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Abstract 

We present some lifts (associated to a product preserving bundle functor on vector 
bundles) of double vector bundles and linear sections on a double vector bundle. 
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1. Introduction 

Weil functors (product preserving bundle functors on manifolds) were 
classified by [1], [10] and [5]. These functors were used by many authors 
(e.g., [2], [7], [8], [9]) to present some lifts of various geometric objects 
(smooth functions, tensor fields, linear connections on manifolds,...). 

Product preserving gauge bundle functor on vector bundles (an 
example of bundle functors on local categories) were classified in [12]. 
Similarly to what is done for Weil functors some authors (e.g., [13], [14], 
[15]) present some lifts of some geometric objects related to product 
preserving gauge bundle functor on vector bundles. 

The most fundamental example of a double vector bundle is the 
tangent bundle TE of a vector bundle ( ).,, qME  The two structures of 

vector bundles on TE allow the development of some mathematical tools, 
namely linear connections, derivative endomorphisms, linear vector 
fields,.... 

In this paper, we present some lifts (associated to a product 
preserving gauge bundle functor on vector bundles) of double vector 
bundles and linear sections on double vector bundles. 

2. Product Preserving Gauge Bundle  
Functor on Vector Bundles 

2.1. The Weil functor FMM →fT A :    

We write fM  for the category of finite dimensional differential 

manifolds and mappings of class ;∞C  moreover, FM  is the category of 

fibered manifolds and fibered manifolds morphisms. 

Let us recall this construction of Weil functors based on [16]. For a 
Weil algebra ,1 NA A⋅= R  i.e., a real commutative unital algebra 

where the ideal of nilpotent elements N is a finite dimensional vector 

subspace of A, and any point x of a differential manifold M, let ( )R,MCx
∞  
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and ( ( ) )AMCHom x ,, R∞  be the algebra of germs on x of smooth 

functions and the set of algebra homomorphisms from ( )R,MCx
∞  into A, 

respectively. If nsE  denotes the category of sets and mappings, one 

defines a functor nsfT A EM →:  by: 

( ( ) ) ( ) ( ) ,:and,,: ∗∞

∈

ϕ=ϕ= xxxx
A

x
Mx

A ffTAMCHomMT D∪ R  

for a manifold M and ( ),, MMCf ′∈ ∞  where ( )( ∞∗ ∈ xfx CHomf  

( ) ( ))RR ,,, MCM x
∞′  is the pull-back algebra homomorphism defined by 

( )( )( ) ( ).fhgermhgermf xxf D=∗  

Now, let ( ) ;,:, xMTMMTq x
AA

MA 6ϕ→   hence ( )MA
A qMMT ,,,  

is a well-defined fibered manifold. Indeed let ( ) miuUc i ≤≤= 1,,  be a 

chart of M; then the map 

( ) ( ) m
MAc NUUq ×→φ −1

,:  

( ( ( ( ))),, xuugermx ii
xxx −ϕϕ 6  

is a local trivialization of .MT A  Given another manifold M ′  and a 

smooth map fTMMf A,: ′→  is a fibered map. Indeed for charts  

( ) ( )mwWcmuUc ′=′= ,,,,,  of MM ′,  such that ( ) 1, −
′ φφ⊂ c

A
c fTWUf DD  

is the map 

mm NWNU ′×→×  

( ) ( ( ) ),,, ji nxfnx ′6  

where 
{ }

( ) ( )( ) ,1,!
1 1

1
1

0\
mjnnxuufwDn m

m
m

j
j ′≤≤

α
=′ αα−

α
∈α
∑ "DD
N

 with 

( ) ( )
.

11 mm

j
j

xx
FFD

αα

α

α
∂∂

∂=
"
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FMM →fT A :  is a product preserving bundle functor (see [9]) 

called the Weil functor associated to A. 

Let ( )uUc ,=  be a chart of M; in all the paper, we’ll use fibered 

charts ( )( ) NmiuUq i
MA dim0,1,, ,1

, ≤α≤≤≤α−  of MT A  associated to 

the fibered isomorphism uT A  and defined by ( ),, iAi uTeu D∗
α

α =  where 

( )∗
αe  is the dual basis of a fixed basis ( ) Ne dim0 ≤α≤α  of A such that 

.10 =e  

2.2. Product preserving gauge bundle functor on VB  

Let FMVB →:F  be a covariant functor from the category VB  (of 
vector bundles and vector bundles homomorphisms) into the category .FM  
Let fB MVBVB →:  and fB MFMFM →:  be the respective base 

functors. 

Definition 2.1. F is a gauge bundle functor on VB  when the 
following conditions are satisfied: 

● (Prolongation) ,VBFMB BF =D  i.e., F transforms a vector 

bundle ME q
→  in a fibered manifold MFE Ep

→  and a vector bundle 

morphism GE f
→  over NM f

→  in a fibered map FGFE Ff
→  over .f  

● (Localization) For any vector bundle ME
q
→  and any inclusion of 

an open vector subbundle ( ) ,: 1 EUqi −  the fibered map ( ) →− UFq 1  

( )UpE
1−  over Uid  induced by Fi is an isomorphism then the map Fi can 

be identified to the inclusion ( ) .1 FEUpE −  
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Given two gauge bundle functors 21, FF  on ,VB  by a natural 

transformation 21: FF →τ  we shall mean a system of base preserving 

fibered maps EFEFE 21: →τ  for every vector EM bundle  satisfying 

fFfF GE 12 DD ττ =  for every vector bundle morphism .: GEf →  

A gauge bundle functor F on VB  is product preserving if for any 

product projections 2211
21

EEEE
prpr
→−×−←  in the category 1, FEVB  

( ) 221
21 FEEEF

FprFpr
→−×−←  are product projections in the category .FM  

In other words, the map ( ) ( ) ( ) ( )212121 :, EFEFEEFFprFpr ×→×  is 

a fibered isomorphism over .21 MMid ×  

Example 2.1. Let NA A1⋅= R  be a Weil algebra. 

(a) Each Weil functor AT  induces a product preserving gauge bundle 

functor FMVB →:AT  in a natural way. 

(b) The gauge bundle functor ::, FMVB →VAT  Let V be a              
A-module such that ( ) .dim ∞<VR  For a vector bundle ( )qME ,,  and 

,Mx ∈  let 

{( ) ( ( ) ) ( ( ) )},,and,,, ,,, VECHomvAMCHomvET lf
xxxxxx

VA
x x

∞
ϕ

∞ ∈/∈ϕ/ϕ= R  

where ( ( ) )AMCHom x ,, R∞  is the set of algebra homomorphisms xϕ  

from the algebra ( ) { ( ) ( )}RR ,, MCgggermMC xx
∞∞ ∈=  into A and 

( ( ) )VECHom lf
xx ,,,∞

ϕ  is the set of module homomorphisms xv/  over xϕ  

from the ( )R,MCx
∞ -module ( ) { ( ) RR →=∞ EhhgermEC x

lf
x :,,,  is 

fiberwise linear} into V. Let ETET VA
x

Mx

VA ,, ∪
∈

=  and ,: ,, METp VAVA
E →  

( ) ( )VA
E

VAVA
x pMETxvET ,,, ,,., 6/ϕ  is a well-defined fibered 
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manifold. Indeed let ( ( ) ) njmiyquxUqc jii ≤≤≤≤== − 1,1,,,1 D  

be a fibered chart of E; then the map 

( ) ( ) nmVA
Ec VNUUp ××→φ −1,:  

( ) ( ( ( ( ))) ( ( ))),,,, j
xx

ii
xxxx ygermvxuugermxv /−ϕ/ϕ 6  

is a local trivialization for a bundle structure on ., ET VA  Given another 
vector bundle ( )qMG ′′,,  and a vector bundle homomorphism 

GEf →:  over ,: MMf ′→  let 

GTETfT VAVAVA ,,, : →  

( ) ( ),,, ∗∗ /ϕ/ϕ xxxxxx fvfv DD6  

where ( )( ) ( )MCNCf xxfx
∞∞∗ →:  and ( ) ( ) ( )ECGCf lf

x
lf

xfx
,,,,: ∞∞∗ →  are 

given by the pull-back with respect to f  and f. Then fT VA,  is a fibered 

map over FMVB →:. ,VATf  is a product preserving gauge bundle 

functor (see [12]). 

Remark 2.1. Let FMVB →:F  be a product preserving gauge 
bundle functor. 

(a) F associates the pair ( ),, FF VA  where ( )RRR →= :idFAF  is 

a Weil algebra and ( )ptFV F →= R  is a FA -module such that 

( ) .dim ∞<FVR  

(b) There is a natural isomorphism 
FF VATF ,: →Θ  defined on the 

vector bundle ( )qME ,,  as follows : For ( ) ( )xxEx vEF /ϕ=ξΘ∈ξ ,,  with 

( ) ( ) ( )ξ=ϕ qfFfgermxx D  and  ( )( ) ( ) ( ).ξ=/ hFhgermv xx  In particular, 

the product preserving gauge bundle functor FMVB →:AT  is 

equivalent to ., AAT  
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(c) For two vector bundles 21, EE  with the same base M and 1: Epi  

2,1,2 =→⊕ iEE iM  the projections, the map ( ) ( MEFFpFp ⊕121 :,  

) 212 FEFEE ×→  induces a vector bundle isomorphism ( )21 EEF M⊕  

21 FEFE FM⊕→  in a natural way. 

(d) For a vector bundle ( ) ( )FqFMFEqME ,,,,,  is also a vector 

bundle where ;MTFM
FA=  if GEf →:  is a morphism of vector 

bundles over ,: MMf ′→  then FGFEFf →:  is also a morphism of 

vector bundles over .: MFFMfF ′→  The addition, the scalar 

multiplication and the zero section of FMFMFE →→  are respectively, 
given by 

FEFEFEFEFE FM →×→⊕ R  

( ) ( )( ) ( ) ( )( ),~~,
,~,~~,~ umFuvuadFvu EE

λλ 66  

,:0and FEFMF E →  

with ,, EE mad  and E0  the addition, scalar multiplication, and zero 

section of E, respectively. 

3. Lifts of Double Vector Bundles 

3.1. Double vector bundles 

Definition 3.1. A double vector bundle structure is a system 
( )MBAD ,,,  of four vector bundles structures 

 

, 

where D is a vector bundle on bases A and B, which are themselves 
vector bundles on M, such that each of the four structure maps of each 
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vector bundle structure on D (namely, the bundle projection, addition, 
scalar multiplication and the zero section) is vector bundle morphism 
with respect to other structure. 

Remark 3.1. Let ( )MBAD ,,,  be a double vector bundle. The last 

part of the definition means that: 

(1) D
Bq  and D

Aq  are morphisms of vector bundles over Aq  and ,Bq  

respectively; in particular .: MDqqqq D
BB

D
AA →= DD  

(2) The zero sections DBDA D
B

D
A →→ :0,:0  are morphisms of 

vector bundles over the zero sections ,:0,:0 BMAM B
M

A
M →→  

respectively. 

(3) Since the sum DD B⊕  is a subbundle of the vector bundle 

( ) ( ) AAAAqq MM
D
A

D
A ⊕⊕×

−
6

1
 

by (1) and (2), the addition DDDad B
D
B →⊕:  is a morphism of vector 

bundles over the addition .: AAAad M
A
M →⊕  Similarly, the addition 

DDDad A
D
A →⊕:  is a morphism of vector bundles over the addition 

.: MBBad M
B
M →⊕  

(4) The scalar multiplication of DDmBD D
B →×→ R:,  is a 

morphism of vector bundles over the scalar multiplication .: AAmA
M →×R  

Similarly, of DDmAD D
A →×→ R:,  is a morphism of vector bundles 

over the scalar multiplication .: BBmB
M →×R  

Definition 3.2. Let ( )MBAD ,,,  be a double vector bundle. The 

bundle BD
D
Bq
→  is called the horizontal bundle structure on D and 

AD
D
Aq
→  is called the vertical bundle structure on D. 
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Example 3.1. (a) For a differential manifold M, let us consider trivial 

vector bundles ×××=×=×= pnpn MDMBMA RRRR ,,  qR  over 

A and B; then ( )MBAD ,,,  is a double vector bundle. 

(b) The tangent bundle of a vector bundle ( )pME ,,  

 

is a double vector bundle. 

Definition 3.3. A morphism of double vector bundles 

( ) ( ) ( )MBADMBADfBA ′′′′→ϕϕϕ ,,,,,,:,,,  

consists of morphisms of vectors bundles 

 

and 

 

If MM ′=  and ϕ= ,Midf  is called a morphism over M; if further 

AA ′=  and ϕ=ϕ ,AA id  is said over A. If BBAA ′=′= ,  and both 

BA ϕϕ ,  are identities, we say that ϕ  preserves the side bundles. 

3.2. Double vector bundles as homogeneous structures 

Let us recall the following notions according to [3]. 

A smooth action of the multiplicative monoid ( )⋅+ ,R  on a smooth 

manifold F, is a smooth map ( ) ( ) ( )xhxthxtFFh t=→×+ ,,,: 6R  

such that ( ) xxh =,1  and .tsst hhh =D  
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Given a smooth action ,: FFh →×+R  let ( )FhM 0=  the set of 

fixed points of the projection 0h  and the smooth map 

( ) ( ) .,,: 00 FTxthdt
dxTFF xht ∈→ =6V  

It is clear that ( ),01−⊂ VM  the inverse image of the set of zeros of TF; if 

( ) hM 01−= V  is called a homogeneous structure on F. In this case, there 

is a structure of vector bundle ME →  on ( )FE V=  and EF →:V  is 

a diffeomorphism. The vector bundle structure MF
h0→  carried by this 

diffeomorphism is the unique vector bundle structure on F whose 
homotheties coincide with h. Conversely homotheties of a vector bundle F 
associate a homogeneous structure ( ) 6xtFFh ,,: →×+R  .xt ⋅  This 

implies that vector bundles correspond with homogeneous structures. 

The Euler vector field of a vector bundle MF →  is the smooth 

vector field F∆  on F given by ( ) .1 xtdt
dx tF ⋅=∆ =  The global flow 

FFFl E →×∆ R:  of F∆  is given by ( ) ( ).,, xehxextFl ttE =⋅=∆  

Two homogeneous structures FFhh →×+R:, 21  are called 

commuting homogeneous structures if 1221
tsst hhhh DD =  for all 

( ) ++ ×∈ RRts,  i.e., [ ] ,0, 21 =∆∆  since 21, hh  come from global flows of 

., 21 ∆∆  If one denotes ( ) 2,1,0 == iFhE ii  the corresponding bases and 

,21 EEM ∩=  the system 
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is a double vector bundle structure. Conversely, the homotheties of a 
double vector bundle 

 

commute. Indeed, the scalar multiplication of DDmBD D
B →×→ R:,  

is a morphism of vector bundles over the scalar multiplication R:A
Mm  

,AA →×  hence for ( ) ,, Aas ×∈ R  the induced map { } ,asa DDs ⋅→×  

( ) dsds
B
⋅6,  is linear; in particular for all ( ) ( )., dstdtst

BAAB
⋅⋅=⋅⋅∈ R  

This shows that a double vector bundle can be equivalently defined as a 
smooth manifold equipped with two vector bundle structures whose Euler 

vector fields 21, ∆∆  commute. 

3.3. Natural transformations ( ) FFaQ →:  

Let FMVB →:F  be a product preserving gauge bundle functor. 

For a vector bundle ( ),,, qME  the scalar multiplication ,: EEmE
M →×R  

is a vector bundle morphism over the projection →× Mpr R:2 ,M  

hence for any ,FAa ∈  there is a natural transformation ( ) FaQ : F→  

given by 

( ) ( ) .:, FEFEaFmaQ E
ME →⋅=  (3.1) 

( )aQ  is entirely determined by the algebra homomorphism ( ) =→ RR RidaQ  

FAid  and the module homomorphism ( ) ,,: vavVVaQ FF
pt ⋅→→ 6R  

over FAid  (Theorem 3.5 [12]). The following result is clear. 
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Proposition 3.1. We have 

(1) ( ) ,1 ATA idQ =  

(2) ( ) ( ) ( ),bQaQbaQ +=+  

(3) ( ) ( ),aQaQ ⋅λ=⋅λ  

(4) ( ) ( ) ( ),bQaQabQ D=  

for all R∈λ  and ( ) ., 2Aba ∈  

3.4. Lifts of double vector bundles and linear sections 

Let FMVB →:F  be a product preserving gauge bundle functor 
and ( )MBAD ,,,  a double vector bundle. 

Theorem 3.2. The system ( )FMFBFAFD ,,,  is also a double vector 

bundle. 

Proof. (1) D
BFq  and D

AFq  are morphisms of vector bundles over AFq  

and ,BFq  respectively by Remark 3.1(d). 

(2) The zero sections FDFBFFDFAF D
B

D
A →→ :0,:0  are 

morphisms of vector bundles over the zero sections ,:0 FAFMF A
M →  

FBFMF B
M →:0  by the same remark. 

(3) The additions FDFDFDFadFDFDFDFad FA
D
AFB

D
B →⊕→⊕ :,:  

are morphisms of vector bundles over the addition ,: AAAad M
A
M →⊕  

,: MBBad M
B
M →⊕  respectively. 

(4) The scalar multiplications of FAFDFBFD →→ ,  

FDFDmFDFDm FD
FA

FD
FB →×→× RR ::  

( ) ( )( ) ( ) ( )( )dmFddmFd D
A

D
B

~~,,~~, λλ λλ 66  
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are morphisms of vector bundles over the scalar multiplications 

FBFBmFAFAm FB
FM

FA
FM →×→× RR ::  

( ) ( )( ) ( ) ( )( ),~~,,~~, amFaamFa B
M

A
M λλ λλ 66  

respectively, since by for each ,R∈λ  the partial maps D
Bm λ  and D

Am λ  

are morphisms of vector bundles over A
Mm λ  and ,B

Mm λ  respectively.   

Remark 3.2. Let us denote ( ) ∗∗ ×∈ RRtshh B
t

A
s ,,  the homotheties 

of ,, FBFDFAFD →→  respectively. These are commuting vector 

bundle morphisms, hence ( ) ∗∗ ×∈ RRtsFhFh B
t

A
s ,,  commute and since 

they are exactly homotheties of ,, FBFDFAFD →→  

 

is a double vector bundle. 

Let ( )MBAD ,,,  be a double vector bundle. We fix one of structures 

of vector bundles on BDqD D
B →:,  for instance. 

Definition 3.4. A smooth section ( )D
BqΓ∈σ  is said linear if it is a 

morphism of vector bundles 

 

, 

i.e., ,t
A
t hh DD σ=σ  for all ,+∈ Rt  where Ahh,  are homotheties of 

,, ADMB →→  respectively (Theorem 2.4 [3]). 
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Example 3.2. Linear sections of the double vector bundle 
( )METMTE ,,,  associated to the vector bundle structure 

ETEE →π :  are called linear vector fields on E. Linear vector fields 

were studied in [11] and classified in [13]. Some properties of lifts of such 
vector fields were studied in [14] and [15]. 

Definition 3.5. For a smooth linear section DB →σ :  over AM →σ :  

its a-lift ( )FAa ∈  related to F is given by ( ) ( ) ,: FDFBFaQ D
a →σ=σ D  

where ( ) FFaQ →:  is the natural transformation (3.1). 

( ) ( ) ( ) ( ) sinceoverlinearis A
aD

B
a FqFq Γ∈σΓ∈σ  

 ( ) ( ) σ=σ FaQFqFq D
D
A

aD
A DDD  

 ( ) σ= FFqaQ D
AA DD  

 ( ) ( )BA qFaQ DD σ=  

 ( ) ,B
a FqDσ=  

and 

 ( ) ( ) σ=σ FaQFhFh D
A
t

aA
t DDD  

 ( ) σ= FFhaQ A
tA DD  

 ( ) ( )σ= DD A
tA hFaQ  

 ( ) ( ) ( ) ,t
a

tA FhhFaQ DDD σ=σ=  

for all .R∈t  
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Remark 3.3. Given a fibered chart ( ) ( ) ( ) qnD
B wq RR ××Ω→Ωϕ

−1
:  

of BD →  and the local frame { njj ≤≤ε′ε 1,, k  and }q≤≤ k1  on Ω  

defined by 

( ) ( ( ) )

( ) ( ( ) )





′ϕ=ε′

ϕ=ε

−

−

,,0,

,0,,

1

1

kk ebwb

ebwb jj
 

where ( ) ( )kee j ′,  are basis of ,, qn RR  respectively, let us denote { ,βε j  

qnj ≤≤≤≤ε′ β kk 1,1,  and the local frame associated the fibered chart 

.ϕF  We have 

( ) ( ).and ββ ε′=ε′ε=ε ∗
ββ

e
kk

e
jj   (3.2) 

Indeed, let j
n

j ebc 6,: R→Ω  and j
q Fcbc ;0,:0 6R→Ω′  and 

0cF ′  are constant maps ,~
0jeb 6  and ( ) :0~

qFVb 6  

( ) ( ) ( ) ( ) ( )bFeQb jUp
e
j

~~
1 ε=ε −α

α D  

( ) ( ) ( ( )) ( )bccFeQ jUp
~

0
11 ′××ωϕ= −

α − DD  

( ) ( ) ( )( )0,,~
0

1
jUu ebFweQF nR×α

−ϕ= D  

( )( ) ( )( ) ( ),~0,,~0,,,~ 1
0

1 xebFwFeebFwF jjj αα
−

α
− ε=ϕ=ϕ=  

for .~ FWb ∈  

Corollary 3.3. Sections ( ) ( )D
B

a qΓ∈σσ ,  and ,FAa ∈  generate the 

module ( )FDΓ  of smooth sections of the vector bundle ( )( ).,, D
BqFFBFD  
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