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Abstract

In this paper, we modify the second accelerated proximal gradient (APG) method proposed
by Nesterov in [12] (and named by Tseng in [13]) for solving the total variation (TV) image
deblurring problems. We also use the variables in [1] to decouple the problems so that we
need not to solve the correlative subproblems in each iteration, borrow the idea of [19] to
replace the Lipschitz constant by an appropriate positive-definite matrix, and use the
continuation technique in [15] to provide good initial solutions for our algorithm.
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1. Introduction

Digital image restoration and reconstruction play an important part
in various areas of applied sciences, such as medical and astronomical
imaging, film restoration, and image and video coding. In the process of
image acquisition and transmission, the images is often blurred and
receive a variety of noises. This means that we need to restore the
original clean images from the noisy blurred ones. Thus, the image

deblurring is always a hotspot in the research of image processing.

The problem of estimating x from the observed blurred and noisy
image b is called the image deblurring problems. In this paper, we mainly
consider the TV deblurring problems of grayscale images defined on

rectangle domains:
.1 2
xglélnu 3 |A(x) - b7 + ATV (x), (1.1)

where b € RM*N be the observed blurred and noisy grayscale image,

x € RN be the original image to recover, the linear mapping A is the

blurring operator, |-|, denotes the Frobenius norm, A 1is the

regularization parameter, B; , is the constraint set of x :
By, ={x e "N <x; 5 <u, Vi, j}, (1.2)
and TV(-) is defined as

TV(x) = j [Vafde, (1.3)
Q

where Q is the domain of the image x. In practice, we need to discretize

TV (x).
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In the literature, two popular kinds of discrete TVs are isotropic TV

and anisotropic TV [1], which are defined by

m,(x)—ZZJ(xm] xi P+ (g w2 (L)

i=1 j=1

and

M N
amso(x) ZZ |xi+1,j _xi,jl +|xi,j+l _xi,jl)’ (1.5)

1=1 =]_
respectively, where we assume the reflexive boundary conditions for x :

xM+1,j_xM,j :O,jzl,"',N,
XiN+1— %N =0,1=1 -, M. (1.6)

Due to the nondifferentiability and nonlinearity, the problem (1.1) is
difficult to solve. Many researchers have proposed some specific
algorithms such as kernel regression [2], soft thresholding approach
[3, 4], wavelet approach [5], and dual approach [6, 7], etc. Besides, many
scholars present some effective proximal algorithms for solving this kind
of problem in recent years. The iterative shrinkage/thresholding (IST)
algorithm proposed by Daubechies et al. [8] and references therein are
effective methods to solve the linear inverse problems with a sparsity
constraint. However, the IST method may be slow under some
assumptions on linear and continuous operator A [9]. Some scholars keep
improving the convergence rate of the IST algorithm. Two methods of
particular interest to image deblurring problem are the fast iterative
shrinkage/thresholding algorithm (FISTA) proposed by Beck and
Teboulle [3] and the two-step iterative shrinkage/thresholding algorithm
(TwISTA) proposed by Bioucas-Dias and Figueiredo [10]. And authors

proved that the scheme of the sum of two convex functions exhibits a

global convergence rate O(l/k2 ), where k is the iteration counter, see [4,
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11] for more details. But we note that the above algorithms, (e.g., ISTA,
FISTA, and TwISTA and so on) need to solve some corresponding
subproblems which might lead to the convergence rate slow. To avoid
solving the image denoising subproblem, Zuo and Lin [1] proposed the
generalized accelerated proximal gradient (GAPG) method (two auxiliary

variables are added so that the TV-image formulas are suitable for

GAPG), and obtain the convergence rate of O(k~2).

In this paper, we extend the modified second APG method to handle
both the isotropic and anisotropic TV-functions. Moreover, we use the two
auxiliary variables in [1] to approximate the partial derivatives and
borrow the idea of [19] to replace the Lipschitz constant by an
appropriate positive-definite matrix. We also perform numerical
experiments on two 256 x 256 images (Lena and Cameraman) to test our

method.

The rest of this paper is organized as follows. In the next section, we
introduce the necessary notation. In Section 3, we develop the
mathematical framework for the second APG schemes of [12] (and named
by Tseng in [13]) and present our algorithm based on the second APG
method for the TV-based regularization models. We present numerical

experiments in Section 4.
2. Notation and Preliminaries

2.1. Basic knowledge

‘.RMXN

In this paper, we use to denote the M x N dimensional

Euclidean space with inner product (x, y) = Tr(xyT ) and the norm of the

matrix x € R¥*Y is the Frobenius norm x| = NTr(xxT).
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Next, we recall some definitions concerning subdifferential calculus

and fundamental properties, which play an important role in proximal
gradient algorithms. For a proper closed convex function g : RMXN

— (~o0, +] and any scalar u > 0, the proximal map of pg is defined as

prox, (g)(x) := arg min{g(u) + 21—u [loc — u||2 1, 2.1)

where arg min denotes the unique minimizer, and we refer the readers to
([14], Chapter 7) for properties of the proximal operator.

2.2. The difference operator

Inspired by the idea of the variable splitting method [15-17], we

define two difference operators @, and @, to simplify the formulas (1.4)

and (1.5).

Definition 2.1. (i) We first define the vertical and horizontal forward

difference operators @, and @ as
p=@,(x): RN 5 gWM-AN 2.2)
and
g = ®p(x) : RN gMx(N-1) (2.3)
respectively, where the matrices defined by
Dij =% j-%4q,,t=,2- M-1,=12--, N,
q;j =%~ % jsa,0=12, M j=12 -, N-1 (2.49)
(ii) The operators ®; and ®j which are the adjoint of ®, and @
are given by
z = ®F(p): RMARN _, gM=N (2.5)
and

z =®5(q): gMx(N-1) _, gM=N (2.6)
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respectively, where the matrices defined by

Zi,j = pl—]_,] _pi,jy l = 15 27 Ty M7 ] = 1’ 27 Tty N’
Ziyj = ql,j—]_ _qi,j’ I’ = 17 29 Ty M’ .] = 17 27 Tty N7 (27)

where we assume that Po,j =PM,j =4,0 =4 N forany 1=1,2,---, M,
j=12, -+, N.

(iii) Pp 1is the orthogonal projection operator on the set C. Thus, for

instance, if C = B;,,, then PBl ) is explicitly given by

l xij < l,

PBl’u(x)i,j = xij [ < Xii <u (28)

j = Y
u xij > U.
Noting that if we arrange x, p, ¢ column by column into vectors, then
there are matrices @, and ®; such that p=®,x and q = Pyx,
respectively. And the adjoint operators @), and ®} are associated with

matrices d),:f and @Z, respectively, where the superscript 7' denotes the

transpose. Thus, we can rewrite the matrix norm of the anisotropic and

anisotropic TVs as

TViso = "(Du(x) (Dh(x)lllz’ (2-9)
and

TVaniso = "q)v(x)"ll + ”(I’h(x)"l1 , (2.10)

respectively, where lo-norm refer to the sqart of the sum of the square of
each variable and the matrix [;-norm here refer to the sum of the

absolute values.
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3. The Modified Second APG Method for Solving Discrete TV-Image

Deblurring Problems

We are interested in using a first-order method such as the
accelerated proximal gradient (APG) algorithm and the steepest descent
to solve the large-scale optimization problems. There are three APG
methods introduced by Nesterov [12] for solving the sum of a smooth
convex function and a nonsmooth convex function, here we focus on the
second APG algorithm. For convenience, we first consider the following
model which naturally extends the problem formulation (1.1):

min | F(x) = f(x) + g) (1)

xeR

*.RMXN

where g : — (~oo, +0] is a proper closed convex function and

f: RNy R s continuously differentiable function that has a

Lipschitz continuous gradient L > O :
IVf(x) - Vi) < Llx = 3lp, Vx, 5 € RN (3.2)

We assume in addition that F'is level-bounded, which implies that the set

of the global minimizers of (3.1) is nonempty.

Many first-order methods such as the fast iterative shrinkage-
thresholding algorithm (FISTA) [11] (which is based on the first APG
method introduced by [13]) are used for solving the above problem (3.1)
since the size of this kind of problem is typically large scale. The theory of
the accelerated deformations of the accelerated APG method and their
convergence rate are shown by many papers (see [4, 11] and the
references therein). Here we will extend modified second APG method

(APG,) introduced in [18] such it is suitable for the general model (3.1),

and we will establish the improved complexity results. Now we collate

the following algorithm:
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Algorithm 1: The modified second APG (APG,) method:
Take x°, 20 ¢ ®M*N and {6,} < (0, 1],
for £k =0,1, 2, ---and do
Y= (-0t + 0,2,

. | L 1 1
2" = arg min =z - [2F — —— Vf(¥F )]"?: +—g(2)¢, (3.3)
ze‘RMXN 2 ekL ek

= (1 -0, K+ 0,25,

end for

4 2 2
0, — VOr_1 +405 1 — 05
L =

2

(3.4)

A possible drawback of the basic scheme of the above algorithm is
that the Lipschitz constant L is generally larger. On the other hand, the

Lipschitz constant in the regularization term depends on the maximum
eigenvalue of ATA, it not always easy compute especially for large-scale

problems. Noting that when the function f satisfies the Lipschitz gradient
condition (3.2), the following inequality holds:

f(x) < f(y)+(x =y, VF(y)) + %llx ~ % vy (3.5)

In order to obtain smaller Lipschitz constant to accelerate convergence,

Zuo and Lin [1] introduce a positive-define matrix L to change the

inequality (3.2), where inner product and the Ly -norm of the matrix Ly

are <ux,y>p = xTLfy and ||x||Lf = [<x, x >L;» respectively. Then

(3.5) can be generalized as
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flx) < f(y)+(x =y, VF()) + %le - yll%f, Vi, y. (3.6)

The matrix Ly exists for a broad class of f. For instance, we can choose
L; as LI when f satisfies the Lipschitz gradient condition (3.2), where [ is

the identify matrix. Here, we extend the modified second APG to a more
general and efficient class, so called the generalized modified second

accelerated gradient (GMAPG,) method. Hence, we rewrite the

Algorithm 1 for accelerating convergence to solve (3.1):

Algorithm 2: The generalized modified second accelerated

gradient:
Define L¢ be a positive-definite matrix, let xO, 2Y e ‘RMXN, and
{6,} < (0,1],
for k=0,1, 2, ---and do
yk = (1 - Gk )xk + szk,
k+1 _ . J1 A | kT2 1
2" = argming |z - [2¥ - — Ly V()7 + g2, (3.7
ZepMxN 2 ek f ek

= (1 -0y 1wk + 0,28,
update 0, by (3.4)

end for




10 Daoling Lin and Wen Wang / IJAMML 8:1 (2018) 1-21

4. Algorithm for TV-Image Deblurring

Noting that the difficulty of solving the TV-image deblurring
problems is due to the nonsmoothness of the TV functions. It is worth
mentioning that Chambolle [6] advised to use the dual approach to
overcome this difficulty, and proposed a gradient based algorithm for
solving the resulting dual problems, which in the unconstrained case was
shown to be a convex quadratic program. In view of the success of the
method in effecting to solve these problems with TV regularized function.
Here we transform the TV-image problems into a quadratic programming
by using two auxiliary variables [10] and dual approach [6], such it

suitable for Algorithm 2 in the following:

Replace TV(x) in (1.1) by (1.4) and (1.5), respectively, we have

.01 2
0 g [Ax = bl + 2 TVigo(x), (4.1)
and
.1 ™V
xlélén E"Ax - b"%‘ + A aniso(x)’ (4.2)

l,u

where A is associated with the linear mapping A when x and b are
treated as vectors. Here, we first using the matrix pairs to rewrite the
problems (4.1) and (4.2) making them become two constrained problems,
then we follow the approach proposed in [15] and construct a dual of

these problems.

By introducing two auxiliary variables ¢, and ¢; [10] such that
¢, = ®,x and ¢; = Dpx, and using (2.9) and (2.10), we structure the

constraint problems of the above problems, then we further write their

unconstrained formulation in the following, respectively:

.o 2 1 2 1 2
Jmin Dax ol + Lo, - 0,01k + 2lon - onell +mmllo, oall, + s, ()

(4.3)
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and

. 9 1 9 1 2
min D=8+ Lo, -0l + Hlon — oyl +anllo, b+ lond, s, )

(4.4)
where 1 is a relaxation parameter and xB, , is the characteristic

function of B ,, ie.,

To utilize Algorithm 2 for the problems (4.3) and (4.4), we readily see that
the decomposition in (3.1) should be chosen as

« 1 1
() = s~ 8. + Lo, - 0,5l + Loy - oyl
glz (32) = 7“1("% ¢h "12 + XBl’u(x))’
2 (5) = Al +1nl, + 2, ) w5

where & = (7, o7, of )"

Below, we consider the details of Algorithm 2 for solving the

TV-image deblurring:

(1) We choose the Lf similarly as [19]:

Ly = diag(hmaxl, oI, oI ), (4.6)

where A, 1s the large eigenvalue of nATA + Gq)fq)l, + Gd);:’;d)h and

c > 2. Moreover, because the size of the image x is large, then we use

the more convenient way to estimate A, proposed by Zuo and Lin [1]

as in the following:

xmalx < (\/E”A”z + \/E"(DVHZ + «/E"CDhllz )2’ (4'7)



12 Daoling Lin and Wen Wang / IJAMML 8:1 (2018) 1-21

where ||A||2 can be estimated as

[Aly < min(A]z, V4], |4]., ). (4.8)

due to the fact that [|X|, < |X|z and the equality |X|, < /|X],|X].,
([17]).

(2) Consider the corresponding subproblem of anisotropic:

s k+1

.1y ~k 1 .1 Ak \112 1
z =argmin{ = |z - [2" —— L Vf(y + —
min{ 36 - [ - - LAVAGHIE,

@) @)

where

A T - T T T\T » T

< :(Zg’zi’zgh) ’Zk :((ZJIE) 7(2(];“) ’(z‘];h) ) ’yk :((yalg) ’

( y$ )T, ( ygh )T )T ). This subproblem could be divided into the following

three independent smaller problems:

. A ~ 1
zx*! = arg min{ —5= = - 2 + o Mg, (@), (4.10)
z k ’
) c ~f2
z(’;:l - argd)mln{xn"d)v Iy +5 1w - o |7} (4.11)
k+1 . c ~k 2
2t = axgminGinliy |, + 51~ 17 (4.12)
where
~ 1 T T T
#h =2y - AT (A - D)+ @) (@7 -y )+ @ (Dp5 - g )],
k*max v v
(4.13)
~k _ _k 1 ok k
o, = 2y 6,0 (y% D,yy ), (4.14)
~k k 1 k k
d)h = Z¢h - ek_G(yd)v - (Dhyx ) (415)



THE MODIFIED SECOND ACCELERATED PROXIMAL ... /IJAMML 8:1 (2018) 1-21 13
It is easy to verify that

2 = Py (ZY). (4.16)
Moreover, by ([15], Lemma 3.3), we have
(Zéf:l )i,j = Ty o ((OF )i, i) (2{;;1 )i,j = T (0 )i ) Vi j, (4.17)
where the shrinkage T,/ 5(+) 1s defined as

t
Do s6(t) = Hmax{|t| - /o, 0}. (4.18)

(3) In view of the success of continuation technique in GAPG for

updating the “Lipschitz constant” n.
Here, we incorporate continuation technique in [15] to accelerate
Algorithm 2. We first assume the initial value ng = [b| 5, then let it

decrease gradually until the target value m = png is reached. We take

p= 1073 and use the following relation to update Nk -

2k -2 \L _
Nis1 = max((0.9 + O.l(m )8 Mk> M)- (4.14)

Below, we summed up the algorithm for solving the 7TV,,;, image

deblurring:
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Algorithm 3:
Input: b, &, ng, 4, ©,, Dy,

Xo = PBl,u(b)’ 20 = PBl,u(b)’ (])8 = (l)],xo, ¢2 = (thO, 90 = 1, c = 1, ﬁ = PNo>
1 1 0 1 0 _1 1 0o _1 0
Yy = X0, Xy = by Ton = by 2x = 20, o, = by Zon bz,
for k =1, 2, ---and do
k k k.
Update yy, y; » 5,
k k k
Yx = (1 -0 )xx + 052y,

ko_ g k k
Yo, = (1-0, )x% + Okz%,
ko k k
Yo, = (1 Gk)x¢h +9kz¢h.

Update zKt1, zk+1 Gk+l

by > Top
1
el = Py A2 - g AT (Ayy - 0) + @V (0,05 g )+ O (@p5 — 3, I,
’ k™max v
k+1 _ I S k
Z¢U = T?»nk/c(z% 0,0 (y¢u D,y ),

k+l k 1 k k
2¢; = Tknk/c(zq)h _ek_c(yd’h —DQpyy ))

Update xalerl’ xk+1’ xk+1 .
dy on

k+1 k k+1
Xy = (1 =0 )y + 0525,

k= (1-0, )xg + 0,251

o by
k+1 _ _ k k+1
Xy = (1-0, )xq)h + 0z,

end for




THE MODIFIED SECOND ACCELERATED PROXIMAL ... /IJAMML 8:1 (2018) 1-21 15

(4) In a similar way, the problem (4.3) can be divide into the problem
(4.10) and the following subproblem:

k+1  _k . o Tk 2 o Tk 2
(24 24,1 = argmin{nl(by, oy, + 510 = 8015 + 5 1on = 9117 ).

(4.19)

where %‘, $,’§ are defined in (4.14) and (4.15).

For the above subproblem, using ([15], Lemma 3.3) again, we have
(2{4::1’ Zf;;l) = Synro(®h, 04 ), (4.20)

where the shrinkage S),,,,(") is defined as

i/ o(0) = "%" max{J¢] - 2n /o, 0}. .21)

We can see that our APG, -based algorithm for isotropic TV-based image

deblurring is almost the same as Algorithm 3, so we omit it.
5. Numerical Result

In this section, we apply our algorithm and GAPG proposed by [1] for
image deblurring from blurred and noisy images and compare their
performances. Here, we only test the algorithms for solving isotropic
TV-based image deblurring problem. We mainly compare the
computational time and SNR (PSNR) of the two method and the original
APG method.

In our numerical test, we focus on the following image deblurring

problem:
b=x%*x+ o, (b.1)

where k 1is a blurring kernel, ® is an additive normally distributed

noise, and * is the convolution operator.
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All the numerical experiments are performed in Matlab 2016a on a
64-bit PC with an Intel (R) Core 15-7th Gen CPU (3.60GHz) and 128GB of
RAM.

Here, we consider two 256 x 256 images, i.e., Lena and Cameraman
that go through a 9x9 Gaussian blurring kernel mean zero with

standard deviation 4, and then added with normally distributed noise
with mean zero and standard deviation 107°. Besides, the regularization

parameter was chosen to be A = 107 due to the chosen can give the best

SNR. We use original APG, GAPG, and GMAPG, with 150 iterations on

problem (5.1), and obtain the two reconstructions given in Figure 1 and
Figure 2. The reconstruction of GMAPG, 1is slightly better than GAPG.

This also reflected in the objective function values, the SNR values and
the CPU times given in the following Table 5.1:

Table 5.1. Algorithms for Lena and Cameraman

Algorithm PSNR(dB) CPU time (s)
Lena Cameraman Lena Cameraman
Original APG 23.93 21.48
GAPG 29.83 27.73 1.34 1.48
GMAPG, 29.96 27.87 1.77 1.86
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Original * Blurred and noisy

GAPG GMAPG.

Figure 1. Algorithm for Lena.
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GAPG GMAPG,

Figure 2. Algorithm for Cameraman.

From the above table, we see that the PSNR values of GMAPG,; and
GAPG are greater than the original APG, and the value of GMAPG, is
slightly larger than GAPG.
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6. Conclusion

In this paper, based on the second APG method proposed by Nesterov
[12], we construct GMAPG, for TV-based image deblurring problem. Our

algorithm framework allows a wide range of choice of the proximal

parameters {0, }, which including those used in FISTA with fixed restart

[11]. First, we extend the second APG method with a suitable positive
matrix instead of the original Lipschitz constant, so we can simplify the
computation. Then, we use the auxiliary variables introduced in [10] to
decouple the problems so that we need not to solve correlative
subproblem in each iteration. Finally, in order to gradually reduce the
relaxation parameter, we combine the continuation technique (introduced
in [15]) in our algorithms, then we can obtain a good initial solution to
make the rate of convergence faster. Numerical experiments show that

our method performs well.
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