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Abstract 

The paper studies spherical polynomial approximation over spherical 
triangulation. We exhibit the error of the approximation of a sufficiently smooth 
function using the discrete and penalized least squares splines on the unit 
sphere and show the effect of grid size on the error of discrete least squares 
splines of the underlying triangulation. In addition, we also demonstrate that 
penalty parameters have an effect on the error of the penalized least squares 
spline from numerical experiments. 

1. Introduction 

With the development of digital information technology, the number 
and dimensions of the data have been changed remarkably. The research 
of spherical data approximation not only has important theoretical 
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significance, but also has considerable practical application background. 
Its application is mainly reflected in the following five aspects: 
geophysical and seismological research; physical geodesy in the 
measurement of gravity field; meteorology, oceanography and other 
related environmental resources data approximation; earth temperature, 
ozone or magnetic field and other aspects of the study; medical aspects of 
an EEG analysis. 

It has been proved that the spherical spline method is very effective 
for studying the approximate problem of scattered data. Least square 
method is a selection of big data sets, including random noise. Therefore, 
it is necessary to study the approximation of the discrete and penalized 
least squares spherical triangulation splines in a stable local basis space. 
The existence and uniqueness of discrete and penalized least squares 

spherical splines in the ( )∆r
dS  are introduced in detail [1]. 

In this paper, we focus on the unit sphere ( )( 32 ,,x: RS ∈== Tzyx  

}.1222 =++ zyx  We investigate the approximation properties of 

discrete and penalized least squares spherical over triangulations. In 
addition, we show the error of a sufficiently smooth function the discrete 
and penalized least squares spherical triangulation splines 
approximation and the effect of the choice of penalty parameters on the 
error of penalized least squares spherical splines approximation. 

In Section 2, we give some preliminary knowledges, including 
spherical triangulation, spherical Bernstein basis polynomials, spherical 
splines, and least squares splines. In Section 3, we discuss the existence 
and uniqueness of discrete least squares splines. In Section 4, we study 
the properties of the penalized least squares spline and its approximation 
error. In Section 5, we design some numerical experiments on the error of 
the smooth function the discrete and penalized least squares splines 
approximation, and analyze the influence of the choice of the penalty 
parameters on the error. 
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2. Preliminaries 

Schumaker in [2, 3, 4] introduced the concept and properties about 
the approximation of splines on spherical triangulations. Suppose ,, 21 vv  

3v  are three points on the unit sphere which lie strictly in one 

hemisphere. In [7], the associated spherical triangle 321 ,,: vvvi =τ  to 

be the set of points on 2S  that lie in the region bounded by the three 
circular arcs .,,,,, 133221 vvvvvv  The points 321 ,, vvv  are the 

vertices of ,τ  and refer to the circular arcs 133221 ,,,,, vvvvvv  as 

the edges of .τ  The τ  is nondegenerate provided that τ  has nonzero 

area. iτ  is the spherical triangle on the .2S  A set { }N1: iτ=∆  is called a 

spherical triangulation. ∆  is the sphere 2S  or a triangulation on the 

domain of .2S  Arbitrary two spherical triangles in ∆  are either disjoint 
or exactly intersecting a common edge. 

Let 321 ,,: vvvi =τ  is a nondegenerate spherical triangle. Given 

.2S∈V  Let ( )vbb ii =:  be such that 

( ) ( ) ( ) .332211 vvbvvbvvbv ++=  

Then 321 ,, bbb  are the spherical barycentric coordinates of v relative to 

.τ  It means that the spherical barycentric coordinates of a point relative 
to τ  are unique. 

Given an arbitrary integer d, for all v in τ  and every real r, there are 
a formula 

( ) ( ).vfrrvf d=  

Then the three variables function ( )vf  is homogeneous of the degree d. 

Given an integer d and given a spherical triangle ,τ  the functions 

( ) ( ) ( ) ( ) djivbvbvbji
dvB jid

ij =++= k
k

k
k ,!!!

!: 321  
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are called spherical Bernstein basis polynomials of degree d. 

Let { } .: dji
d
ijd Bspan =++= kkB  It asserts that the { } dji

d
ijB =++ kk  are 

linearly independent in [6]. Thus, every dp B∈  has a unique 

representation form 

( ) ( ),: vBcvp d
ijij

dji
kk

k
∑

=++

=   (2.1) 

where kijc  is its spherical B-coefficient. ( )τdH  represents the space of all 

polynomials. The formula (2.1) is the spherical homogeneous Bernstein 
basis polynomials of degree d. 

So as to study the approximation of the least squares spherical 
splines, we introduce the Sobolev space half-norm. 

Ω
α

=α
Ω ∑= ,,, pp fDf

k
k  

is called the half-norm of f in the Sobolev space ( ) ,0,, ≥Ω kk pW  

( )321
2 ,,.,1 ααα=α⊆Ω∞≤≤ Sp  is a three indicators vector, where  

αα+α+α=α D,321  expresses partial derivative, for example, 
( ) .0,1,1

yx DDD =  The definition and properties of the Sobolev space on 

the 2S  are shown in [6, 8, 16]. 

Let us now introduce the spherical spline space. Suppose a points set 

∆∈ ,2SV  is a spherical triangulation relative to .V  Given integers d 

and r. Let 

( ) { ( ) }∆∈∈∈=∆ ττ ,,: 2
d

rr
d HsCsS S  (2.2) 

is the spherical spline space of degree d and smoothness r, where 

( ).: , vBcs d
ijij

dji

ττ
τ kk

k
∑

=++

=  
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For some ,0≥β  a triangulation τ  is called β -quasi-uniform when 

.β≤
ρ
∆

∆
 

Here { }∆∈ρ=ρ∆ ττ ,min:  and τρ  is the diameter of the largest 

spherical cap contained in a spherical triangle .τ  The mesh size of the 
triangulation ∆  is defined by { }.,max: ∆∈=∆ ττ  

3. Discrete Least Squares Splines 

Let { }nivi ,,1, …==V  be a given data sites on 2S  and ∆  be a 

triangulation with .2S  Fixed two integers ,0≥> rd  the spherical spline 

space of degree d and smoothness r of ∆  is ( ).∆r
dS  The set ( ) V∈vvf ,  is 

the data values of a given function f. The least squares functional is 
defined by 

( ) ( ) ( ) .: 2vfvss
Vv

−= ∑
∈

L   (3.3) 

The discrete least squares spline ( )∆∈ r
df Ss ,0  is the minimum value of 

the Equation (3.3), i.e., 

( ) { ( ) ( )}.:min,0 ∆∈= r
df Ssss LL  

Suppose { }nivi ,,1, …==V  be the data sites on ( ),∆r
dS  if for any 

,∆∈τ  the matrix { ( )} ττ ∈=++ idjii
d
ij vvB ,,

kk  is full rank. Then the set V  

is evenly distributed on the triangulation relative to the degree d. 

The existence and uniqueness theorem of discrete least squares 
spline are given in the following: 

Theorem 3.1 ([9]). Let the set V  be evenly distributed on the 
triangulation relative to the degree d. There exists a unique spline fs ,0  of 

degree d and smoothness r such that the value of 3 is the minimal. 
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Theorem 3.2 ([9]). Suppose the set V  be evenly distributed over 

( ).∆r
dS  The triangulation ∆  is quasi-uniform. Here 23 +≥ rd  and 

.1≤∆  Then there exist a constant C depending on the the spline space 

and distribution of the data locations such that for any function f in the 

Sobolev space ( )2, SpW k  

,22 ,,1
1

,,0 SS ∞+
+

∞ ∆≤− m
m

f fCsf   (3.4) 

where dm <<0  and ( ) .,02mod Z∈=− mmd  

Note that { }∆∈=∆ ττ ,max:  denotes the mesh size of the 

triangualtion .∆  It is known that the approximation error of the discrete 
least square spine depended on the mesh size of the triangulation. In 
addition, the error of the discrete least squares spline is related to the 
constant C, which relies on the nature of the spline space and the 
distribution of the data sites. 

4. Approximation of Penalized Least Squares Splines 

Suppose { }nivi ,,1, …==V  be a given data sites on 2S  and ∆  be a 

triangulation with .2S  Fix two integers ,0≥> rd  the spherical spline 

space of degree d and smoothness r of ∆  is ( ).∆r
dS  The set ( ) V∈vvf ,  is 

the data values of a given function f. Fix a parameter ,0>λ  we find a 

spline solution ( )∆∈λ
r
df Ss ,  satisfying 

( ) { ( ) ( )}.:min, ∆∈= λλλ
r
df SssPsP   (4.5) 

Here 

( ) ( ) ( )sfssP λε+−=λ L:   (4.6) 

is the penalized least square spline function. L  is the discrete least 
square spline function, and ε  is energy function which is defined by 
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( ) ,: 2

2
2 sDs α

=α
∑∫=ε

S
 

where 2, =ααsD  denotes the second order partial derivative of the 

spline s. More precisely, s is homogeneous and differentiable. 

The situation is a discrete least squares fit if .,0 ,0 fs=λ  Therefore, we 

additionally require that the data sites are evenly distributed over 

( ).∆r
dS  

Theorem 4.3 ([9]). Given a parameter .0>λ  Let the set of the 
vertices W  of ∆  is a subset of the data sites .V  The size of every triangle 

is satisfied .1≤τ  Then there exist a unique spline ( )∆∈λ
r
df Ss ,  

minimizing (4.5). 

Theorem 4.4 ([9]). Suppose ∆  is a β -quasi-uniform triangulation 

over ( )∆r
dS  and the mesh size of ∆  is bounded above by 1. N  denotes the 

number of the triangle in .∆  Let the triangulation satisfies two conditions: 

(1) the set V  be evenly distributed over ( )∆r
dS  with ;23 +≥ rd  

(2) the set of the vertices W  of ∆  is a subset of the data sites ,V  

fs ,λ  is a spline ( )∆∈λ
r
df Ss ,  minimizing 5. Then for every 

( ),2, SpWf k∈  there exist the constant C relies on the nature of the spline 

space and the distribution of the data sites such that 

( ),2222 ,,22,,1
1

1,,1
1

,, SSSS N ∞∞+
−

∞+
+

∞λ +∆λ+∆≤− fCfCfCsf m
M

m
m

f  

(4.7) 

where ( )2, SpW k  is the Sobolev space. The integer m is claimed to fulfill 

dm <<1  and ( ) .02mod =− md  
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According to Theorem 4.4, the error of a smooth function the 
penalized least squares splines approximation depends on the constant 
coefficients. And the constant coefficient depends on the nature of the 
spline space and the distribution of the data points. The error is also 
related to the selection of penalty parameters. 

5. Numerical Experiments 

In this section, we give some examples of a smooth function the 
discrete and penalized least squares splines approximation. We show 
that the error of the smooth function the discrete least squares splines 
approximation is related to the mesh size of triangulation in Example 1. 
We expain that the error of the smooth function the penalized least 
squares splines approximation is relied to the parameter λ  in Example 2. 

 

Figure 1. Error in ( ) .1e535.2max,0
1
5 −=∆S  
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Figure 2. Error in ( ) .2e98.8max,1
1
5 −=∆S  

 

 

Figure 3. Error in ( ) .2e83.3max,2
1
5 −=∆S  
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Figure 4. Error in ( ) .3e4.3max,3
1
5 −=∆S  

Example 1. Let 0∆  be a triangulation of the unit sphere 2S  with 8 

triangles and 6 vertices ( ) ( ) ( ) ( ) ,0,0,1,1,0,0,0,1,0,0,0,1 TTTT −  

( ) ( ) .1,0,0,0,1,0 TT −−  It defines 0∆  uniformly to get 1∆  by 

partitioning each triangle into four using midpoints of the edges. 
Similarly, 1+∆k  denotes the uniform refinement of k∆  for .3,2,1=k  We 

use a set of 4,3200 data sites almost uniformly scattered on the sphere 
and use the smooth Franke [14] function as a test function 

( ) ( ( ) ( ) ( ) )4
29

4
29

4
29exp75.0x

222 −−−−−−= zyxf  

( ( ) ( ) ( ) )10
19

10
19

49
19exp75.0

2 +−+−+−+ zyx  

( ( ) ( ) ( ) )10
59

4
39

4
79exp5.0

222 −−−−−−+ zyx  

( ( ) ( ) ( ) ) ( ) .,,x,597949exp2.0 2222 S∈=−−−−−−+ Tzyxzyx  



APPROXIMATION OF DISCRETE AND PENALIZED … 31

There are a discrete least squares spline ( )∆∈ r
df Ss ,0  by using the 

iterative algorithm in [9]. Here we select 1,5 == rd  and calculate the 

maximum values of the error .,0 fsf −  Figures 1-4, respectively, 

represent the error of the discrete least squares spline fs ,0  in 

( ) ( ) ( ),,, 2
1
51

1
50

1
5 ∆∆∆ SSS  and ( ).3

1
5 ∆S  From the analysis of the results 

of the image, we can see that the error of the smooth function the discrete 
least squares splines approximation decreases with the increase of the 
number of the uniform refinement of the triangulation. 

Table 1. The maximum values 3,2,1,0,,5 =kke  with different 

parameter λ  

k,5\ eλ  0,5e  1,5e  2,5e  3,5e  

1−=λ e  2.390e-1 9.980e-2 3.830e-2 3.400e-3 

2−=λ e  2.585e-1 9.350e-2 3.950e-2 3.500e-3 

3−=λ e  2.535e-1 8.980e-2 3.830e-2 3.400e-3 

4−=λ e  2.585e-1 9.350e-2 3.950e-2 3.500e-3 

5−=λ e  2.535e-1 8.980e-2 3.830e-2 3.400e-3 

6−=λ e  2.585e-1 9.350e-2 3.950e-2 3.500e-3 

Example 2. In this example, we consider the approximation of the 

PLS in the spline space ( ) .3,2,1,0,1
5 =∆ kkS  We choose the testing 

function xxh 25 +=  on 4,3200 scattered data in example 1. We compute 

the PLS splines hs ,λ  with the different parameter .λ  The maximum 

values 3,2,1,0,,5 =kke  with the different parameter 0>λ  are listed 

in Table 1. The results suggest that the errors on each k∆  are almost the 

same for all the values of .λ  
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6. Final Remark 

This paper is aimed at explaining the errors k,de  for each of the 

computed splines over triangulation .k∆  In addition, we find that the 

errors on each k∆  are almost the same for all the values of .λ  In the next 

step, we can study the relation of the errors on different k∆  for different 

value of .λ  In the future, we will compare the method in this paper with 

the regularization least square approximation over 2S  [19]. 
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