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1. Introduction

Weil functors (product preserving bundle functors on manifolds) were
classified by [1], [10] and [5]. These functors were used by many authors
(e.g., [2], [7], [8], [9]) to present some lifts of various geometric objects

(smooth functions, tensor fields, linear connections on manifolds,...).

Product preserving gauge bundle functor on vector bundles (an
example of bundle functors on local categories) were classified in [12].
Similarly to what is done for Weil functors some authors (e.g., [13], [14],
[15]) present some lifts of some geometric objects related to product

preserving gauge bundle functor on vector bundles.
The most fundamental example of a double vector bundle is the
tangent bundle TE of a vector bundle (E, M, q). The two structures of

vector bundles on TFE allow the development of some mathematical tools,
namely linear connections, derivative endomorphisms, linear vector

fields,....

In this paper, we present some lifts (associated to a product
preserving gauge bundle functor on vector bundles) of double vector

bundles and linear sections on double vector bundles.

2. Product Preserving Gauge Bundle

Functor on Vector Bundles

2.1. The Weil functor T4 : Mf > FM

We write Mf for the category of finite dimensional differential

manifolds and mappings of class C”; moreover, FM is the category of
fibered manifolds and fibered manifolds morphisms.

Let us recall this construction of Weil functors based on [16]. For a
Weil algebra A =R-1,@ N, ie., a real commutative unital algebra
where the ideal of nilpotent elements N is a finite dimensional vector

subspace of A, and any point x of a differential manifold M, let C;’ (M, R)
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and Hom(Cy (M, R), A) be the algebra of germs on x of smooth

functions and the set of algebra homomorphisms from Cy (M, R) into A,

respectively. If &Ens denotes the category of sets and mappings, one

defines a functor T4 : Mf — Ens by:

TAM = U Hom(Cy (M, R), A) and (TAf)x((Px) =0y o fr
xeM

for a manifold M and feC®(M, M), where f; e Hom|CHy)
(M',R),Cy (M, ]R)) is the pull-back algebra homomorphism defined by

f*(germf(x)(h)) = germ,(h o f).

Now, let q 4 57 : T4M — M, (TAM)xB(pI—HC; hence (TAM, M, QA,M)

is a well-defined fibered manifold. Indeed let ¢ = (U, ui), 1<i<m bea

chart of M; then the map
bc ¢ lga,u) " U) > UxN"

0x > (%, 0y (gormy (u' - u'(x))),

is a local trivialization of TAM. Given another manifold M’ and a

smooth map f: M — M/, TAf is a fibered map. Indeed for charts

c=U,u,m),c'=(W,w,m') of M, M' such that f({U) c W, ¢, oTAfod);l

is the map
UxN™ - WxN™
(x, 1) & (f(x), nj),
wherenj = )’ %Da(wj ofou ) (Wx)ntt - ngm, 1< j < m', with
aeN""\{0}
D F olel i

- (a’x:l)al _“(&x:m)am ’
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T4 . Mf — FM 1is a product preserving bundle functor (see [9])
called the Weil functor associated to A.

Let ¢ = (U, u) be a chart of M; in all the paper, we'll use fibered
charts (q;ﬁM(U), ui’a), 1<i<m,0<a<dimN of TAM associated to
the fibered isomorphism T%u and defined by u"® = e’ o T4 ('), where

(ey) is the dual basis of a fixed basis (e N of A such that

a )OSaﬁdim
€y = 1.
2.2. Product preserving gauge bundle functor on VB

Let F : VB — FM be a covariant functor from the category VB (of
vector bundles and vector bundles homomorphisms) into the category FM.
Let Byg : VB > Mf and Bgy : FM — Mf be the respective base

functors.

Definition 2.1. F is a gauge bundle functor on VB when the

following conditions are satisfied:

e (Prolongation) Bry o F = Byg, ie., F transforms a vector
bundle E-%5 M in a fibered manifold FE25 M and a vector bundle
. f fo . , Ff _

morphism E — G over M — N in a fibered map FE — FG over f.

e (Localization) For any vector bundle £ i) M and any inclusion of

an open vector subbundle i: ¢ '(U)>E, the fibered map Fq '(U) —
pg (U) over idy induced by Fi is an isomorphism then the map Fi can

be identified to the inclusion pz'(U)< FE.
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Given two gauge bundle functors Fj, F, on VB, by a natural
transformation T : F; — Fy we shall mean a system of base preserving
fibered maps T : F|E — FyE for every vector psbundle E satisfying

Fof otp = 7g o Fif for every vector bundle morphism f : E — G.
A gauge bundle functor F on VB is product preserving if for any
L pry pry .
product projections E; «— E; xEy — E5 in the category VB, FE;
Fpry Fpry .. .
«— F(E; x Ey) —> FEq are product projections in the category FM.

In other words, the map (Fpry, Fpry): F(E; x Ey) — F(E;)x F(E5) is

a fibered isomorphism over idy ., -
Example 2.1.Let A =R-1, N be a Weil algebra.

(a) Each Weil functor T4 induces a product preserving gauge bundle

functor 74 : VB — FM in a natural way.

(b) The gauge bundle functor T4V VB > FM : Let V be a
A-module such that dimp (V) < «. For a vector bundle (E, M, q) and

x e M, let

TAVE = {(9x, v;)/ 9x € Hom(CZ (M, R), A) and v, € Hom,, (C{'TH(E), V)},

where Hom(Cy (M, R), A) is the set of algebra homomorphisms ¢,
from the algebra Cy (M, R) = {germ,(g)/ g € C*(M, R)} into A and
Hom,, (Cy” LUE), V) is the set of module homomorphisms ¥, over @,
from the CZ(M, R)-module C>/Y(E, R)={germ (h)/h:E > R is

fiberwise linear} into V. Let T4V E = U Tf’VE and pg’v TAVE > M,
xeM

TxA’ VEa((p, Y) > x. (TA’VE, M, pg’v) is a well-defined fibered
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manifold. Indeed let ¢ = (g7 (U), x' =uloq, y/),1<i<m1<j<n
be a fibered chart of E; then the map

o : (05 Y HU) > Ux N™ x V"

(0x, ) > (%, 0x(germ (u' - u'(2))), vy (germ (7)),

is a local trivialization for a bundle structure on T4V E. Given another

vector bundle (G, M',q') and a vector bundle homomorphism

f:E—>Gover f: M — M, let
T4Vf . TAVE 5 74V
(@5 V) > (0 o f, vy © ),
where [ : C;;O(x)(N) - CL(M) and f; : C;E’x’;’l(G) - C>IUE)  are

given by the pull-back with respect to f and f. Then T 4.V f is a fibered

map over f T4V VB > FM is a product preserving gauge bundle

functor (see [12]).

Remark 2.1. Let F : VB — FM be a product preserving gauge

bundle functor.

(a) F associates the pair (AF, vF ), where AF = F(idgp : R - R) is
a Weil algebra and VI = F(R > pt) is a AT -module such that
dimp (V7)) < o,

F F
(b) There is a natural isomorphism © : F —» T A7V defined on the

vector bundle (E, M, q) as follows : For § € F, E, O (&) = (9, ¥, ) with
px(germyf) = F(f o q)(§) and p,(germ,(h)) = F(h)(E). In particular,
the product preserving gauge bundle functor TA VB > FM is

equivalent to 44,
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(c) For two vector bundles E;, E5 with the same base M and p; : E;
®yEy - E;, i =1,2 the projections, the map (Fp;, Fpy): F(E; @
Ey) — FE; x FE5 induces a vector bundle isomorphism F(E; ®; E5)

— FE; ®py FE5 in a natural way.
(d) For a vector bundle (E, M, q), (FE, FM, Fq) is also a vector

F
bundle where FM = T4 M; if f:E — G is a morphism of vector
bundles over f: M — M', then Ff : FE — FG is also a morphism of
vector bundles over Ff :FM — FM'. The addition, the scalar

multiplication and the zero section of FE — FM — FM are respectively,

given by

FE ®py; FE — FE R x FE — FE
@) o Flad®)@ 5y (i) o Ff)@),
and FOy : FM — FE,

with ad® , m¥ , and Op the addition, scalar multiplication, and zero

section of E, respectively.
3. Lifts of Double Vector Bundles

3.1. Double vector bundles

Definition 3.1. A double vector bundle structure is a system
(D, A, B, M) of four vector bundles structures

D
a5

D — B
ff_’.;f l | gm°
JA, M

where D 1s a vector bundle on bases A and B, which are themselves

vector bundles on M, such that each of the four structure maps of each
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vector bundle structure on D (namely, the bundle projection, addition,
scalar multiplication and the zero section) is vector bundle morphism

with respect to other structure.

Remark 3.1. Let (D, A, B, M) be a double vector bundle. The last
part of the definition means that:

(1) qg and qg are morphisms of vector bundles over ¢4 and ¢g,

respectively; in particular g 4 o qﬁ) =qpg-o° qg :D —> M.

(2) The zero sections OQ :A > D, 02 : B - D are morphisms of

vector bundles over the zero sections th M —> A, Of/[ :M — B,

respectively.

(3) Since the sum D @g D is a subbundle of the vector bundle

1
@R xq2) (A@y A)> Ady A

by (1) and (2), the addition adé) :D®pg D - D is a morphism of vector
bundles over the addition adfe/[ : A®y A —> A. Similarly, the addition
ad£ :D®4 D — D is a morphism of vector bundles over the addition

adﬁ:B@MB—)M.

(4) The scalar multiplication of D — B, m]lg) :RxD —> D is a
morphism of vector bundles over the scalar multiplication mf“/[ RxA > A
Similarly, of D — A, m£ :Rx D — D is a morphism of vector bundles

over the scalar multiplication mﬁ :RxB — B.

Definition 3.2. Let (D, A, B, M) be a double vector bundle. The

D
bundle Dq—B>B is called the horizontal bundle structure on D and

D
q
D A A is called the vertical bundle structure on D.
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Example 3.1. (a) For a differential manifold M, let us consider trivial
vector bundles A = M xR", B= M xR?, D =M xR" xR? x RY over
A and B; then (D, A, B, M) is a double vector bundle.

(b) The tangent bundle of a vector bundle (E, M, p)

T(p)
—_—

TE ™
T | | ™
E B M

is a double vector bundle.
Definition 3.3. A morphism of double vector bundles

(o, 04, 0B, f): (D, A, B, M) —» (D', A, B', M')

consists of morphisms of vectors bundles

D % D D25 D A u B 5 B
TR boand L
A 4 B B p oy Loy M L M

If M =M' and f = idys, ¢ is called a morphism over M; if further
A=A and ¢4 =1idy, ¢ is said over A. If A = A’, B=B' and both
04, 0 are identities, we say that ¢ preserves the side bundles.

3.2. Double vector bundles as homogeneous structures

Let us recall the following notions according to [3].

A smooth action of the multiplicative monoid (R,, - ) on a smooth
manifold F, is a smooth map h: R, x F — F, (¢, x) = h(t, x) = hy(x)
such that A(1, x) = x and h; o hy = hy,.
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Given a smooth action h: R, x F — F, let M = hy(F) the set of

fixed points of the projection hy and the smooth map

V:F > TF, x = h(t,x)eThO(x)F.

d
E |t=0

It is clear that M < V71(0), the inverse image of the set of zeros of TF: if

M=yt (0) h is called a homogeneous structure on F. In this case, there

is a structure of vector bundle E - M on E = V(F) and V: F —» E is

h
a diffeomorphism. The vector bundle structure F S M carried by this
diffeomorphism i1s the unique vector bundle structure on F whose
homotheties coincide with A. Conversely homotheties of a vector bundle F

associate a homogeneous structure h: R, x F — F, (¢, x) = t-x. This

implies that vector bundles correspond with homogeneous structures.
The Euler vector field of a vector bundle FF — M 1is the smooth

%Lg:lt'x. The global flow

vector field Ap on F given by Ap(x)=
FI*E :RxF — F of Ap is givenby FI*E(t, x) = ' - x = h(e!, x).

Two homogeneous structures 5y, hg : R, xF — F are called
commuting homogeneous structures if h} o h32 = hs2 ohf for all
(s,t) e R, xR, ie, [AL, A%2] = 0, since hy, hy come from global flows of

A', A%, If one denotes E' = hé (F),i =1, 2 the corresponding bases and

M =E'N E2, the system
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is a double vector bundle structure. Conversely, the homotheties of a

double vector bundle

p %=,
qfl l gB
A5 M

commute. Indeed, the scalar multiplication of D — B, mjlg) :RxD —> D

is a morphism of vector bundles over the scalar multiplication mﬁ R
x A — A, hence for (s, a) € R x A, the induced map {s}x D, — D,

(s, d) = s - d is linear; in particular for all ¢t € R, s - (t . d): t -(s . d).
B B' A A' B

This shows that a double vector bundle can be equivalently defined as a

smooth manifold equipped with two vector bundle structures whose Euler

vector fields Al, A% commute.
3.3. Natural transformations Q(a) : F — F
Let F : VB — FM be a product preserving gauge bundle functor.

For a vector bundle (E, M, q), the scalar multiplication mff} ‘RxE > E,
i1s a vector bundle morphism over the projection pry : Rx M — M,
hence for any a e AF , there is a natural transformation Q(a): F — F

given by
Q(a)y = Fm¥i(a, ) : FE - FE. (3.1)
Q(a) is entirely determined by the algebra homomorphism Q(a)g % p =

id . and the module homomorphism Q) pr vE S vE v ay,

over id AF (Theorem 3.5 [12]). The following result is clear.
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Proposition 3.1. We have
1) Q(Ly) =idpa,
(2) Qa +b) = Qa) + QD),
(3) Q- a) =1 Q(a),
(4) Qab) = Qa)° Q(b),
forall & e R and (a, b) € A%

3.4. Lifts of double vector bundles and linear sections

Let F : VB — FM be a product preserving gauge bundle functor
and (D, A, B, M) a double vector bundle.

Theorem 3.2. The system (FD, FA, FB, FM) is also a double vector
bundle.

Proof. (1) Fq]lg) and Fqé) are morphisms of vector bundles over Fgy

and Fgp, respectively by Remark 3.1(d).

(2) The zero sections FOQ : FA —» FD, FO% : FB - FD are
morphisms of vector bundles over the zero sections FO]‘@ : FM — FA,

FO% : FM — FB by the same remark.

(3) The additions Fadg :FD@®gpg FD — FD, Fadf :FD@®py FD —» FD
are morphisms of vector bundles over the addition adjf} Ay A A,

adﬁ : B®y; B - M, respectively.
(4) The scalar multiplications of FD — FB, FD — FA
mEE . Rx FD — FD mEl . Rx FD — FD

(n d) > FlmB, )(d), (nd) - Flm?)@)
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are morphisms of vector bundles over the scalar multiplications

mEl  Rx FA - FA mkB . Rx FB — FB
(n, @) o Flmdy (@), 0, @) Flmd, )@),

respectively, since by for each A € R, the partial maps mfg);L and mgx

are morphisms of vector bundles over mﬁx and mﬁx, respectively. O

Remark 3.2. Let us denote k2, hP(s, t) € R* x R* the homotheties

of FD — FA, FD — FB, respectively. These are commuting vector

bundle morphisms, hence Fh;‘, thB(s, t) € R* x R* commute and since

they are exactly homotheties of FD — FA, FD — FB,

.f".h[{,i

FD =% FB
Fha | | Fhd
]

FA ™o par

is a double vector bundle.
Let (D, A, B, M) be a double vector bundle. We fix one of structures
of vector bundles on D, qé) : D — B for instance.

Definition 3.4. A smooth section o € I'(g}) is said linear if it is a

morphism of vector bundles

B = D
g L | gz
M Zs A

le., htA co=ocoh, for all t € R,, where h, h? are homotheties of

B —» M, D — A, respectively (Theorem 2.4 [3]).
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Example 3.2. Linear sections of the double vector bundle
(TE, TM, E, M) associated to the vector bundle structure

ny : TE — E are called linear vector fields on E. Linear vector fields

were studied in [11] and classified in [13]. Some properties of lifts of such

vector fields were studied in [14] and [15].

Definition 3.5. For a smooth linear section 6 : B> D over 6: M — A
its a-lift (a € AT) related to Fis given by ¢'%) = Q(a), o Fo : FB — FD,

where Q(a) : F — F is the natural transformation (3.1).
5@ ¢ I'(FgB) is linear over 5@ ¢ ['(Fg4 ) since
Fqg ool = Fqﬁ o Q(a)p o Fo
= Qa)y ° Fq ° Fo
= Qa)g ° F(5°qp)
=59 o Fgp,
and
Fri o6 = Fr# < Q(a)p © Fo
= Q(a)y ° Fhi" * Fo
- Qa)s < Flbi* <o)
=Q(a)y o F(ooh)= ol o Fhy,

forall t € R.
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—1
Remark 3.3. Given a fibered chart ¢ : (qé)) (Q) » w(Q)x R™ x R?
of D — B and the local frame {¢;, &},1<j<n and 1<k <gq} on Q

defined by
g;(b) = ¢~ (w(b), ¢j, 0),
£;(0) = ¢ ' (w(b), 0, ¢}),

where (e;), (e,) are basis of R", R?, respectively, let us denote {e g,
g}gﬁ, 1<j<n,1<k<q and the local frame associated the fibered chart

Fo. We have

%B:S%)amiﬁg:sfw. (3.2)

Indeed, let ¢; : Q > R", b e; and ¢y : Q > R?, b+ 0; Fc; and
Fc( are constant maps b > ejo, and b > O(VF e :
(e“)( ) Qley) L (U) o Fe; (b)
= Qew) 1y Flo™ o (0x ¢ x c)) (B)
= Fo ™ 0 Qleq)yuyrn (Flb). €jo, 0)
= F(pfl(Fw(I;), Ca» €j0 O) = F(pfl(Fw(g), Cias 0) =gy (%),
for b e FW.

Corollary 3.3. Sections c(a), c e F(qg) and a € AF, generate the

module T(FD) of smooth sections of the vector bundle (FD, FB, F(qg ))
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