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Abstract 

In this paper we study in which condition two Lie foliations are equivalent. In 
particular, our foliations are defined by the orbit of a group action on a compact 
manifold. 

Every manifold in this paper is compact and our Lie group G is connected and 
simply connected. 

1. Introduction 

Let G be a simply connected Lie group and M be a compact manifold 
of dimension n. A Lie G-foliation is the given of a set F  of couples 
( ),; fU  where U is an open subset of M and GUf →:  a submersion, 

having the following properties: 
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(i) The open sets U cover M. 

(ii) for all ( )fU;  and ( ) ,; F∈hW  there exists Gg ∈  such that, for 

all ,WUx ∩∈  we have ( ) ( ) .gxhxf =  

In particular, level surfaces of the submersions f, for ( ) ,; F∈fU  

recollect to form a Lie foliation on M. To avoid ambiguities, it is further 
assumed that F  is maximal in the following sense: if U is an open of M 
and GUf →:  a submersion, if, for any ( )hW ;  in ,F  there exists g in G 

with ghf .=  on ,WU ∩  we have ( ) .; F∈fU  In this case G is called the 

transverse group of the G-foliation. 

In the general case the structure transverse of G-foliation is given by 
Fedida’s theorem [3]: 

Let F  be a G-foliation on a compact manifold M. Let M~  be the 

universal covering of M and F~  the recovery of F  on .~M  Then there 
exists a morphism ( ) GMh →π1:  and one locally trivial fibration 

GMD →~:  whose fibers are the leaves of F~  and such that for any 
( ),1 Mπ∈γ  the following diagram is commutative: 

 

where the first line represents the transformation of ( )M1π∈γ  on .~M  

The group ( ){ }Mh 1π=Γ  (which is a subgroup of G) is called the 

holonomy group of F  and the fibration GMD →~:  is called the 
developing application of the foliation .F  This structure theorem makes 
it possible to build Lie foliation on a manifold. 
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If g is the Lie algebra of G. A Maurer-Cartan form with values in g is 

a differential 1-form ( )g,1 MΩ∈ω  with trivial formal, i.e., 

[ ] .0,2
1 =ωω+ωd  

Here [ ]ωω,  is the differential 2-form on M with values in g given by 

[ ] ( ) ( ) ( )[ ].,,, YXYX ωω=ωω  If ω  is non singular, i.e., if ( ) g→ω MTxx :  

is surjective at any point ,Mx ∈  then the dimension of g is finite and 

( )ωker  is subbundle of ( )MT  of codimension dim g. Vanishing of the 

formal curvature implies that the subbundle ( )ωker  is involutive and 

hence defines a foliation F  on M, with gdim=Fimcod  and 

( ) ( ).ker ω=FT  

A Lie foliation is a foliation defined in this way by a non-singular 
Maurer-Cartan form. Lie G-foliations form a very special class of 
foliations and satisfy various strong properties. For example, any left 
invariant Riemannian metric of G gives rise to a metric on the normal 
bundle of ,F  invariant by the holonomy pseudogroup; that is, F  is a 

Riemannian foliation. Each leaf of F  has trivial holonomy and they are 
mutually Lipshitz diffeomorphic. Conversely by the work of Molino [14], 
the study of Riemannian foliations reduces to that of Lie foliations. See 
[15] for detailed accounts. Classical examples of Lie G foliations are: 

Example 1.1. Let H be a Lie group and a surjective homomorphism 
,: GHf →  and let Γ  be a uniform lattice of H. Then the right action of 

( )fN ker=  on the quotient space ,ΓH  gives rise to a Lie G-foliation, 

with leaves diffeomorphic to .NN ∩Γ  

Assume G is compact, let B be a closed manifold, and let ( ) GB →πφ 1:  

be a group homomorphism. The suspension gives a fibration BMG →→  
together with a Lie G-foliations transverse to the fibers; the leaf is the 
ker φ  covering of B. 
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We study in this paper when two Lie foliations are topologically 
equivalent, or, more generally, whether there is a continuous map f from 

1M  to 2M  whose restriction to each leaf of 1F  is a covering map onto a 

leaf of 2F  (with iF  Lie foliation of 2,1, =iMi ). If the foliations are 

obtain by an action, Benardete studied the question and gave some 
results. 

2. Homogeneous Foliations 

An automorphism of a foliated manifold ( )F,M  is a diffeomorphism 

MM →φ :  which preserves the foliation, i.e., for which the image of 

any leaf is a leaf, or equivalently, ( )( ) ( ).FF TTd =φ  The automorphisms 

of ( )F,M  form a group which we shall denote by ( )., FMAut  

A foliation F  of a manifold M is called homogeneous if the group 
( )F,MAut  acts transitively on M, or in other words, if for any two points 

,, Myx ∈  there exists a diffeomorphism MM →φ :  which preserves 

the foliation and maps x to y. 

Example 2.1. Let F  be a foliation of a manifold M and let x and y be 
two points of M lying on the same leaf of .F  Then F  is a homogeneous 
foliation of M. 

In particular, all the leaves of a homogeneous foliation are 
diffeomorphic. In this following example we have a homogeneous 
foliation. 

Example 2.2. Let M be a differential manifold dimension mn +  and 
G be a connected Lie group of dimension m. An action of G on M is the 

MMGmap →×φ :  given by 

(1) ( ) xxe =φ ,  for all Mx ∈  (where e is unit element of G). 

(2) ( )( ) ( ),,,, xggxgg ′φ=φ′φ  for all Mx ∈  and ., Ggg ∈′  
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Suppose for all ,Mx ∈  the dimension of the isotropy group 

( ){ }xxgGgGx =φ∈= ,:  is not depend to x. Then the action φ  define a 

foliation F  of dimension ;dim xGm −  these leaves are the orbits 

( ){ }.:, Ggxg ∈φ  In particular, it is the case where the isotropy group is 

discret. As an integrable subbundle of ( ),MT  this foliation can simply be 

described in terms of Lie algebra g of G, namely, as the image of 
derivative of the action, which is a map of vector bundles 

( )MTM →×g  of constant rank. 

In the case where Γ= HM  with H a Lie group, Γ  a discret 

subgroup and G a connected Lie subgroup of H; then the foliation F  
obtained by the action of G on M is a homogeneous foliation. 

Proposition 2.3. The homogeneous foliation thus defined is a Lie 
foliation whose transverse group is G. 

Proof. Let H be a simply connected Lie group, Γ  be a H lattice and G 
be a connected Lie subgroup of H. By definition the action of G on the 
manifold ΓH  defines a F  which is homogeneous on .ΓH  

Since the map GH →ρ :  is a surjective morphism, then F  is a Lie 

foliation whose transverse group is G. In fact the images by ρ  of the 

classes H modulo ker ρ  are the G-foliation on ΓH  which coincides with 

.F  Its developing map is ρ  and its holonomy group is .Γ  

Example 2.4. Let G be a simply connected Lie group, H be a 
connected subgroup of G and Γ  be a lattice in G. The orbits of H define a 
foliation F  on ΓG  which is a homogeneous Lie G-foliation. 

Let 1F  and 2F  defined respectively by the action of 1G  on the 

manifold 111 Γ= HM  and the action of 2G  on .222 Γ= HM  If iH  is a 

simply connected solvable Lie group, Γ  a lattice of iH  and iG  a 

connected Lie subgroup of ,iH  then Benardete-Witte have showed 
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Theorem 2.5 ([9]). If the maximal tore of iH  is include in ,iHiAd Γ  

then 1F  is topologically equivalent to 2F  there exist a isomorphism 

21: HH →σ  such that ( ) 21 GG =σ  and ( )1Γσ  is conjugate to .2Γ  

We want to generalisate this result for any two nilpotent Lie 
foliation. 

3. Equivalence of Nilpotents Lie Foliations 

The nilpotent Lie foliations has been classified in inverse image by 
Haefliger. The following theorem characterizes the holonomy groups of 
such foliations. In this section, we recall some results of rigidity of 
lattices before stating the equivalence theorem of Lie foliations. 

Proposition 3.1 ([11]). Let 1G  and 2G  be two simply connected 

nilpotent Lie groups, and 1K  be a uniform subgroup of :1G  then any 

continuous homomorphism 21: GKh →  extends to a unik continuous 

homomorphism .: 21 GGh →  

Proposition 3.2 ([11]). Let Γ  be a nilpotent Lie group, of finite type, 
and without torsion. Then there exist a simply connected nilpotent Lie 

group G~  and an injective homomorphism GJ ~: →Γ  such that ( )ΓJ  is a 

discrete uniform subgroup .~G  

Theorem 3.3 ([6]). In a nilpotent Lie group G any finite type uniform 
subgroup is feasible as a holonomy group of Lie G-foliation on a compact 
manifold. 

It is shown that a Lie foliation defined by the Lie group nR  is close to 

a foliation with closed leaves and the compact support is fiber on ,ΓnR  

where Γ  is a of :nR  For this, we deform the holonomy group Γ  to get a 

discrete subgroup of .nR  The reciprocal classification is known thanks to 
the work of Mal’tsev and Haefliger, more precisely we have 
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Theorem 3.4 ([6]). Any nilpotent Lie foliation on a compact manifold 
is a reverse image of a homogeneous foliation. 

Using the results of Haefliger and Benardete we show that 

Theorem 3.5. Let 1F  and 1F  be two nilpotent Lie foliations on a 

compact manifold whose respective transverse groups are 1G  and .2G  

Then 1F  and 1F  are topologically equivalent. 

Proof. Let iΓ  be the holonomy group of the nilpotent Lie iG -foliation 

( ) ii i Γ= ,2,1withF  is a uniform subgroup and finite type of .iG  We 

know, according to [11], iΓ  is a cocompact lattice in a nilpotent Lie group 

,iH  the canonical injection ii G→Γρ :  extend to a continous 

homomorphism ii GH →ρ′ :  so we have ,jρ′=ρ  where .: ii Hj →Γ  

We obtain an exact small sequence 

,11 →→→→ iii GHF  

which define a homogeneous Lie iG -foliation on the manifold .iiH Γ  We 

call iF ′  this foliation. 

Since the foliations 1F ′  and 2F ′  are homogeneous then they are 

defined by the action of iG  on .iiH Γ  So since [9], 1F ′  is topologically 

equivalence to .2F ′  

1F ′  is inverse image of 1F  and 2F ′  is inverse image of ,2F  hence the 

result. 

Remark 3.6. In the case where our transverses groups are solvable 
and not nilpotent the theorem may not work because Meigniez has shown 
that there are solvable Lie foliation which are not the inverse image of 
any homogeneous Lie foliation. 
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