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Abstract

M2h+2k

On a differential manifold equipped to symplectic pair ( ,01,09), We

define the notion of completely integrable Hamiltonian system pair then study
the problem of this symplectic linearization in a neighbourhood of compact orbit

pair.
1. Introduction

The classic Hamilton’s equations are the equations of the flow of a

Hamiltonian vector field Xz determined by a Hamiltonian function

H and a Darboux symplectic form in position and momenta
®y = Z?Zl dp; Adq; via the correspondence ix, oo = —dH. Symplectic

geometry generalizes these equations to the general scenario of
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Hamiltonian systems associated to a closed non-degenerate
2-form(general symplectic form). Among the class of Hamiltonian
systems, the sub-class of integrable systems plays a central role. An
integrable system on a 2n-dimensional symplectic manifold is given by

(n —1) additional first integrals f; with the property that each integral

(including H) is preserved by the Hamiltonian flow of the other integrals.
This condition is classically known as involutivity of the first integrals

and can be written in terms of the Poisson bracket as
{fi’ f]} = 0.

The study of the integrability of such systems is relevant in many areas
of mathematics and has its own story. In June 29th of 1853, Joseph
Liouville presented a communication entitled ”"Sur l'intégration des
équations différentielles de la Dynamique” at the “Bureau des
longitudes”. In the resulting note [9] he relates the notion of integrability
of the system to the existence of n-integrals in involution with respect to
the Poisson bracket attached to the symplectic form. A lot of work has
been done in the subject after Liouville. Let us outline some of the
remarkable achievements from a geometrical and topological point of
view. Consider a completely integrable Hamiltonian system. The

symplectic gradients of the Hamiltonian function f; define an involutive

distribution. Let O be a regular compact orbit of this distribution then
this orbit is a Lagrangian submanifold. Moreover, it is a torus and the
neighbouring orbits are also tori. Those tori are called Liouville tori. This
is the topological contribution of a theorem which has been known in the
literature as Arnold-Liouville theorem. The geometrical contribution of
the above-mentioned theorem ensures the existence of symplectic normal
forms in the neighbourhood of a compact regular orbit. To the author’s
knowledge, the works of Henri Mineur [10], [11], [12] already gave a
complete description of the Hamiltonian system in a neighbourhood of a
compact regular orbit. That is why we will refer to the classical Arnold-
Liouville theorem as Liouville-Mineur-Arnold theorem. Let us state the

theorem below: Given an completely integrable Hamiltonian system on
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symplectic manifold (M?", ©), and O a regular compact orbit. There is

a symplectomorphism ¢ from a neighbourhood U(O) of O in (M?", »)
to (D" xT", Z?zldui AdB;), where (u;),1<i<n is a coordinate on

the ball D", and (B;),1 <i < n is a periodic coordinate system on the
torus T" such that ¢*F is the map which depend only on the coordinate
0" (u;). The functions ¢*B; are called angle variables and the functions

¢"(u;) are called action variables. The existence of action-angle
coordinates in a neighbourhood of a regular compact orbit provides a
symplectic model for the Lagrangian foliation § determined by the
symplectic gradients of the n-component functions f; of the moment map
p. In fact, Liouville-Mineur-Arnold theorem entails a uniqueness result
for the symplectic structures making § into a Lagrangian foliation. In
the other words, if ®; and w9 are two symplectic structures defined in a
neighbourhood of O for which § is Lagrangian then there exists a
symplectomorphism preserving the foliation, fixing O and carrying o; to
®9. So if the orbit is regular the existence of action-angle coordinates
enables to classify the symplectic germs, up to foliation-preserving
symplectomorphism, for which § is Lagrangian in a neighbourhood of a
compact orbit. There is just one class of symplectic germs for which the
foliation is Lagrangian. After this review for symplectic linearisation in a
neighbourhood of regular orbit, the following question arises: What can
be said about the corresponding classification problem for symplectic
germs if the completely integrable systems has singularities? This
question is quite natural because singularities are present in many well
known examples of integrable systems. In fact, if the completely
integrable system is defined on a compact manifold then the singularities
cannot be avoided. The symplectic linearisation in a neighbourhood of an
singular orbit @ with dim O > 0 is due to Ito in the analytic case [8].
Partial results in the smooth case (with dim® =1 in a manifold of

dimension 4) were obtained by Curras-Bosch and Eva Miranda in [4] and
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independently by Colin de Verdiere and San Vu Ngoc in [3]. The final
result in any dimension was obtained by Nguyen Tien Zung and Eva
Miranda in [13]. In [13], it is also included a G-equivariant version of the

symplectic linearisation.

In this article, we consider a particular class of manifolds which have
been called in the literature symplectic pairs. Symplectic pairs were
introduced by Bande and Kotschick in ([2], [1]), where they study the
geometry of symplectic pairs. On a such manifolds we define a completely
integrable Hamiltonian system pair, then prove an analogue to the
symplectic linearisation result which was mentioned above but in the
case of completely integrable Hamiltonian systems pairs in manifold
equipped to symplectic pair. Precisely, we show that: Given two
symplectic pairs (0], ®y) and (®], wy) for which the system is a
completely integrable Hamiltonian system pair in a neighbourhood of
compact orbit O, there is a diffeomorphism preserving the system, fixing

O, and sending (o], wy) on (o], wy). In order to prove this result, we

will distinguish two situation: the case of regular compact orbit and the

case of singular compact orbit.
2. Preliminaries

In this section, we recall some basics definitions and properties in

symplectic pairs geometry.

2.1. Hamiltonian vector fields and Poisson bracket

Definition 2.1. A symplectic pair on a smooth manifold M 2k+2h - op

dimension 2k + 2h is a pair of non-trivial closed two-forms (w;, wg) such

that:

1 h+1 — 0.

ol Aok is a volume form on M2**?" and of*! =0, of

The forms ®; and oy are so necessarily constant class 2h and 2k.
For k = 0 or h = 0, we find the symplectic forms. To a such structure are

naturally associated two distributions: the distribution of vector fields
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which annul ©;, and the distribution of vector fields which annul .
This distributions are completely integrable because the forms ®; and
9 are closed. They determine the characteristic foliations of ®; and g,

which we will note § and @.

The characteristic foliation of ®; is of codimension 2A and her leaves
are symplectic manifolds of symplectic structure associated ®5. The
characteristic foliation of wy is of codimension 2~ and her leaves are

symplectic manifold of symplectic structure associated .

The foliations § and & are hollowing out transversal and additional.

Example 2.1. (1) On R2k+2h equipped to coordinates system

(xl,"‘,Xk, yl"”: yk’pla‘”7 ph7 Q17,Qh) the pair (('017 ('02)
defined by:

h k
w = Zi:ldxi /\dyi, Wy = Zi:ldpi A dqi
is a symplectic pair. This example represent the local model of symplectic
pairs.
(2) Let (M, »), (M', ®) be two symplectic manifolds. Then the

produce M x M' equipped to the pair (o, ') is a symplectic pair.

Contrary to Riemanian manifolds, the symplectic pairs have not local
invariants. This is due to theorem which follows, called the Darboux

theorem. It establishes an unique local model of symplectic pairs.

Theorem 2.1 ([1], [2]). Let (w;, wg) be a symplectic pair on M2k+2h
and p be a point of M2k+2h Then, it exists a local coordinates system
(U7 x17 Ty xk7 yla Tty yk’ pla ) ph7 Q1, Ty qh) around Of p7 su’Ch

that

k h
Oy = Zi:ldxi A dyi, Oy = Zizldpi/\dqi.
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Every almost symplectic pair (o, ®3) on M 2k+2h induces an
isomorphism of C* (M 2+2") .modules (g, 09) : w(M2+2hy 5 ol (M 2h+2h)
defined by the following proposition:

M2k+2h

Proposition 2.1. Let ( , ©1, ®g) be a symplectic pair. The

map b c (MR 5 QN (MY defined by:

0)170)2)

b(wl,wz)(X) = iX(Q)l + 0)2), vX e X(M2k+2h)

is an isomorphism of C*(M*+2 R)-module.

Proof. Observe that it suffices to show that the map b(, o) Is
injective.

Let (U, x1, -+, X, ¥1, =5 Yk» P1, ***5 Ph> @1 > @) be a Darboux
coordinate system and X = Zle(aiaxi + b;0y; ) + Z:.L:l(ci@pi +d;0q;) a

vector field on U. We assume that b,  ,)(X) = 0. Then we have

ix(op +02)(X) = 0
Ix == ixOg.
Consequently,
ix (o) (0x;) = ixwg(0x;)
ix (o) (0x;) =0
b; =0, ey

ix () (y;) = ixoa(0y;)
ix(0p)(@y;) =0

a; =0, ©)
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ix (o) (@p;) = ixwz(dp;)
ix(02)(0p;) =0
d; =0, 3)
ix(01)(0q;) = ixwz(dq;)
ix(02)(0g;) =0
¢; =0. 4)

According to relations (1), (2), (3), and (4), we deduce that X = 0. Thus

the map b, «,) 1s injective. O

Thanks to this isomorphism, we can associate at every function
feC®(M?**2h R) an unique vectors field X e y(M), called

Hamiltonian vector field of f.

Definition 2.2. Let (M%**?" ,, ©y) be a symplectic pair and

f eC®(M, R) a function is called Hamiltonian vectors field of f the

single vectors field X defined by

Xf = b(_;1,‘1)2)(_ af)
Likewise,
ix, (o + 0g) = - df.
The Hamiltonian vector field verify the following properties:
Property 2.1. For all fand g € C*(M?"™}, R), we have:
(1) Xfig = X5 + X,

(2) ng = fXg + ng
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(3) If the Hamiltonian functions f and g are associated to the same

Hamiltonian vector field X, then the function (f — g) is locally constant.

(4) If X is a Hamiltonian vector field associated to f, Y the component

of X tangent to § and Z his component tangent to &, then Y and Z verify

the equations
. 1 . 1
iy (01 + 03) =~ L df, iz oy +03) =~ Lar. ®
Proof. Let f, g € C*(M?**1 R). For the first property, we have
ix, (o +03) = ~d(f + ¢)

—df —dg

ix, (o1 + 0g) +ix, (07 + 02)
= ix;+x, (01 + 03)
b(0‘)1’(")2)()(/£'"g) = b(ml’mZ)(Xf + Xg ) (6)

Since the map b( ) 1s an isomorphism, then according to relation (6),

1, 09

we obtain Xy, , = X; + X,. For the second property, we have

ix,, (0 + 03) = —d(fg)

— gdf - fdg

8ix; (01 + wg) + fix, (01 + @g)
= g +fX, (01 + 03)
b(wl,wz)(‘){fg) = b(wl,wg)(ng + fXg ) (7

Since the map b( is an isomorphism, then according to relation (7),

o1, 0g)

we have Xy, = gXy + fX,. For the thirty property, we have
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d(f - g)

df —dg

= ix(0) + 0g) —ix(o; + og)

= 0.
For the last property, let X; and X, be two vector fields tangent to § and
®, respectively. We assume that iy, (o; +0g)= —%df, ix, (o +0g)= —%df.
We have

ly,z (01 + ®g) = ix, . x, (0 + ®3)
Iy - Xjog = -Z+X,®1- ®

Since wg is non degenerated on § and ®; is non degenerated on &, then

according to relation (8), we obtain Y = X; and Z = X,.

The proposition that follows, show that it exists a Poisson

bracket {,} on C®(MZ?*2" R) such that the map (C*(M?*?" R),

() = (M) []) defined by f - X; is a Lie algebra anti-

homomorphism with respect to the Poisson bracket and the commutator

of vector fields.
Proposition 2.2. It exists a Lie algebra structure {,} on C*(M**+?" R)
such that for all f, g € C*(M?*?" R), we have
Xif.qp = = [Xp, Xgl-
Proof. We put
{f, g} = (01 + 02) (Xp, Xg).

Since ®; and ®y are bilinear and antisymmetric, then {,} is bilinear

and antisymmetric.
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For Leibniz identity, we consider f, g and A € C*. We have
{f, gh} = (01 + 09)(Xf, Xgp)
= (o7 + o) (Xy, gXj, + hX5)
= (o + o) (Xf, gXp) + (01 + 09) (X7, hX,)
= glog + 03)(Xp, Xp)+ hlog + 0g)(Xf, Xg)
= gif, h} + hif, g}.

For Jacobi identity, we consider f, g and h e C°°(M2k+2h). For all

f e C*(M?*+2" R), the equation

. 1
iy (0 + 0g) = —5df
has a unique well-defined solution when restricted to (3, ®;) and to

(&, ©g). We denote by Y; and Z; the Hamiltonian vector fields of

function % f with respect to the symplectic structure ®; on § and the

symplectic structure g on &, respectively. According to relation (5), we

can write
Xp=Yr+Zy.
Thus, we obtain
. g, A} = (01 + 02) (Yr + Zp, Yig py + Zig 1)
= o1 (Yy, Y{g,h})+ w9 (Zy, Z{gﬁ}).

Since ®; is a symplectic form adapted to § and ®s the symplectic form

adapted to &, then we have

o1 (Y, Yign) = ~o1(Yg, Yo 1y) — 01 (Yp, Yir g1), 9
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and
03(Zf, Zig,ny) = —02(Zg, Zip, fy) = 02(Zp, Zif, g))- (10)
According to relation we obtain (2) and (3)
if g, Wt = — (o1 + 03) (Yo + Zg, Yoo 1y + Zi 1))
— (01 + 09) (Y, + Zy, Yip gy + Zif o))
=—{g, {h, fi} - {h. {f, &} (11)
Let f, g be a smooth functions, we have
ix;,x, (01 + 02) = Ly ix (0 + o) —ix Lx, (0 + 03)
= Lx, (- dg) - ix d(ix, (o + ©3))
= dix (- dg) - ix d(-df)
= —d(dg(Xy))
= dif, g}.

Thus we obtain

X, gy = -[Xf, Xg .

By elementary calculus, we obtain the following proposition:

Proposition 2.3. Let (U, x1, -+, X, Y1, ***» Yk» Pls ***» Ph»> Q1> ***>q})

(M2k+2h

be a Darboux coordinates system on , 0, ®y) and

f e C*(M?+2h+1 R). So we have

__Oof of of
Xf‘U = 6yi 0xi + axi 6y

of
i aqi a‘]i ’

O op;
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In particular,
Xy, =0y Xy, = —ox;,
Xp; = 0a;; Xq; = 0pj;
{ai, v} =845 {pis @i} = 8
{xi, pj} =0 {p;, yi} = 0,
{xi, g1 =05 {y;, ¢} = 0.
Let us recall the notion of automorphism.

Definition 2.3. Let (M, o, 0g), (M', ®], ®5), be two symplectic

pairs. A diffeomorphism ¢ : M — M’ is called an automorphism, if

0" (1) = oy,
0 (03) = o,
2.2. Completely integrable Hamiltonian systems pairs and

Lagrangian foliations pairs

Definition 2.4. Let (M%**?" o, ©,) be a symplectic pair and

(M2k+2h

fiss fn, &1 8 be (k+ h)-Hamiltonian functions on , 07, ®g ).

We said that (f, -, fi, &1, ", &,) 1S a completely integrable

Hamiltonian system pair if the following conditions are verified:
e The Hamiltonian vector fields X f.» are tangent to § and the

Hamiltonian vector fields X g; aretangent to &.

i {fw f]}:{gl’g]}:{fw gj}:Ofor all i’ .]

e The system (dfj, -, dfy, dgy, -+, dgj,) 1is linearly independent

almost everywhere.
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The functions f;, g; are called first integrals of the integrable
system. Given a completely integrable Hamiltonian system pair, there

Rk+h

are a local Hamiltonian -action of momentum map u = (f;, -, fi,

g1, -+, &5, ) and two foliations naturally attached to it.

Proposition 2.4. Let (fi, -+, fi, &1, -=*, &) be a completely integrable

M2k+2h

Hamiltonian system pair on symplectic pair ( , ©1, Og ). Assume

that p e M?*2h is a point for which dpfy - ANdpfy Adgy - Ndgp, # 0.

Then the distributions D =< Xf1’ e ka > Dy =< X X, > are

810 e
involutive and the tangent spaces at p to leaves through p are respectively,

a Lagrangian subspace of (ker wy(p), ®;(p)) and (ker ,(p), wy(p)).
Proof. On the one hand, since [Xfi; ij ]= X{fi,fj}’ the condition
{f;, fj} = 0 implies [X, ij] =0 for all 7, j and the distribution D; is
involutive. On the other hand, since [X,; X g 1= X{g, g;}» the condition
{gi, gj} = 0 implies [Xgi, ng] = 0 for all i, j and the distribution Dy
is also involutive. Let 7 and G be a leaves through at p of distributions
Dy and Dgy, respectively. From the definition of Poisson bracket
{fi, fi} = o(Xp, ij) and {g;, g;} = o(Xg,, ng ), the tangent spaces
T,7 and T,G are isotropic. The condition d,fi A--Adpyf A
d

p81 /\---/\dpgh # 0 implies that the Hamiltonian vector fields X f

span an k-dimensional vector space at the point p and the Hamiltonian
vector fields X g; Span an h-dimensional vector space at the point p.
Therefore, the tangent space at p of the leaf F is Lagrangian subspace to
(ker w9(p), @1(p)) and the tangent space at p of the leaf G is Lagrangian

subspace to (ker o;(p), wg(p)). O
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In all we note §; the foliation defined by D; and §y the foliation
defined by Dy. The pair (§;, §9) is called the Lagrangian foliation pair

attached to integrable Hamiltonian system pair.

Example 2.2. (1) On R2k+2R equipped to standard symplectic pair
h k
wg = Zi=1dpi Adg;, o = Zi:ldxi A dy;.

The system f; =&i + )7, -, fi =&} + ¥, & = P{ + 47> &h = Ph + 47,
is a completely integrable Hamiltonian system pair. The foliation §; is
generated by vector fields X; = 2(— y;0x; + x;0y;) for 1 <i <k and the
foliation Fo is generated by vector fields X; = 2(- q;0p; + p;0q;) for
1<i<h

(2) On T2 x §2 x St equipped to symplectic pair

o7 = da Ad, g = df Adb.

The system f; = ad, fo = B0 is a completely integrable Hamiltonian pair.
The foliation § is generated by X; = —ada + $69, Xg = —pop + 006.
2.3. Regular orbits pairs and singular orbits pairs

Let (fi, -, fi» &1, ==*» &, ) be a completely integrable Hamiltonian
system pair of momentum map p on symplectic pair (M2k+2h, 0], 09 ),
p be a point in M2F+2h O; be the orbit of D; through p, and Oq be the
orbit of Dy through p. We denote by mny: R*h 5 RF  and
Ty * R**" 5 R” the canonical projections.

Definition 2.5. We said that (O;, Oy) is a regular orbit pair if
rank(d,m; ou) = k and rank(d,ng o) = A.

Remark 2.1. If a point in orbit pair (O;, Og) is regular then all
point in (O;, Og) is regular. Because regularity is a property which is

invariant under the local Hamiltonian R**” .action.
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Definition 2.6. We said that (O;, Oy) is singular orbit pair of rang

(r, s) if rank(d,m; o p) = r and rank(d,mng o p) = s.

Remark 2.2. If a point in orbit pair (O;, Og) is singular orbit pair of
rank (r, s) then all point in (O, O9) is singular of rank (r, s). Because

singularity is a property which is invariant under the local Hamiltonian

R**" _action.

In the following section, we study the symplectic pair linearisation

problem in a neighbourhood of regular compact orbit pair (O, Oy).

3. Symplectic Pair Linearisation in a Neighbourhood

of Regular Compact Orbit Pair

M2k+2h

Consider a symplectic pair ( , ®1, ®9 ) equipped a completely

integrable Hamiltonian system pair (f;, -+, fi., €1, -+, &) and (O;, O9)

a regular compact orbit pair. In this section, we want to prove that under
the above assumptions, there exist coordinates in a neighbourhood of

(01, O9) such that the foliation can be linearised.

Theorem 3.1. There is an automorphism ¢ from a neighbourhood
U(0;,05), 01, 3) of (01,05) in (M?**2" o wy) to (DF xTF xD x T,
o = Zledxi Ady;, oy = Z?zldpi Adg;), where (x1,--,x;.) is a
coordinate system on a ball D*, (1, =+, ¥) is a periodic coordinate
system on the torus T, (p1, *+» Py) is a coordinate system on a ball D",
and (q1, -+, qp) is a periodic coordinate system on the torus T" such that
o is a map which depends only on the variables xq, -, X}., Py, ***» Pp-
The functions ¢"y;, ¢"q; on U(Oq, Oy) are called angle variables, the

functions ¢"x;, ¢"p; on U(O1, Oy) are called action variables.
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Proof. Since the orbits O;, Oy are compact then the produce
Oy x Oy is a closed of M2**?" The manifold M?*?" being normal,
then it exist a local coordinate system (U, o, -+, oy, By, =+, Br» 01, -+, 0y,
Wy, -, pp) around (07 x Og) in M2**2" such that

UN(O; x 0y) = Oy x Oy.
Let N, Ny be the submanifolds defined by N; : {6; =~ =0;, = p; =
= =0} and Ng : {o; =+ =a; =By =+ =B, = 0}. Observe that
®; and oy are respectively, a symplectic forms on N; and N,. Thus,
the equations
ixw, = —df; and ixwg = —dg;

have a unique well-defined solution when restricted to the symplectic
submanifolds (Nj, ;) and (Ng, wy), respectively. We denote,
respectively by Yfi and Z f the solution of this equations. With all these
information at hand we can write Xy =Y, and X, = Z;, where X

fi fi 8i fi fi
and X g; are the Hamiltonian vector fields with respect to symplectic
pair (o, ®g). Observe that, the Hamiltonian vector fields Y, -, Yj,
define a completely integrable Hamiltonian system on (N;, o;) and the

Hamiltonian vector fields Z g0 Z ., define a completely integrable

8h

Hamiltonian system on (Ny, wy). Indeed, we have
{fis i}y = o (Y, Yy,
= (o1 + ) (X, Xy,)

:{fi’ f]}

:O,
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and

{gl’ gj}N2 = G)Z(Zgi’ Zgj)
= (o7 + og)(Xg,, ng)

={giagj}
= 0.

Moreover, O is a regular compact orbit of integrable Hamiltonian

system Yy, -, Yy in (N, o) and Oy is a regular compact orbit of

k

integrable Hamiltonian system Zg, -, Z; in (Ny, wg). According to

Liouville-Mineur-Arnold theorem (see [10], [11], [12]), there is a
symplectomorphism ¢; from a neighbourhood U;(O;) of O; in (Ny, »;)

to (D" x T*, Zledai AdB;), where (a;),1<i <k is a coordinate on
the ball D, and (B;), 1 <i <k is a periodic coordinate system on the

torus T* such that ¢;(mn; op) is the map which depend only on the
coordinate ¢j(a;), and a symplectomorphism ¢4 from a neighbourhood
Uy(Og) of Oy in (Ng, @) to (D" xT", Zledei Ady;), where
(6;),1<i<h is a coordinate on the ball D", and (0;),1<i<h is a
periodic coordinate system on the torus T" such that ¢%(my o p) is the

map which depend only on the coordinate ¢5(0;). Now, we define the

map ¢ : Up(O1) x Up(O3) = xD* x T" x D" x T* by

0(21, 29) = (01(21), da(2g)), for all (21, z9) € U1(01) x Uy(Og).

This map is an automorphism. Indeed, we have
n n
¢'(D_da; Adp;) = 61D da; AdB;)
=1 =1

= 01,
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and
¢*(Zd9i Ady;) = ¢§(Zd0€i AdB;)
=1 i1

= 9.

Moreover, the map ¢“u depend only on variables ¢*(a;) and ¢*(6;). This
ends the proof of the theorem. O

This theorem enables to classify the symplectic pair germs, up to
foliation-preserving automorphism, for which the system (f, -, fi,
g1, fn) is a completely integrable Hamiltonian system pair in a

neighbourhood of a regular compact orbit pair. There is just one class of

symplectic pair germs for which the system (f, ---, fi, g1, ==*» &), is a

completely integrable Hamiltonian system pair.

Theorem 3.2. If (o}, oy) is another symplectic pair for which the
system (fi, -+, fu» &1, "> 8 ), 1s a completely integrable Hamiltonian
system pair, then there exists a diffeomorphism ¢ defined in a

neighbourhood of (Oq, Oq) such that:
e [t fix the orbit pair (01, O).
e [t preserve the foliation pair (F, Jo)-
* §"(0]) = o1, ¢7(02) = 0.

In this case we said that the symplectic pair are equivalent, and we

note (01, ©2) ~(3,,5,) (@1, ©3).
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4. Symplectic Pair Linearisation in a Neighbourhood

of Singular Compact Orbit

In all that follows, (M 2h+2h o1, ®y) designate a symplectic pair,
(fi> s fu> &1, "> &), a completely integrable Hamiltonian system pair

M2k+2h

on ( , ©, ®y), 0 the momentum map, (07, Oy) a singular

compact orbit pair of rank (r, s). We assume that, the first integrals
fre1s 5 [ and g1, -+, 8, have a non-degenerate singularity in the
Morse-Bott sense along O and Og, respectively. Thus, there exists two
triplets of natural numbers (kej, khy, kfy), (keg, khg, kfy) such that
key + khy + 2kfy = k—r and key + khg +2kfo = h —s. We recall the

notion of linear model. Denote by (x;, ---, x,) a linear coordinate system
of a small ball D" of dimension r, (o;(mod 1), ---, a,(mod1)) a standard
periodic coordinate system of the torus T, (y1, 21, ***» Yi_p> Zk_r) @

linear coordinate system of a small ball D2k of  dimension
2(k —r), (p1, -+, ps) a linear coordinate system of a small ball D° of

dimension s, (B;(mod1), -, Bs(mod1)) a standard periodic coordinate
system of the torus T?, (qq, U1, =+, p_s» Mj—s) @ linear coordinate

system of a small ball D2"%) of dimension 2(h — s). Consider the

manifold

M(2)]i7+2h — Dr x TV x ]D)Qk_Qr x ID)S x TS x D2h—25
. . . 0 r k-r
with the standard symplectic pair o] = Zi:1 dx; Ndo; + Zi:1 dy; Ndz;,
038 = Zle dp; NdB; + Z?:_lsdpi A dy; and the following moment map:

MO = (xl7 Tty xr’ f0r+]_7 T fOk’ p]_y Ty ps’ gOerl’ Ty goh)’
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where

2 2 .
fo,., =i +z,for,1<i<kep,

f0'+/c = YiZi, fOI‘, ke1 +1<1< kel + khl,

12
fo;, = YiZis1 — Yi+1%i> and
[, = YiZi + Yis1Zis1, for @ = key + khy +2j-1,1 < j < kfy;
and
_ 2 2 .

80;,, = qi +ni,for,1<i< ke,

80;,, = LGiMi» for, keg +1 <1 < keg + khg,

80;,, = QiMi+1 — 9i+1M;, and

g0i+k+1 = q;\; + Q1M+ for i = ke2 + khQ + 2] -1,1< ] < ka

We denote by (S(l), 53) the linear Lagrangian foliation pair given,

respectively by the orbits of the linear distributions D? =< X foir

)

XfOk > and Dg =< XgOi, o X >, where XfOi and X§0i being the

80h

Hamiltonian vector fields of f;; and g(y; in the symplectic pair model

(M§k+2h, o), ®3). Let T be a group with a symplectic action p(I') on

MngrZh , which preserves the moment map py. We will say that the
action of ' on M 3“2}’ is linear if it satisfies the following property: I'

acts on the product M§k+2h componentwise; the action of ' on D’ and

D is trivial, its action on T" and T® is by translations (with respect to

the coordinate system (aq, -+, o, ), (By, -, Bs)) and its action on D?*~2"

]D)2h—23

and is linear (with respect to the coordinate system (y;, 21, -+,

Yirs Zr—r)s (@15 B15 ***» Qp—p» Mj—r)). Suppose now that ' is a finite
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M 8’”2}‘, which preserves the

group with a free symplectic action p(I') on
moment map and which is linear. Then we can form the quotient
symplectic manifold Mo = Mg]”% /T, with an integrable system on it

given by the induced moment map as above:
Ho = (xla ey Xy fr‘+1> Tty fk;’ P1y ps’ gs+1’ Ty gh)
The set pair ({; =y; =2 =0}, {p; =¢; =1; =0) = Mo is a compact
orbit pair of Williamson type ((kej, kfy, khy), (keg, kfy, khg)) of the

above system. We will call the above system on M 0, together with its

associated singular Lagrangian foliation, the linear system (or linear
model) of Williamson pair type ((kej, kfi, khy), (keg, kfy, khy)) and

twisting group I' (or more precisely, twisting action p(T')). We will also

say that it is a direct model if I' is trivial, and a twisted model if T is

non trivial. Under the above hypotheses, we show the following theorem:

Theorem 4.1. Then there exists a finite group T and a

diffeomorphism taking the Lagrangian foliation pair (F;, So) to the
linear Lagrangian foliation pair (39,3%) on M3 2" /T and taking
(07, ®3) to (0, ©3), which sends (O, O5) to (T”, T*).

Proof. Since the orbits O;, Oy are compact then the produce

O x Oy is a closed of M?*2" The manifold M?**?" being normal, then

it exist a local coordinates system (U, aq, -, oy, By, -+, Br> 01, -, 07,

uy, -+, up ) around (07 x Og) in MZ+2h guch that
Uﬂ((’)l XOZ):OI XOZ.

Let N, Ny be the submanifolds defined by N; : {6; =+ =0, = p; =
«+=up =0} and Ng : {o; = =a; =By =+ =Bj = 0}. Observe that
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®; and oy are respectively, a symplectic forms on N; and N,. Thus,
the equations

ixm; = —df; and ixwy = —dg;

have a unique well-defined solution when restricted to the symplectic

submanifolds (N7, ®;) and (Ng, ©g), respectively. We denote

respectively by Yfi and Zgi the solution of this equations. With all these

information at hand we can write X f= Yfi and X g = 7 where X f

8i’
and X g, are the Hamiltonian vector fields with respect to symplectic
pair (o, ®g). Observe that, the Hamiltonian vector fields Y, -, Yj,
define a completely integrable Hamiltonian system on (N7, o;) and the

Z, define a completely integrable

Hamiltonian vector fields Z g0 Lgy,

Hamiltonian system on (Ny, wy). Indeed, we have
Ufir fiiny, = o1(Yp, Yy,)
= (01 + og) (X, ij)
={fi fi}
=0,
and
{fis fiing = 02(Zg, Zg))
= (o1 + 02)(Xp, Xy,)
={fis fj}
= 0.

Moreover, O; is a non degenerate compact orbit of rank r of integrable

Hamiltonian system Yy, ---, ¥y in (N7, ©1) and Oy is a non degenerate
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compact orbit of rank s of integrable Hamiltonian system Z fo Z fn in

(Ng, ®g). According to Eva Miranda and Nguyen Tien Zung theorem

(see [13]), there exists a finite group I} and a diffeomorphism ¢; taking

the foliation §; to the linear foliation 9 on (D" x T” x D?*"27)/ I} and

taking ®; to 0)? which send O; to the torus T’. There exists also a

finite group I'y and a diffeomorphism ¢ taking the foliation Fo to the
linear foliation §% on (D° xT® xD?72%)/T, and taking oy to 3

which send Og to the torus T®. Now, we put ' =Ty xTy and
¢ =(¢1, ¢2), I is a finite group and ¢ a diffeomorphism taking the

Lagrangian foliation pair (g, §2) to the linear Lagrangian foliation pair
(39, 3%) on M§k+2h /T and taking (o7, y) to (o), ©3), which sends

(01, O9) to (T", T?). This ends the prove of the theorem. O

This theorem enables to classify the symplectic pair germs, up to

foliation-preserving automorphism, for which the system (f, -, fi,
g1, fn) 1s a completely integrable Hamiltonian system pair in a
neighbourhood of a singular compact orbit pair (O;, Oy). There is just
one class of symplectic pair germs for which the system (f, -, fi,

g1, ", &1 ), 1s a completely integrable Hamiltonian system pair.

Theorem 4.2. If (o], o5) is another symplectic pair for which the
system (fi, =, fr» 81> ", &1 ), 18 a completely integrable Hamiltonian
system pair, then there exists a diffeomorphism ¢ defined in a

neighbourhood of (01, Og) such that:
e It fix the orbit pair (01, Oy).

e [t preserve the foliation pair (F;, To)-
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° ¢"(01) = @1, ¢" () = 0.

In this case we said that the symplectic pair are equivalent, and we

note (0)1, (,02) "’(31’32) ((,0’1, (1),2)

(1]

(2]

(3]

(4]

(5]

(6]

(7

(8]

(9]

(10]
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