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Abstract

A new five-point binary subdivision scheme with a parameter is proposed. By
choice of appropriate parameters, some existing subdivision schemes such as
the four-point binary interpolating scheme, the quartic B-spline scheme, and a
class of five-point binary approximating scheme can be obtained. It is shown

that the resulting curves are C? continuous for the certain range of the

parameter.
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1. Introduction

Subdivision method has become a powerful tool to create curves and
surfaces in many fields such as in CAGD, CG, and geometric modelling
because of its efficiency and simplicity. In accordance with whether the
limit curve and surface pass through the initial control vertex,
subdivision can be divided into interpolatory subdivision and

approximating subdivision.

The typical interpolatory subdivision schemes include the four-point
binary interpolating scheme [1, 2], the six-point binary interpolating
scheme [3], the three-point ternary interpolating scheme [4], the four-
point ternary interpolating scheme [5], etc. The representative
approximating subdivision schemes include Chaikin corner cutting

scheme [6] and the B-spline scheme, etc.

Generally speaking, when the length of the mask is equal, the
smoothness of the interpolatory subdivision is rarely as good as the
approximation subdivision because of the limitation of the interpolation
condition. However, interpolatory subdivision can be used to construct
the limiting curve passing through all the vertices of the initial polygon.
As such, it is very important to study the method of unifying
interpolatory subdivision and approximation subdivision. We present a
new five-point binary subdivision scheme with parameter in this paper
and discuss the continuity of the limit curve. The rest of the paper is
organized as follows. Section 2 introduces the preliminaries. In Section 3,
a five-point binary subdivision scheme with parameter is introduced. In
Sections 4, the continuity of the limit curve is discussed. Section 5

concludes the paper with numerical examples.
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2. Preliminaries

Given a set of initial control points P° = {plo }ieZ’ let P = {plk }ieZ

be the set of control points at level k(k > 0, k € Z). Define {pl{ﬁLl }ieZ
recursively by the following binary subdivision rules:
Pt =Y aigptiic 2, (1)
jez
where the finite set a = {q;},_, is called the mask. The symbol of the

scheme is defined a(z) = Zaizi.
i€z

Theorem 1 ([7]). Let a binary subdivision scheme S be convergent.

Then the mask a(z) = Zaizi satisfies

iez
Zam‘ = Za2i+1 =1 @)
iez iez
Theorem 2 ([7]). Let a subdivision scheme S with a mask a = {a;};_,

satisfy (2). Then there exists a subdivision scheme S; (first order

difference scheme of S) which satisfies the property
dP* = 8;,dP*,

where P* = 5P, dP* = {(aP*), = 2(p},, - pf)|i < Z). The symbol of

2z
1+z

S; is a(l)(z) = a(z). Generally, if S,, exists and S,, is the n-th order

difference scheme of S with a mask o™ = {a(n)

; }ieZ’ then the symbol of

S, is a(")(z) = Zagn)zi = ( 2z )na(z).

= 1+z
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Theorem 3 ([8]). Let a subdivision scheme S have a mask

NON {a(0>

; }ieZ’ and its j-th order difference scheme Sj(j =1,2,-)

exist and have the mask aV) = {al(j )}ie 7 satisfying

dal =>aP =1 j=012- )
ieZ ieZ
1 L
If there exists an integer L >1, such that (E Sn+1) <1, then the
o0
subdivision scheme S is C" continuous, where
(lS 1jL = mabe[L] c0<i<all
2 | i-2L (n+1)
) ieZ

bI)(2) = b)blz2)---, b(z) = %a(””)(Z)-

1 (n+1) (n+1)
- s g Sl
ieZ ieZ

3. A New Five-Point Binary Subdivision Scheme

Especially, when L =1, H% S,
o0

}.

A new 5-point binary subdivision scheme is defined as follows:

k1 k k k k k
Py = agPy + aiP ) + agP; +agP + Py, @
k+1 _ k k k k
Py = 0Py + boBy + ByFyy + 04 By,
where
1 9 1 1 92 1 1 2 3 2 1
=—t"-—ta =-ct"+—t = " -gttl 2 gt
=" T M T gt Tgh 2Tl gttt 8"
3 .2 1
=—1" —=t
“4=16" 738
Sl o T 3,9y Llp 3,9 0 5 1
b1_16t 16’b2 St +8t+16,b3 1 16t 16,b4 8t t
1
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And ¢ is a tension parameter. In the case when ¢ = 0, we can get the

scheme by Dubuc [1],

Pk+1 k
S
k+l 1 ok K, 9 pk 1 ok
fi = fe Pl g B g Pl g Phe

When ¢ = l, the scheme (4) reduces to the quartic B-spline scheme,

2

k+1 1 ok 1 ok 25 ok k k
PET = Py v s P e B pE Ll - ph,
k+1 k ko 17 1 .k

P2L+1 = _3_2P 32P 32 PL+1 _EPH?

When ¢ =1, the five-point binary approximating scheme in [9] can be
obtained

5 L pi

k+1 k k
PZL = 16 P PH—]. 16 Pi+2’
k+1 1 ok k k
Py = Epi Pz+1 Pz+2

4. Smoothness Analysis
In this section, we use Theorem 3 to analyze the convergence and
continuity of the subdivision scheme (4).

Theorem 4. The limiting curve generated by the subdivision scheme

3-2V11 1++/89

(4) is C° continuous in the range - <t< 3 , C continuous
in the range 0<tc< 3 +10 , continuous in the range
0<t< %, and C? continuous when t = %, 1.
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Proof. The generating polynomial for the mask of the subdivision
scheme (4) can be written as:

a(z) = agz™ + b1z + a1z 2 + bz ! + ag + byz + agz® + byzS + ayzt.

It is easy to verify that a(z) satisfies Equation (2). According to Theorem 2,

we have the generating polynomials for S j (j =1, 2, 3, 4) as follows:

M 212_1)—3 (_12 1_1)—2 (_12 3 lj—l
a‘(z) (St gl gl rgl-glk gttt gf

+(—%t2 +1)+ (—%ﬁ —%t+1)z+(%t2 +%)22
+(%t2 —%t —%)23 +(%t2 —it)z“,
- (3B e (32030
+(—%t2 —%t+%)z+&t2 +%)22 +(t2 —i)z‘g +(%t2 —%024,
a®(z) = (%ﬂ —%tjz*1 + (—gﬂ + 2t —%j +(—t2 —%t +;)2
+ (—t +%)z2 +(%t2 +t—%)z3 + (gtz —t)24,

aW(z) = (12— t)+ (- 42 + 5t — 1)z + (22 — 6t + 4)22
w2 v ar—1) + (32 - 21)e

It is easy to verify that al )(z) (j =1, 2, 3) satisfy Equation (2).

And when HTH <t< %, we have
1 _1 1y 10 17,2 3, 1 | 12 3 Tp2_1, 1
H2Slw—2max{8t 8t+ 8t 4t+8‘+‘ St 8t+1+8t 4t At
1.0 1 1 7.2 5,0 1| 13,2 1
‘ 8t +4t 8+ 8t +1+8t +8+8t +4t <1.
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3+ V89

When OSt<T, we have

H%SZOO :%max{iﬁ—%t + —%t2+%t+%+%t2+%+
‘—%t2+%t—%+ —%tQ—%H%‘ tz—%}<1.

When O<t<%, we have

H%Sgw =%max{%t2—%t + —tz—%t+% + %t2+t—%‘,
‘—%t2+2t—%+ —t+%+%t2—t‘}<1

When ¢ = %, 1, we have
(4) 4) _
ZieZaZi ieZa2i+1 =1

35.)

And when ¢ = %,

3 1
:Z<1; when t =1, HES4

o0
0

==<1.

87
3.9 1
1 t B t‘,
%max{l, 1}
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Consequently, it follows from Theorem 3 that the proof of Theorem 4

is completed.

Figure 1. A new five-point binary subdivision scheme with a parameter
(outside to inside: t =0, 0.4, 0.5, 0.6, 1).
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(e) t=0.75

Figure 2. A new five-point binary subdivision scheme with a parameter
(t=0,0.25,0.4, 0.5, 0.75, 1).
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Figure 3. Fractal curves.

5. Numerical Example and Conclusions

In this section, three examples are depicted in Figures 1, 2, and 3 to
illustrate our scheme. In Figures 1 and 2, for the same initial control
polygons, taking different values of parameter ¢, we can get different
interpolation and approximation curves with different continuity.

In the process of mapping, we find when tension parameter ¢ take
some special values, the limit curve will produce fractal behaviour.
Figure 2 shows two examples of approximation of fractal limit curves
produced by applying our subdivision scheme after six subdivision steps
based on the same initial control polygon. The curves in Figure 2(a) and
(b) are obtained with ¢ = -1 and t = 2.35, respectively.

In this paper, a new five-point binary subdivision scheme is
presented and analyzed. We discussed the uniform convergence and
continuity of this subdivision scheme by using generating polynomial
method. The examples illustrate that our proposed scheme gives great
flexibility to geometric designers when designing smooth curves
according to their own requirements by choosing appropriate parameters.
One of our further work will be aimed at the study of the conditions of
the scheme’s convexity preservation when lies in certain negative
interval. Extending the curves subdivision scheme to surfaces is also our
interested topic.
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