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Abstract 

Synthetic aperture radar (SAR) is widely used in military and civil fields. The main task of 
SAR image denoising is to suppress speckle. Combining the advantages of non-subsample 
shearlet transform (NSST) and weighted nuclear norm minimization (WNNM), we propose a 
SAR image denoising algorithm based on multi-scale weighted nuclear norm minimization. 
Firstly, speckle is transformed into additive noise by logarithmic transform. Secondly, NSST 
is used to decompose the image to low and high sub-bands coefficients, and we can denoise 
NSST coefficients by WNNM. Finally, NSST is used to reconstruct denoised images. The 
experimental results show that the proposed algorithm retains the local structure of the 
image better and achieves a good visual effect. 
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___________________________________________________________________ 

1. Introduction 

SAR is an active microwave remote sensor that can generate high 
resolution images. Due to its advantages of real-time observation of the 
ground at any time, multi-band, penetrating power, and high spatial 
resolution, it has received more and more attention from various 
countries and has been widely used in many fields. However, due to its 
coherent imaging mechanism, SAR images contains speckle noise, which 
will give a bad effect on the image post-processing. In recent years, with 
the continuous improvement of wavelet transform, it has played a crucial 
role in the field of SAR image denoising. However, the wavelet basis is 
usually fixed and cannot fully represent the image. In order to overcome 
the non-sparseness and lack of directional selectivity of wavelet basis’s 
coefficients in high dimension, scholars have proposed a series of 
methods for multi-scale geometric analysis of image. Multi-scale 
decomposition is an effective and practical method for the representation 
of data characteristics and details. To a certain extent, the characteristics 
of the data can be more effectively extracted [1]. NSST is a popular multi-
scale geometric transform. NSST abandons the subsampled mechanism 
and enhances the directional selectivity and translation invariance of the 
shearlet transform. It not only has a good ability of capturing the image 
feature, but also has low computational complexity. 

SAR images contain certain spatial structure information. There are 
a lot of repeated or similar structural content and texture information in 
many areas of the image. For a given reference block, multiple image 
blocks similar to it can be found. That is, it has non-local similarity. The 
matrix composed of these image blocks is considered to be low-rank [2, 3]. 
The low-rank matrix contains a lot of redundant information that can be 
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used to recover the missing data. Candes and Recht prove that most low 
rank matrix problems can be minimized by nuclear norm minimization 
(NNM) [4]. In the NNM algorithm, the weights of all singular values are 
given the same value, so that the algorithm cannot shrink according to 
the importance of singular values when denoising, resulting in the prior 
information of the image cannot be fully utilized. In order to make full 
use of the prior information of the image, Gu et al. [5] proposed weighted 
nuclear norm minimization (WNNM). WNNM gives different weights to 
different singular values, which utilizes the prior information of the 
image effectively, and improves the flexibility of the nuclear norm. This 
paper uses the algorithm based on multi-scale weighted nuclear norm 
minimization for SAR image denoising, which effectively reduces the 
speckle noise, and maintains the texture and edge of the image. 

2. Basic Theories 

2.1. Speckle model 

In general, speckle noise is fully developed [6, 7]. Goodman proved that 
the fully developed speckle is a kind of multiplicative noise, and its model 
is 

( ) ( ) ( ),,,, yxFyxRyxI ×=  (1) 

where ( )yx,  is the coordinate of the center pixel of the resolution cell, 

( )yxI ,  is the strength of the image contaminated by speckle, ( )yxR ,  is 

the real image that should be observed, and ( )yxF ,  is the speckle noise. 

( )yxF ,  and ( )yxR ,  are independent of each other, and ( )yxF ,  is a 

second-order stable gamma distribution with an average of 1. 

For the convenience of de-noising processing, the logarithmic 
transform is performed on both sides of Equation (1) to turn the 
multiplicative noise into additive noise. The equation is as follows: 

( )( ) ( )( ) ( )( ).,lg,lg,lg yxFyxRyxI +=  (2) 
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After the logarithmic transform, ( )( )yxF ,lg  conforms to the 

Gaussian distribution. But the noise at this time is not Gaussian white 
noise, so general noise removal methods for Gaussian white noise cannot 
be used. 

2.2. Multiscale geometric transformation 

NSST is an extension of sheatlet. The NSST transformation is 
divided into two parts: multi-scale transformation and multi-direction 
transformation. Multi-scale transformation uses non-sampling pyramids 
to decompose the image. By k-level decomposition of the image, one low-
frequency micro-image and k high-frequency micro-images can be 
obtained. These 1+k  sub-image are the same size as the source images. 
Multi-directional transformation maps the standard shearlet filter from a 
pseudo-polarized network system to a Cartesian coordinate system, no 
further sampling, which improves redundancy, and overcomes the 
disadvantages of translational variability. NSST not only greatly reduces 
noise, but also preserves more useful original image information. NSST 
overcomes the disadvantage that wavelet cannot optimally represent 
image and curvelet is difficult to discretization. At the same time, it 
solves the problem that the contourlet transform does not conform to the 
multi-resolution multiple analysis theory, and the implementation of 
NSST is simpler and more flexible. 

2.3. Weighted nuclear norm minimization 

In actual SAR image processing, the data matrix of the original 
image is often low rank or approximately low rank, but the presence of 
speckle undermines this low rank characteristic. In order to restore the 
low rank effect of the original image, NNM performs matrix 
approximation by solving the minimum nuclear norm of the matrix [5]. 
From the soft threshold of singular values, NNM can effectively maintain 
the details and low rank structure of the image. However, NNM gives the 
same weight to all singular values, so that all singular values shrink the 
same level and cannot identify singular values which contains important 
information. Therefore, we use WNNM algorithm to denoise SAR images. 
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The formula (2) can be simple to 

,nxy +=  (3) 

where y is the noise image, x is the clean image, and n is the Gaussian 
noise with a variance of .nσ  First, y is divided into several blocks, where 

the j-th block is .jy  Then the method of block matching is used to find 

similar blocks in the search window, and these non-local similar blocks 
are aggregated to form a block matrix .jY  In this way, the formula (3) 

can be converted to 

,jjj NXY +=  (4) 

where jX  and jN  are the block matrices of the original image and noise, 

respectively. Since jX  is low-rank, it can be repaired with WNNM. The 

solution is as follows: 

,1minargˆ
,*

2
2 ω

+−
σ

= jFjj
nxj XXYX

j
 (5) 

where ( ) [ ] iinjii
i

j XX ω≥ωωω=ωµω= ∑∗ω
.0,,,, 11,  is the non-

negative weight assigned to Fi .µ  is the F norm. In general, larger 

singular values carry the principal component energy in the SAR image. 
Therefore, during the SAR image denoising, the larger the singular 
value, the smaller the contraction. And the smaller the singular value, 
the larger the contraction. Combined with threshold contraction, we can 
get 

( ) ,ˆ TVUSX ∑= ω  (6) 

where ( )∑ωS  represents the soft threshold function of the matrix ∑  

under the weight .ω  
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In general, the singular value is non-descending, so the weight 
should also be non-descending. The solution of the WNNM can converge 
to a fixed point when the weight is non-descending. WNNM is used to 
denoise on each image block, and then all the blocks are gathered 
together to obtain the denoised image X. 

3. SAR Image Denoising Based on Multi-Scale Weighted Nuclear 
Norm Minimization 

In this paper, NSST and WNNM are combined to denoise SAR 
images. The denoising steps can be described as following. 

Step 1. This paper chooses logarithmic transform to preprocess the 
image and the model of speckle noise in the SAR image can be turn into 
additive noise. Next, we denoise the image. 

Step 2. The logarithmic SAR image is decomposed at multiple scales to 
produce a low frequency sub-band and two high frequency sub-bands by 
NSST. 

Step 3. WNNM is used to denoise each scales of NSST coefficients. The 
first step is to pre-calculate the adjacent block index of the selected block 
in the search window based on these parameters. The second step 
estimates the local noise level of each block, and the noise level changes 
with the number of non-local blocks. The lower the noise level, the less 
the number of non-local blocks. The third step is to perform block 
matching and calculate the effective similar blocks of each block. The 
fourth step is to obtain the decomposed singular value according to 
formula (6) and get the block estimate of all blocks. The fifth step is to 
aggregate image blocks and return to the second step for iterative 
correction until it meets the requirements. 

Step 4. The image of each layer is reconstructed by inverse NSST, and 
the clean image is finally obtained. 
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4. Experimental Results and Analysis 

To verify the feasibility of the proposed algorithm in this paper, we 
compare the proposed algorithm (NSST-WNNM) with the following SAR 
image denoising algorithms: SAR image de-noising based on GNL-means 
with optimized pixel-wise weighting in non-subsample shearlet domain 
[8] (GNL-NSST), Bayesian shearlet shrinkage for SAR image de-noising 
via sparse representation [9] (BSSR), and SAR image denoising via 
sparse representation in shearlet domain based on continuous cycle 
spinning [10] (CS-BSSR). 

Two SAR images taken by TerraSar-X are compared experimentally 
in this chapter, as shown in Figure 1. 

 
(a)                                                 (b) 

Figure 1. Real SAR image: (a) woods SAR image, and (b) field SAR 
image. 

Figure 1(a) shows an SAR image of the woods and Figure 1(b) shows 
an SAR image of the field. The experimental results obtained by applying 
the denoising methods above are shown in Figures 2 and 3. 
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(a)                            (b)                           (c)                          (d) 

Figure 2. SAR images of the woods after denoised using different 
denoising methods: (a) BSSR, (b) GNL-NSST, (c) CS-BSSR, and (d) 
NSST-WNNM. 

 
(a)                             (b)                          (c)                           (d) 

Figure 3. SAR images of the field after denoised using different denoising 
methods: (a) BSSR, (b) GNL-NSST, (c) CS-BSSR, and (d) NSST-WNNM. 

From Figures 2 and 3, it can be seen that the edges of the image after 
the BSSR method for noise reduction are not clear. The GNL-NSST 
method was used to remove part of the texture of the denoised image, 
which caused the details to be lost and the whole image was blurred and 
distorted, seriously affecting the visual effects. Artificial texture is added 
to the denoised image by CS-BSSR method. It can be seen that the local 
maintenance ability of NSST-WNNM is better, the texture details and 
edge information can be better expressed, and the visual effect is better 
than other methods. 

In order to more intuitively display the denoising effect of each 
denoising method, this paper lists several image quality evaluation 
indicators, including: peak signal to noise ratio (PSNR), which is used to 
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measure the denoising ability of the algorithm; equivalence number of 
looks (ENL), which is used to measure the visual effect of the image after 
denoising; edge representation index (EPI), which is used to measure the 
details that the algorithm can retain. The larger the ENL value, the 
better the visual effect. The closer the EPI value is to 1, the stronger the 
ability to maintain details. Table 1 gives a comparison of the denoising 
algorithms. 

Table 1. The evaluation indicators of SAR image denoising methods 

 SAR image of the woods SAR image of the field 

Denoise algorithm PNSR ENL EPI PNSR ENL EPI 

BSSR 33.11 22.45 0.90 31.55 15.56 0.88 

GNL-NSST 36.67 25.55 0.98 35.01 20.65 0.95 

CS-BSSR 35.85 24.19 0.97 34.33 19.90 0.94 

NSST-WNNM 37.07 25.95 0.99 35.48 21.12 0.97 

As shown in Table 1, NSST-WNNM algorithm has the highest PSNR 
and ENL, and EPI is closest to 1, indicating that this algorithm has the 
strongest ability on maintaining the details and denoising. From the 
experimental results, we can see that the algorithm proposed in this 
paper has good results in detail retention and noise removal, which 
proves its feasibility and effectiveness. 

5. Summary 

This article briefly introduces the basic theories of WNNM and 
NSST. Based on the advantages of the two methods, the SAR image 
denoising based on multi-scale weighted nuclear norm minimization is 
proposed. By comparing with other denoising algorithms, it can be seen 
that the proposed algorithm can be applied to different types of SAR 
images. It can effectively suppress speckle noise, better preserve the local 
structures such as edges and textures, produce less edge defects, and has 
better denoising effect. This paper will focus on improving the efficiency 
of computing similar blocks and the WNNM parameter adaptability in 
the future. 
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