, KMN ∈  

MN ≤<0  we have 

( ) ( ) ( ).

0

22
hmm

Mm
Km

Nh
Kh

m

Mm
Km

zvzvMMzvN +

<
∈

<<
∈

<
∈

//+≤/ ∑∑∑  

It follows that 

( ) ( ) .11

0

22
mhm

Mm
Km

Nh
Kh

m

Mm
Km

zzvMNNzvM −/+≤/ +

<
∈

<<
∈

<
∈

− ∑∑∑  

(4.4) 

If, now, N is fixed and let ,∞→M  the right-hand side of (4.4) tends to 

,1
N  which is arbitrarily small by appropriate initial choice of N. Hence 

the left-hand side of (4.4) must tends to 0 as .∞→M  We complete the 

proof of Lemma 4.2.   

Lemma 4.3. A sufficient condition for the sequence { } Kmmz ∈  in ∞k  to 

be uniformly distributed modulo 1 is that the sequence { −+hmz  } Kmmz ∈  

is uniformly distributed modulo 1 for each polynomial .0≠h  
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Proof. By the hypothesis and Corollary 1.1, we have 

( ( )) ,as,01 ∞→→−/ +

<
∈

− ∑ MzzAvM mhm

Mm
Km

 

for all polynomials A and h with .0,0 ≠≠ hA  By Lemma 4.2 applied to 

( )mAzv/  we deduce 

( ) ,as,01 ∞→→/

<
∈

− ∑ MAzvM m

Mm
Km

 

for all .0, ≠∈ AKA  The sequence { }mz  is thus uniformly distributed 

modulo 1 by Corollary 1.1 again.   

Proof of Theorem 1.4. Since ( ) [ ]xaxaxaxf n
n ∞∈+++= k01"  

has at least one irrational function coefficient ja  with ,1≥j  we suppose 

first that the leading coefficient na  is an irrational function 

( )..,i.e k∈/na  When ,1=n  the result has been proved in Theorem 1.2, 

we thus may assume that ,1>n  and the result has been proved for 
.1−n  For any fixed polynomial ,0≠h  we denote that ( )mfzm =  for all 

,Km ∈  and thus 

( ) ( ),mfhmfzz mhm −+=−+  

which is a polynomial in m of degree 1−n  with the irrational function 

leading coefficient .1
nnCha  With ( ) .deg pxf <  We always have 1

nnCha  is 

not zero. Hence the result for n follows from that for 1−n  and Lemma 
4.3. 

If, however, na  is a rational function and there is some ( )nss <≤1  

such that sa  is an irrational function but ns aa ,,1 …+  are rational 

functions. Let ,0, ≠∈ NKN  such that ns NaNa ,,1 …+  are polynomials. 

It is clearly enough to show that 

( ) ,, KmhNmfm ∈+=ξ  
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is uniformly distributed modulo 1 for each Kh ∈  and .Nh <  But 

( ) ( )nnm hNmahNmaa +++++=ξ "10  

( ) ( ) ( )1mod1
110

n
n

s
s

s
s hahahNmahNmaa ++++++++≡ +

+ ""  

,10
s

smbmbb +++= "  

where sbbb ,,, 10 …  are independent of m. In particular, s
s

s aNb =  is an 

irrational function. This is the first case, so the theorem is proved 
generally.   
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