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Abstract

The paper is concerned with the convergence of iterative learning control for
some fractional equation. Using the Laplace transform and the M-L function,
the mild solution is presented. The sufficient conditions of convergence for the
open and closed PD%-type iterative learning control are studied. Some

examples are given to illustrate our theoretical results.
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1. Introduction

In this paper, we will study the convergence of iterative learning

control of the following Riemann-Liouville fractional system:
RL o _ _
DPx(t) = Ax(t) + Bu(t), t € J = [0, b],
(81-o *x)(0) = xo, (1.1)

y(t) = Cx(),

where L D denotes the Riemann-Liouville fractional derivative

of order a,0<a<1; A, B,Ce R""; u(t) is a control vector; and

1

=—t7%t>0.
M-o '~

81-a

The fractional calculus and fractional differential equations have
attracted a lot of authors during past years, they made some outstanding
works [1-4], because they described many phenomenon in engineering,

physics, science, controllability and so on.

Iterative learning control is a process of continuous learning, and it is
improve system performance. The important point for this control
method is: Adapt to a system that can be continuously repeated during
the running process. It is used to track a specific target, and the tracking
target tends to remain the same. As far as we know, there are already
many results of fractional order iterative control [9-13]. Especially, ILC

with initial state learning for fractional order nonlinear systems was
discussed in [10]. In [19], high-order D%-type iterative learning control

for fractional-order nonlinear time-delay systems was discussed, and the
ILC design problem is converted to a stabilization problem for this
discrete system, and by introducing a suitable norm and using a
generalized Gronwall-Bellman lemma, the sufficiency condition for the

robust convergence with respect to the bounded external disturbance of
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the control input and the tracking errors is obtained. In [20], D%-type

iterative learning control for fractional-order linear time-delay systems

was studied, the authors analyzed the control and learning processes, a
discrete system for D%-type ILC was established, and ILC design
problem was converted to a stabilization problem. Using the (A, £)-norm

and a generalized Gronwall-Bellman lemma, the sufficient condition for
the robust convergence with respect to the bounded external disturbance

of the control input and the tracking errors was obtained. In [23], the
authors showed a robust second-order feedback PD%-type iterative

learning control (ILC) for a class of uncertain fractional-order singular

systems. Sufficient conditions for the robust convergence of the proposed
PD*-type of learning control algorithm, and with respect to the bounded

external disturbance and uncertainity, have been established and
specified for time domain. In the above work, the authors mainly consider
iterative learning control of Caputo fractional system, according to ours
knowledge, the work about Riemann-Liouville fractional system are less.

In this study, we use PD%-type iterative learning algorithm to Riemann-

Liouville fractional system, the convergence analysis is discussed by

applying A-norm.

Motivated by the above mentioned works, the rest of this paper is
organized as follows: In Section 2, we will show some definitions and

preliminaries which will be used in the following parts. In Section 3, we
give some results for PD%-type ILC for Riemann-Liouville fractional

system. In Section 4, some simulation illustrate our proposed control

algorithms.

In this paper, the norm for the n-dimensional vector x = (x1, xg, -, x,,)
is defined = | A- is defined as |- |, = M
is defined as || 1n£1ia§)§z|xl|, norm is defined as ||, tes[&pT]{e |1},

A > 0.
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2. Some Preliminaries for Some Fractional System
In this section, we will show some definitions and preliminaries, for
more details, see [1-4].

Definition 2.1. The Riemann-Liouville fractional integral of order o

is defined as
t
19£(t) = % j (- §)* L f(s)ds, >0,

where T' is the gamma function.

For a function f(¢) given in the interval [0, «), the expression

PEDEF) = oy (V[ e o),

where n = [a] +1, [a] denotes the integral part of number a, is called

the Riemann-Liouville fractional derivative of order o > 0.

Definition 2.2. Caputo’s derivative for a function f : [0, ©) - R can

be written as

-1 1
DPfE) = FEDYTF - 3 L VO] n = a1

ME

o~
I
o

where [a] denotes the integral part of real number a.

Definition 2.3. The definition of the two-parameter function of the
Mittag-Leffler type is described by

k3 k
z
anﬁ(z) = kgom, oa>0,p>0zc¢eC,

if B = 1. we get the Mittag-Leffler function of one-parameter

Ea2)= T(ok +1)°
k=0
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Lemma 2.4. From the Definition 2.4 in [14], the function of the

Mittag-Leffler type Ea,a(At“) is exponentially bounded, thus there are
Ly

positive constant Cj, Cq, M, and ey(t) = elAle’ < 7. such that [Eq.1

(Ata )” s Cle(x(t) < ClM’ ”Eot,oL(AtOL )" < C2e(x(t) < C2M-

Now, according to the papers ([15], [16]), we shall give the following

lemma:

Lemma 2.5. The mild solution of Equation (1.1) is given by

t
x(t) = t*7 B, (A, t)xg + Jo(t — 8 By (Al - 5)*)Bu(s)ds.  (1.2)

3. Open and Closed-Loop Case

Consider the following fractional system: k£ = 0,1, 2, 3, ---

{RLDtaxk(t) = Ax,(t)+ Buy(t), ted =0, 0], 09

Vi (t) = Cxy(2).

For the Equation (1.3), we use the following open and closed-loop PD? -type
ILC algorithm, ¢ € [0, b]:

U1 (t) = wy(t) + Lyeg(t) + Lze;(f(i)l(t), (1.4)

where L;, Ly are the parameters which will be determined, e;(¢) = y4(¢)

— y;(¢); y4(t) be the target track function.
We make the following assumptions:

|L2CAJ|BIC, Mbe™

[0

0,

H@1): %, =|I +CB| -

|, ClIBIC, Mbe™ g

H(2) : =1
(2) : Ky + " =

< 1.
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Theorem 3.1. Assume that the open and closed-loop PD®*-type ILC
algorithm (1.4) is used, H(1) and H(2) hold, y.(-) be the output of the

Equation (1.3), then lim e, |, =0,t e J.
k—0

Proof. Firstly, we set
8y, (£) = xq(t) — x1(2),
and
Suy(t) = uq(t) — up(t),
from (1.3) and ILC algorithm (1.4), we get

Sx\ (1) =Rl Doy (t) = Adxy (t) + Bowy (¢),

A1) = y7 0 - A0 = CP ) - 22 0)) = Coxf) ()

= CASxk+1 (t) + CBSLL]H_l (t), (15)
Sty 11 () = duy,(£) — Lyey (t) — Loel®) (). (1.6)

Substituting (1.5) into (1.6) gives
Suus1(t) = duy(£) = Ln(a(t) = y4()) = Lo(CASx 41 (¢) + CBduy,1 (1))
= duy,(t) — LyCdxy(t) — Lo(CASxy,,1(t) + CBuy 1 (¢)),
and
(I + CB)Suy, 1 (t) = Sup(t) — LyCoxy(t) — LoCABSK 1 (1)), 1.7)

take A-norm of (1.7),

(2 + CB)[uganl, < o], + IaClloel, + IE2CA ol

By Lemma 2.5, one can find

82,41 (t) = xg(t) — 2441 (2)

= [ =9 B A - ) B 1 ()3, 1.8
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take A-norm on the both side of (1.8),

l8upsall

B|CyMbe®
Jog,a ), < EICME

oz, <!

B|Cy Mbe™?
IBIC MO s, (1.9)

Combining (1.9) and (1.10), one can get

|L,C|| | B|Cy Mbe™®
(04

I + CB)|[5upn, < Jougl, + luyl,

|

Lo CA| | B|Cs Mbe™?
L CAIPICO MO s 1,

LyCA|||B|Cy Mbe™® L, C||||B|Cy Mbe™®
(1 + cp - L2CAlPACMbe 5, ), < (o I BIGMEET )
We may assume that
1b
iy = |1+ CB| - |[LoCA|| ||BO|!C2Mbe ,
1D
o ImlBIee
o
then
Flldugaally, < woldu
by the condition H(1); H(2),
kh_r)rgonéiu,f I, = 0.
On the other hand, the (k + 1)-th iterative error is
ep1(t) = Crg(t) - Cxpyq (£)
t
= Cf (69" By (Al - 5" )BOuy (s,
C|||B|Cy Mbe™®
legonl, < IHBICEME sy (1.10
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taking k¥ — o on two side of (1.10), it yields

,}i_f};"ek I, = o,

this complete the proof.
Theorem 3.1 Implied that the tracking error e;(t) depend on C and

x1(t), it is also observed for (1.10) that the boundness of the parameters

C, B, Cy, M implies the boundness of the e |, .
4. Simulations

Consider the following PD%-type ILC system:
RLDO05y, (t) = x,.(¢) + 0.6u,(t), ted =][0,1.8],
x(0) = 0.04, (1.11)

i (t) = 0.5x(2),

with the iterative learning control uy,;(t) = u;(t)+ 0.001e,(t) + 0.001
(0]

We make the initial control ug(-) = 0, the target trajectory equation
yq(t) = 5t3 —8t2 +5t,t € (0,1.8), and o = 0.5, A =1, B=0.6,C = 0.5,
A=1,L =000l Ly =0.001 and C; =1, Cy =1, 5 ~ 1.18, ko ~ 1.12,

one can find all conditions of Theorem 3.1 are satisfied. We can use
correction method, if e(k) > 0, u(k) = w(k) — mxe(k), or if e(k) <O,
u(k) = u(k) + m x e(k), k is the number of iteration, m is the parameters,
we choose m = 0.5, 0.7, 1, 1.2 and the output of the system are shown in

the following figures, ***denote the desired trajectory, — denote the
output of the system, the tracking error is shown, which imply the

number of iteration and the tracking error.
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From Figures 1, 2 and Table 1, we find the tracking error tend to zero
within 6 iteration, so the output of the system can track the desired
trajectory almost perfectly. By comparing four case, when m =1, the
iteration number is only 2 and the tracking error is 0.001, thus the
tracking performance is best and improved over the iteration domain.

m=0.5
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Figure 1. The desired trajectory and the result of iteration.
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Figure 2. The tracking error.
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Table 1. The number of iterations and the tracking error

m The number of iterations  The tracking error = Run time (second)
0.5 6 0.002 43.32
0.7 4 0.0015 29.62
1 2 0.001 15
1.2 4 0.002 29.38

5. Conclusion

The paper is concerned with the convergence of iterative learning
control for some fractional systems. Here, we use Laplace transform and
the M-L function to get the mild solution for fractional systems. By the

A-norm, we get the sufficient conditions of convergence for the open and
closed PD%-type iterative learning control. Our results are new and

bring inspiration for subsequent research.
Acknowledgement

The work is supported by NSF of China (No. 11661084), Guizhou
Province Science and Technology Fund [2016]1160, [2017]1201, Guizhou
Province Innovative Talents Fund [2016]046, Zunyi Science and
Technology Talents Fund [2016]15, Sci.-Tech. Innovative Talents of
Guizhou Province (No. [2015]502).

References

[1] K. S. Miller and B. Ross, An Introduction to the Fractional Calculus and Fractional
Differential Equations, John Wiley, New York, 1993.

[2] A. A. Kilbas, Hari M. Srivastava and J. Juan Truyjillo, Theory and Applications of
Fractional Differential Equations, In: North-Holland Mathematics Studies, Vol. 204,
Elsevier Science B.V., Amsterdam, 2006.

[8] V. Lakshmikantham, S. Leela and J. Vasundhara Devi, Theory of Fractional
Dynamic Systems, Cambridge Academic Publishers, Cambridge, 2009.

[4] K. Diethelm, The Analysis of Fractional Differential Equations, Springer-Verlag,
Berlin, Heidelberg, 2010.



100

(5]

(6]

(7

(8]

9]

(10]

(11]

(12]

(13]

(14]

[15]

(16]

(17]

XTANGHU LIU et al.

Z. Bien and J. X. Xu, Iterative Learning Control: Analysis, Design, Integration and
Applications, Springer, 1998.

Y. Q. Chen and C. Wen, Iterative Learning Control: Convergence, Robustness and
Applications, Springer-Verlag, 1999.

M. Norrlof, Iterative Learning Control: Analysis, Design, and Experiments,
Linkoping Studies in Science and Technology, Dissertations, No. 653, Sweden, 2000.

J. X. Xu and Y. Tan, Linear and Nonlinear Iterative Learning Control, Springer-
Verlag, Berlin, 2003.

Y. Li, Y. Q. Chen and H. S. Ahn, Fractional-order iterative learning control for
fractional-order systems, Asian Journal of Control 13(1) (2011), 54-63.

DOI: https://doi.org/10.1002/asjc.253

Y. H. Lan, Iterative learning control with initial state learning for fractional order
nonlinear systems, Computers & Mathematics with Applications 64(10) (2012),
3210-3216.

DOTI: https://doi.org/10.1016/j.camwa.2012.03.086

L. Yan and J. Wei, Fractional order nonlinear systems with delay in iterative
learning control, Applied Mathematics and Computation 257 (2015), 546-552.

DOI: https://doi.org/10.1016/j.amc.2015.01.014

S. Liu, J. Wang and W. Wei, Analysis of iterative learning control for a class of
fractional differential equations, Journal of Applied Mathematics and Computing
53(1-2) (2017), 17-31.

DOT: https://doi.org/10.1007/s12190-015-0955-x

S. Liu, A. Debbouche and J. Wang, On the iterative learning control for stochastic
impulsive differential equations with randomly varying trial lengths, Journal of
Computational and Applied Mathematics 312 (2017), 47-57.

DOI: https://doi.org/10.1016/j.cam.2015.10.028

E. Bazhlekova, Fractional Evolution Equations in Banach Spaces, PH.D Thesis,
Eindhoven University of Technology, 2001.

Z. Liu and X. Li, Approximate controllability of fractional evolution systems with
Riemann-Liouville fractional derivatives, SIAM Journal on Control and
Optimization 53(4) (2015), 1920-1933.

DOI: https://doi.org/10.1137/120903853

X. Liu, Z. Liu and M. Bin, Approximate controllability of impulsive fractional neutral
evolution equations with Riemann-Liouville fractional derivatives, Journal of
Computational Analysis and Applications 17(3) (2014), 468-485.

Y. Luo and Y. Chen, Fractional order [proportional derivative] controller for a class
of fractional order systems, Automatica 45(10) (2009), 2446-2450.

DOTI: https://doi.org/10.1016/j.automatica.2009.06.022



(18]

(19]

(20]

(21]

(22]

(23]

[24]

THE CONVERGENCE ANALYSIS OF PD®-TYPE ... 101

Y. Li, Y. Chen, H.-S. Ahn and G. Tian, A survey on fractional-order iterative learning
control Journal of Optimization Theory and Applications 156(1) (2013), 127-140.

DOI: https://doi.org/10.1007/s10957-012-0229-9

Y. Lan and Y. Zhou, High-order D%-type iterative learning control for fractional-

order nonlinear time-delay systems, dJournal of Optimization Theory and
Applications 156(1) (2013), 153-166.

DOI: https://doi.org/10.1007/s10957-012-0231-2

Y. Lan, Y. Zhou, D -Type iterative learning control for fractional-order linear time-
delay systems, Asian Journal of Control 15(3) (2013), 669-677.
DOI: https://doi.org/10.1002/asjc.623

M. R. Estakhrouiyeh, M. Vali and A. Gharaveisi, Application of fractional order
iterative learning controller for a type of batch bioreactor, IET Control Theory &
Applications 10(12) (2016), 1374-1383.

DOI: https://doi.org/10.1049/iet-cta.2015.1268
M. P. Lazarevic, Iterative learning control of integer and noninteger order: An

overview, Scientific Technical Review 64(1) (2014), 35-47.

M. P. Lazarevic and P. Tzekis, Robust second-order PD? type iterative learning

control for a class of uncertain fractional order singular systems, Journal of
Vibration and Control 22(8) (2016), 2004-2018.

DOI: https://doi.org/10.1177/1077546314562241

S. Liu and J. Wang, Fractional order iterative learning control with randomly
varying trial lengths, Journal of the Franklin Institute 354(2) (2017), 967-992.

DOTI: https://doi.org/10.1016/.jfranklin.2016.11.004



