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Abstract 

In this article, we give some theorems of classification for codimension one taut 

foliations on 3-manifolds which are 1:bundles- S→π∑ V  over the circle, 

where ∑ is surface of genus ,1>g  and atoroidals with a hyperbolic 

monodromy .: ∑∑ →ϕ  

1. Introduction 

In [11], Dathe and Tarquini showed that if   is a codimension 1 

foliation without compact leaf on a 2T -bundle 1: S→−π V  over 1S  
which is transverse to the fibration, then   is isotopic to one of the 
model foliations constructed on that bundle. In this article, we shall show 
a similar result in the case where the fibers are closed and oriented 
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surfaces ∑ of genus .1>g  We consider that the foliation is in optimal 

position with respect to the fibration which is the equivalent notion to 

transversality in the case where the fibers are tori .2T  

We shall also study the effects of small perturbations on that foliation 
with respect to the fibration. In fact, it’s well known that for the 

hyperbolic 3-manifolds V which bundles-∑  over circle ,1S  the folaition 

whose leaves are fibers of the fibration is taut. Therefore, it is natural to 
ask the question whether all taut foliations on V are a result of 
perturbations of the fibration. In general the answer to this question is 
negative. We shall show that for the atoroidals 3-manifolds there are taut 
foliations which are not perturbations of the fibration and we shall give 
the condtions for which the answer to this question is affirmative. 

2. Hyperbolic Diffeomorphism and Bundles 

In this section, ∑ is a closed and oriented surface of genus .1>g  

Definition 2.1. Let ∑∑ →−ϕ : be a diffeomorphism and :∗ϕ  

( ) ( )RR ,, 11 ∑∑ →− HH  the isomorphism induced by ϕ  in homology. 

We say that ϕ  is hyperbolic if for all ,0>n  the subspace ( )nFix ∗ϕ  of the 

fixed points by ( )n∗ϕ  is trivial. 

By a singular foliation on ,∑ we mean a codimension 1 foliation with 

4-branche saddl singularities without linking between them. A measured 

foliation on ∑ will be a foliation (eventually singular) equipped with a 

transverse measurement which is invariant by holonomy and whose 

completed support is equal to .∑  

Let us notice that a measured foliation is transversely oriented if only 
if it’s defined by a closed 1-form [8]. 
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Two measured foliations will be said to be transverse if they have the 

same singular set K, are transverse on K−∑  and in the neighbourhood 

of each point of K we have the following local model: 

 

Figure 1. Measured transverse foliations (feuilletage (in)-stable = (un)-
stable foliation). 

Definition 2.2. A diffeomorphism ϕ  on ∑ is said to be pseudo-

Anosov if there are two measured transverse foliations +  and −  and 
a real number 1>λ  satisfying : 

(i) ( ) .++
∗ λ=ϕ   

(ii) ( ) .1 −−
∗ λ

=ϕ   

The diffeomorphism ϕ  will be said to be periodic if there exists an 

integer 0>n  such that .Idn =ϕ  We say that ϕ  is reducible if there 
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exists a finite family of simple curves { }nγγγ ,,, 21 …  of ∑ which are 

not homotopic to 0 and not homotopic between themselves and are 
exchanged by .ϕ  

When the foliations +  and −  are oriented we say that ϕ  is an 

oriented pseudo-Anosov diffeomorphism. In this case the foliations +  

and −  are defined by closed 1-forms. Therefore an oriented pseudo-

Anosov diffeomorphism is given by a diffeomorphism ,: ∑∑ →−ϕ  two 

closed 1-forms −+ ωω ,  and a constant 1>λ  satisfying the following 

conditions: 

(i) +ω  and −ω  have the same singular set K of isolated points (so in 

finite number), they are ∞C  on K−∑  and in the neighbourhood of each 

point of K, there exists an open set U in which we have −=ω=ω xdx0  

.ydy  

 

Figure 2. Singularity of saddle type. 
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The center-type singularities are locally defined by the 1-form  
.ydyxdx +=ω′  

(ii) +ω  and −ω  are mutually transverse, i.e., ( ) 0≠ωω −+
u  for all 

.Ku −∈ ∑  

(iii) ++∗ ω
λ

=ωϕ 1  and .−−∗ λω=ωϕ  

The forms +ω  and −ω  are called characteristic forms of .ϕ  We have : 

Proposition 2.1. The foliations defined by the characteristic 1-forms 
of oriented pseudo-Anosov diffeomorphism have all their regular leaves 
dense. 

Proof. Let +ω
S  and −ω

S  be the foliations associated to the 

characteristic forms of .ϕ  The foliations +ω
S  and −ω

S  have no compact 

leaf because if there were one compact leaf γ  the latter would not be 

homotopic to 0 given the type of singularities. As ∑ has, up to 

homotopy, a finite number of compact leaves (see [1]) and is invariant by 

,ϕ  there exists 0>n  such that [ ] [ ],γ=γϕn  which is impossible for a 

pseudo-Anosov diffeomorphism. 

On the other hand, there is no connection between the singularities 
since a connection should be contracted on dilated, which is impossible. 

Finally, +ω
S  and −ω

S  have no leaf cycle (i.e., a set homeomorphic to 1S  

which is the union of singularities and separatrices). As those are 
measured foliations, from [8], the no compact regular leaves are dense, so 

+ω
S  and −ω

S  have all dense regular leaves.  

Recall the following theorem: 

Theorem 2.1 ([2]). Let ϕ  be a diffeomorphism of .∑ Then ϕ  is 

isotopic to a diffeomorphism which is periodic or reducible or pseudo-
Anosov. 
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Proposition 2.2. If ϕ  is an hyperbolic diffeomorphism of ,∑ then ϕ  

is pseudo-Anosov. 

Proof. If ϕ  is periodic, there exists 0>n  such that Idn =ϕ  and 

the subspace of points fixed by ∗ϕ  is ( ),1 ∑H  so ϕ  is not hyperbolic. 

Let us suppose now that ϕ  is reducible and let { }nγγγ ,,, 21 …  be a 

finite family of closed simple curves non homotopic to 0 and not mutually 
homotopic and which are exchanged by .ϕ  We distinguish two cases: 

(1) One of the ,iγ  (let us take, for exemple, 1γ  is not separating) : 

there exists 0>n  such that [ ] [ ]11 γ=γϕ∗
n  and since, [ ] ϕ≠γ ,01  is not 

hyperbolic. A closed simple curve γ  on a surface ∑ is said to be 

separating if γ−∑   is not connected. 

(2) All the iγ  are separating; let ∑∑∑ n,,, 21 … the connected 

components of ∑ cut along the .iγ  We have ( ) ii γ=∂ ∑  for all 

.,,1 ni …=  We can suppose that ( ) ∑∑ ≠ϕ −
11

1n and ( ) ∑∑ =ϕ 11
n  

and that nϕ  is not an Anosov diffeomorphism on ∑1 which is a compact 

surface of genus 1. So ( ) ,0≠ϕ∗
nFix  therefore ϕ  is not hyperbolic.  

When the stable and unstable foliations of a hyperbolic 
diffeomorphism ϕ  are oriented, we say that ϕ  is an oriented hyperbolic 

diffeomorphism. 

Proposition 2.3. If   is an orientable measured foliation on ∑  

which is invariant by an oriented pseudo-Anosov ( )( ),.,.  =ϕϕ ∗ei  then 

  is isotopic to one of the foliations defined by the characteristic forms of 
.ϕ  
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Proof. Let 1>λ  be the coefficient of dilation of ,ϕ  and +ω
S  and −ω

S  

be the foliations associated to the characteristic forms of .ϕ  Let ω  be a   

1-form defining ,  if ω  is not proportional to ,−ω  we know ([2], exposé 5 

= talk 5) that ( )nnϕλ−  converges in the space measured foliations to 

( ) ,., +− ωω
SSi  where ( )−ω

S,i  is the number of intersections of   and 

.−ωS  This implies that ,0=+ω
S  which is a contradiction. Therefore ω  is 

proportional to .−ω   

Definition 2.3. Let V be a bundle-∑  over V,1S  is said to be 

hyperbolic of the monodromy ∑∑ →−ϕ : is a hyperbolic 

diffeomorphism. 

Proposition 2.4. Let V be a hyperbolic bundle-∑  over ,1S  then 

( ) ( ) ,121 == VbVb  where ( )Vbi  is the i-th Betti number. 

Proof. On the one hand, using duality, we have ( ) =Vb1  ( ).2 Vb  On 

the other hand ( )V1π  is generated by ( )∑π1  and an element t such that 

( ) ., 1
1

−
∗ =ϕπ∈∀ ∑ tataa  So ( )VH1  is generated by t and the elements 

nttt ,,, 21 …  invariant by ( ).i.e., ii tt =ϕϕ ∗∗  As V is hyperbolic 

( ) ,0=ϕ∗Fix  i.e., 0=it  and thus ( ) .1dim 1 =VH   

3. Model Foliations on Hyperbolic Bundles 

Let   be a codimension 1 transversely oriented foliation on a             
3-manifold V. We say that   is transversely affine if it is defined by a     
1-form α  such that ,βα=α d  where β  is a 1-form verifying .0=βd  

The foliation   is said to be taut if it has a closed transverse which 
intersects all leaves. In particular, if   has no compact leaf, then it is 
taut. If   has a Reeb component, then it is not taut. 
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Consider V be a 3-closed hyperbolic manifold bundle over .1S  If   is 
a codimension 1 transversely oriented foliation on V, we call Euler class 
of ,  the usual Euler class of tangent bundle T  to   considered as a 

vector bundle of rank 2. The Euler class ( )Tχ  is an element of 

( ),,2 RVH  which is isomorphic to R  for the hyperbolic bundles. But the 

homology class [ ]∑  of each fiber ∑ of V is a generator of ( ).,2 RVH  

Therefore ( )Tχ  is determined by its value on [ ].∑  This value is called 

the Euler number of   and in the following we will note it by ( ).e  

Computation of ( )e  for a taut foliation   

Suppose that   is codimension 1 taut foliation on a closed hyperbolic 

3-manifold V bundle over .1S  Let ∑ be a fiber of V; it’s well known 

([17]) that ∑ is isotopic to a closed surface which we denote again ∑  

and is transverse to   without in a finite number of points which are 

saddle singularities with 4 separatrix for   (we say that ∑ is in 

optimal position  ). A singularity s is said to be positive (resp., negative) 
if the orientation of the tangent bundle T to   at s is the same (resp., 
opposite) as that of the tangent bundle to the fibration at s. Let us denote 

pI  the sum of indices of the positive singularities and nI  the sum of 

indices of the negative singularities. According to ([20]), we have: 

( )TeII np =−  (1) and ( )∑χ=+ np II  (2), where ( )∑χ  is the 

characteristic of Euler-Poincaré of .∑  

The continuation of this article is the study of taut foliations on a 

closed hyperbolic 3-manifold bundle over circle 1S  and hyperbolic. 

Consider firstly the case where the fiber is torus .2T  In this case, the 

monodromy ϕ  is an Anosov diffeomorphism of torus 2T  induced by a 



TAUT FOLIATIONS OF SOME SURFACE … 9

hyperbolic matrix A of .2R  The matrix A has two real eigenvalues λ  and 

.1 λ  The foliations of 2R  by lines of slope λ  and λ1  are invariant by 

the action of 2Z  on 2R  and so induce on 2T  two foliations which are 

invariant by .ϕ  By suspension of these foliations on the 3-manifold 3
ϕT  

obtained by suspension of ,ϕ  we get two minimal foliations on 3
ϕT  which 

are called model foliations. Ghys and Sergiescu proved the following 
theorem: 

Theorem 3.1 ([5]). Every codimension 1 ,2, ≥rCr  transversely affine 

orientable foliation without compact leaf on 3
ϕT  is 2−rC -conjugated to a 

model foliation. 

Now suppose that the fiber is a closed surface of genus .2≥  
According to Proposition 2.2, the monodromy ϕ  is pseudo-Anosov, we 

suppose in addition that the fiber is oriented. We denote −+ ωω ,  the 

characteristic  1-forms of ϕ  and λ  the coefficient of dilation. Let us 

construct the model foliations on V. 

3.1. Elementary foliations on 12 SD ×  

We will construct two foliations on 12 SD ×  transverse to boundary 

( )12 SD ×∂  which will serve as surgery of model foliations on the whole 

bundle. 

A foliation without singularity on 2T  

On [ ] ,2~02,01 =S  we consider the function f defined by 

 [ ] R→2,0:f  

( ) .2cos xxfx π−=  
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We have ( ) { },4
7,4

5,4
3,4

101 =−f  we consider on ,2T  the foliation k  

defined by the 1-form ,fdzdf kk +=ω  where ( )zx,  are the coordinates 

on 2R  and .222 ZRT =  The only compact leaves of k  are ,1S×T  

where T is a connected component of ( ).01−f  The compact leaves have 

the holonomy and the no compact leaves roll up to compact leaves. So k  

is a foliation with four Reeb plane components (see Figure 3); k  is a one 

parameter family of transversely affine foliations with holonomy on .2T  

 

Figure 3. Nonsingular foliation on the torus (feuille compacte = compact 
leaf). 

A family of regular foliations on 12 SD ×  

Consider the 1-form ydyxdx −=ω0  of saddle type on 2R  and the   

1-form ∗
λ ∈λ+ωλ=Ω N,~

0 dzz  on .2 RR ×  It is the nonsingular 1-form 

satisfying: ,~~~
λλλ Ωα=Ω d  where ( ) .Log~ dzλ=αλ  Then λΩ~  defines a 

transversely affine foliation on .2 RR ×  We consider the function 
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RRRR ×→×λ
22:h  

( ) ( ).1,, +λ zuzu  

The quotient by the action generated by λh  gives a cyclic covering 

.122 SRRR ×→×  The ordered pair ( )λλ αΩ ~,~  is invariant by this action 

and passes to the quotient in an ordered pair ( )λλ αΩ ,  which defines a 

regular foliation on .12 SR ×  

3.2. The model foliations on V 

Now we can construct the model foliations on V using the Ghys-
Thurston method sketched in many works one of which being [12]. The 
method consists of a suspension of the stable and unstable foliations 

followed by a desingularization. On ,R×∑  we consider the 1-form 

,dtvt /+ωλ=Ω ++  where v/  is ∞C  with support in a canonical 

neighbourhood of singularities of .+ω  The form +Ω  is invariant by the 

action ( ) ( )( )1,~, +ϕ txtx  and passes to the quotient ~R×= ∑V  in 

a minimal transversely affine and singular foliation +H  which has a 

finite number of contact circles nγγ ,,1 …  with the fibration of V over .1S  

According to the last constructions and the lemma below, each circle iγ  

has a tubular neighbourhood iV  diffeomorphic to 12 SD ×  foliated as in 

the figure below (Figure 2), such that iV∂  is transverse to +H  and +
∂ iVH  

is the foliation k  on the torus 2T  described above for .Log λ=k  We 

define in the same way −H  using .−ω  
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Figure 4. Tubular neighbourhood .iV  

Lemma 3.1. +H  or −H  is fixed as above. 

(a) There exists a neighbourhood VM ⊂  of { } 10 S×  diffeomorphic to 
12 SD ×  such that the boundary M∂  of M is transverse to +H  or .−H  

(b) For all M satisfying (a), the trace of +H  or −H  on M∂  is 

diffeomorphic to foliation k  of 2T  for ,Logλ=k  or .Log λ−=k  

Proof. Let ,,, 321 σσσ  and 4σ  be the separatrices of the saddle 

singularity 0 of .+Ω  All the leaves 1S×σi  of +H  have holonomy. We can 

take a tubular neighbourhood VM ⊂  of 10 S×  such that 2TM∂  is 

transverse to .+H  The holonomy of the leaves 1S×σi  is determined by 

the linear holonomy .Log dzλ−  Therefore +
∂MH  is a foliation on torus 2T  

with four circular compact leaves having holonomy. The other leaves of 
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+
∂MH  are not compact and they spiral on the four compact leaves to give 

a foliation of 2T  with four Reeb plane components and whose compact 

leaves have λ−Log  as coefficient of holonomy; +
∂MH  is then a foliation of 

type k  for .Log λ=k   

We desingularize the foliations +H  and −H  as follows : 

Let S be the finite singular set common to +ω  and .−ω  We have 

constructed above two foliations on 12 SD ×  which are used to complete 
+H  and −H  by surgery on whole 3-manifold V. On ( ) ,R×−∑ S  the     

1-forms dtt +ωλ +  and dtt −ωλ +  define two nonsingular foliations +
1V  

and +
2V  on ,SV ′−  with ,iS γ=′ ∪  which have respectively ( )πχ T  and 

( )πχ− T  as Euler classes. Each circle iγ  of S′  has a neighbourhood iW  

whose boundary is transverse to ( ).2,1=iiV  So we cut the iV  and they 

are replaced by the iW  foliated as in the figures below (Figures 5 and 6). 

 

Figure 5. Tubular neighbourhood ( )., 1ViW  
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Figure 6. Tubular neighbourhood ( )., 2ViW  

When the transverse orientation of iV∂+H  is the same as the 

orientation of ,iγ  we replace iV  by iW  with foliation ,1V  otherwise iV  is 

replaced by iW  with foliation .2V  We obtain two regular foliations 1
+  

and 2
+  transversely affine without compact leaf on V. Likewise, −H  

gives two regular foliations 1
−  and .2

−  According to the formulas (1) 

and (2), the Euler number of i
+  and i

−  is an even integer n such that 
( ) .∑χ−≤n  

4. Deformations of Foliations and Classification 

The usual technique in studying foliations of 3-manifolds is to restrict 
them to their 2 dimensional submanifolds. But the foliations induced on 
those surfaces are not always simple. Indeed, they have singularities 
which are generically of Morse type (i.e., saddle or center). In some cases 
the singularities can be reduced. 

Definition 4.1. Let   be a codimension 1 foliation on a hyperbolic 

bundle .: 1S→π V  
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(a) We say that   is in general position with respect to the fibration 
π  if: 

(i) There exists a finite family V⊂Γ  of embedded circles (said braid) 
such that π= uu TT   if and only if .Γ∈u  

(ii) Every component γ  of Γ  has a tubular neighbourhood ( )γV  in 

which   is transverse to π  except at a finite number of points (restricted 
to any fiber) which are singularities of type saddle or center type. 

(b)   is in improved general position if in (ii) we have only saddle 
singularities. 

Theorem 4.1. Let V be a closed 3-manifold and   a 2C  taut 

foliation on V. Let V→ρ ∑:  be an embedding of a closed surface ∑  

in V. We assume that V11: π→πρ ∑∗  is injective. Then ρ  is isotopic to 

an embedding ρ′  which is tangent to ,  or transverse to   except at a 

finite number of points which are saddle singularities (unrelated to each 
other) with an even number of separatrices for .  

This theorem is proved by Roussarie in the case where the surface 

∑ is torus 2T  (see [17]). The same technique can be used for a surface 

of any genus. Here we show this theorem using a method of Riemannian 
geometry. 

Proof. We know that according to Hass result [13] there is a 
Riemannian metric g making all leaves of   minimal submanifolds. 

Every fiber ∑ is incompressible and so isotopic to a minimal orientable 

and closed surface. 

Applying Schoen-Yao result [18] we can say that ρ  is isotopic to an 

embedding ρ′  which is minimal relatively to g and we use the same 

result on the intersections of minimal surfaces according to which the 
trace of a minimal foliation on a minimal surface which is not a leaf is a 
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singular foliation whose saddle singularities have an even number of 
separatrices. Then, by small isotopies, we can explode the 2n-branch 
saddle singularities into 4-branch isolated saddle singularities.  

Proposition 4.1. Let V be a closed 3-manifold bundle over circle 1S  

and   a 2C  taut foliation on V. If   has no compact leaf, then every 
fiber of V is isotopic to a closed surface in optimal position (i.e., transverse 
to   except at a finite number of points which are saddles with 4 
separatrices). 

Proof. Indeed, the exact sequence of homotopy associated to the 
fibration shows that the canonical injection of each fiber of V is injective 
at the level of the fundamental groups. Then we apply the theorem above 
to obtain the points of contact which are saddles with an even numbers of 
separatrices, by sequence of small isotopies, we can explode all saddles 
into isolated saddles with 4 separatrices.  

Applying the desingularization above and using the Matsumoto 
theorem [12], we prove the following theorem: 

Theorem 4.2. Let V be a closed 3-manifold bundle over circle 1S  with 
the pseudo-Anosov monodromy. If the fibers of V are of genus g, then there 
are at least 4g – 2 isotopy classes of transversely affine and taut foliations 
on V. 

Proof. Indeed, for all ( ) ,2∑χ−≤k  there is a taut transversely 

affine foliation k  whose Euler number is ,2k  since it is sufficient to 

suppose that +Ω  and −Ω  have ( ( ))∑χ−k  positive singularities and 

( ( ))∑χ−− k  negative singularities and to apply the last construction 

(see the model construction).  

In order to study the effects of a perturbation of a codimension 1 
foliation on the 3-manifolds, we introduce the notion of the symplectic 
fillability of plane fields. 
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Definition 4.2. Let 1ξ  and 2ξ  be two plane fields on V, we shall say 

that 1ξ  is a perturbation of 2ξ  if for all ,Vx ∈  the tangent planes to 1ξ  

and 2ξ  are 0C -close. 

The following theorem makes it’s possible to pass from a foliation to a 
contact structure. 

Theorem 4.3 ([19]). Every 2C  codimension 1 foliation on V, different 

from a foliation of 12 SS ×  in spheres, can be perturbated into a contact 
structure. 

Definition 4.3. We suppose that ( )ξ,V  is a boundary of a symplectic 

4-manifold ( ) ( )ωω ,., WW  is called a symplectic filling of a contact 

structure or a foliation ( )ξ,V  if the restriction of the 2-form ω  to ξ  has 

no singularity. In that case we say that ξ  is symplectically fillable. 

If V is a connected component of the boundary of W, then ξ  is called 

symplectically semi-fillable. 

For example, it’s well known [6] that if V is an oriented closed           

3-manifold which is bundle-∑  over circle 1S  and ξ  is a plane field 

which is tangent to fibers then ( )ξ,V  is, up to finite covering, 

symplectically fillable. 

Theorem 4.4 ([19]). (i) Symplectically semi-fillable contact structures 
on V are tight (i.e., not overtwisted). 

(ii) Taut foliations on V are symplectically semi-fillable. 

We always consider that V is a hyperbolic and a bundle over 1S  with 
fibration .π  The following theorem shows that all taut foliations on V do 
not always result from π  by perturbation. 

Theorem 4.5. There exist hyperbolic closed 3-manifolds bundles over 

circle 1S  with the fibration π  and atoroidals having taut foliations which 
do not result from perturbations of fibration .π  
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The proof of this theorem is based on the following lemmas: Let V be 

any closed atoroidal 3-manifold bundle over ,1S  and ∑ be the fiber of V, 

then ∑ is a closed surface with genus .1>g  Denote ∑∑ →ϕ :  the 

monodromy map of ,π  the manifold V is diffeomorphic to the suspension 

of ,ϕ  i.e., [ ] ( ) ( )( ).1,~0,1,0 xxV ϕ×= ∑  

Lemma 4.1. The diffeomorphism ϕ  is isotopic to a pseudo-Anosov one. 

Proof. We know from [2] that ϕ  is isotopic to a diffeomorphism 

which is periodic or irreducible or pseudo-Anosov. The manifold V is 
sufficiently large since the fundamental groups of the fibers are injected 

into that of V. The manifold obtained by cutting V along the fiber ∑ is 

diffeomorphic to [ ].1,0×∑  If ϕ  is of finite order, the foliation by 

interval of [ ]1,0×∑  gives, by identification of components of the 

boundary by ,ϕ  a manifold bundle in circles, which is a contraduction 

because V is irreducible, atoroidal and contains embedded surfaces whose 
the fundamental groups are injected in that of V. If ϕ  est irreducible, 

then ϕ  makes invariant a finite collection of simple closed embedded 

curves .Γ  After suspension of ϕ  those curves give the embedded 

incompressible tori, which is a contraduction since V is atoroidal.  

Lemma 4.2. Let 1ξ  and 2ξ  be two foliations or contact structures on 

V. If 1ξ  is a perturbation of ,2ξ  then the Euler classes ( )1ξe  of 1ξ  and 

( )2ξe  of 2ξ  are equal. 

Proof. The manifold V being oriented, as well as the plane fields 1ξ  

and ,2ξ  if the perturbation is sufficiently small, then 1ξ  and 2ξ  remain 

transverse to the same normal bundle. Therefore, they are isomorphic 
and have the same Euler class.  
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Proof (of Theorem 4.5). Let V be a closed atoroidal 3-manifold 

bundle over circle 1S  with a fibration .π  According to Lemma 4.1, the 
monodromy ϕ  is isotopic to a pseudo-Anosov diffeomorphism which we 

can also denote .ϕ  Let g be the genus of the fibers ∑g of .π  Then there 

exist two transverse singular measured foliations s  and u  whose 
singularities are saddles with 2p separatrices and a real 1>λ  such that 
: 

( ) ( ),,, 1 ssss µλ=µϕ −
∗   

and 

( ) ( ).,, uuuu λµ=µϕ∗   

Denote { }2221 ,,, −= gsssS …  the common singular set of foliations s  

and .u  On ( ) ,R×−∑ Sg  we consider the foliation defined by the 1-form 

( ) ,σσε
σ ωλ=Ω t  where σω  is a closed 1-form defining σ  with ( ) 1=σε  if 

s=σ  and ( ) 1−=σε  if σΩ=σ .u  defines on V a singular foliation σ~  

whose singular set is ( ) ( ) ( )( ).1,~, +ϕ× tttxS R  

We can extend σ~  into a nonsingular foliation σ  on V, since is  are 

4-saddles (with an even number of separatrices). 

As the is  are 4-saddles, formulas (1) and (2) introduced in second 

paragraph become : 

( ) ( ) ( ) [ ]

( ) ( ) ( )





χ−=+

=−

∑

∑
.negativepositive

;.positivenegative

ii

ii

sofnumbersofnumber

Tesofnumbersofnumber 
 

Let 0>n  be an integer such that ( ) n2=χ− ∑  and σ~  has ( )1−n  

( )∑χ2  negative singularities and ( ) ( )∑χ−− 21n  positive singularities. 
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Then ( ) [ ]∑.Te  is different from ( ).∑χ−  So the Euler class ( )σe  of 

  is different from ( ).πe  So from Lemma 4.2, σ  is not a perturbation 

of fibration .π   

However for such manifolds, the fibration and its perturbations are 
the only taut foliations in the Euler class of fibration. Precisely we have: 

Theorem 4.6. Let V be an atoroidal closed 3-manifold bundle-∑  

over circle ,1S  with a fibration .π  Let   be a transversely orientable 

foliation of codimension 1 on V. Then   is a taut foliation having the 
same Euler class as the fibration π  if and only if   is a perturbation of .π  

Proof. ⇐  The proof in one sense is obvious. 

Indeed the fibration π  being taut, there is a closed curve γ  

transverse to all fibers. If   is a perturbation sufficiently small of γπ,  

remain transverse to all the leaves of   since the transversality is an 
open propriety. So   is taut; furthermore   has the same Euler class as 
π  from Lemma 4.2. 

⇒  Inversely, suppose that   is taut and has the same Euler class as 
fibration .π  We use the following lemma: 

Lemma 4.3. The foliation   and the fibration π  are perturbed 

respectively into two taut and isotopic contact structures 1ξ  and .2ξ  

Proof. According to Theorem 4.3, π  is perturbed into a contact 
structure .1ξ  As π  is taut, it is symplectically semi-fillable. As 

symplectic semi-fillableness is 0C -open propriety, 1ξ  is symplectically 

semi-fillable. But symplectically semi-fillable contact structures are tight, 
so 1ξ  is tight. Likewise,   is perturbed into a tight contact structure .2ξ  

As   and π  have the same Euler class, so do 1ξ  and .2ξ  From Lemma 

4.1, the manifold V is diffeomorphic to a suspension of a diffeomorphism 
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isotopic to a pseudo-Anosov ,ϕ  which is isotopic to a monodromy of V. 

Therefore from Kazez result, 1ξ  is isotopic to 2ξ  [15].  

Thus the foliation   is a perturbation of the fibration .π   

The following theorem gives a classification of taut foliations in 
improved general position with respect to the fibration on a toroidal        

3-manifolds bundles over circle .1S  

Theorem 4.7. Let   be a codimension 1 taut foliation on a closed 

atoroidal 3-manifold which is a hyperbolic bundle 1: S→π V  over 1S  

with monodromy ,: ∑∑ →ϕ where ∑ is a closed oriented surface of 

genus 1>g  and having the same Euler class as the fibration. Let ~  be a 

foliation induced by   on [ ]1,0×∑  obtained by cutting V along a fiber 

.∑ If the foliation   is in improved general position with respect to 

fibration ,π  then ~  is isotopic to a product foliation [ ],1,0~
0 ×  where 

0
~  is isotopic to a characteristic foliation of .ϕ  

Proof. For the proof of this theorem, we suppose that   has no 
compact leaf. The foliation   being in improved general position with 

respect to fibration ,π  let ∑ be a fiber in optimal position and ~  the 

restriction of   to [ ]1,0×∑  obtained by cutting V along .∑  Denote 

0  and 1  the foliations induced by   on the boundaries { }0×∑  and 

{ }.1×∑  

The foliation   being taut and having the same Euler class as the 
fibration, it is a perturbation of fibration π  and so it is defined by a 
closed 1-form; and the foliations 0  and 1  induced respectively on 

{ }0×∑  and { }1×∑  are defined by the singular closed 1-forms which we 
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denote respectively 0ω  and ,1ω  we have .01 ωϕ=ω ∗  We can suppose 

that 0ω  and 1ω  are cohomologous. So we have ,01 df=ω−ω  where f is a 

real function on V. As   is a perturbation from the fibration ,π  there is 

a vector field X transverse to both   and ,π  so X is transverse to 0  

and .1  

On [ ]1,0×∑  we define the 1-form 

( ) ( ) ( ) ,1 10, dtxftttx +ω−+ω=Ω  

for all ( ) [ ].1,0, ×∈ ∑tx  The form Ω  is nonsingular and closed, it 

defines a foliation ,H  transverse to all fibers { }t×∑  except at a finite 

number of points since ( ) ,0>Ω X  which induced 0  and .1  Therefore 

0  and 1  are isotopic according to the following lemma: 

Lemma 4.4. Let 0  and 1  be two singular foliations whose 

singularities are saddles with an even number of separatrices on a closed 
surface S. If there exists a foliation H  on [ ]1,0×S  inducing 0  and 1  

and transverse to fibers { },tS ×  then 0  and 1  are isotopic. 

Proof. By transversality the natural projection ×Sp :  

[ ] [ ]1,01,0 →  defines a submersion ( ) [ ].1,0: , ttx TTp →∗ H  We can 

choose the section s of tangent bundle of H  which is horizontal ( sp∗.,i.e  

).t∂
∂=  And as well as HT  is locally trivial, we construct such a field in 

every distinguished open set and we make a gluing with a smooth 
partition of unity. Denote ( )0,xtϕ  the flow of s passing through ( ).0,x  

As S is compact, the flow ( )0,xtϕ  of s is defined for all [ ]1,0∈t  and all 

.Sx ∈  This flow lies entirely in the leaf of H  through ( )0,x  and at each 

time [ ],1,0∈t  meets the fiber { },tS ×  so tϕ  carries 00 H=  onto .tH  

We can suppose that the separatrices of each singularity of 0  are sent 
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to the separatrices of singularities of .tH  The desired isotopy can be 

defined by ( ) ( ),0,, xtxv tϕπ=/  where [ ] .1,0: SS →×π   

The rest of the proof of Theorem 4.7. [ ] { }tt ×∑∈∀ 
~,1,0  is 

isotopic to { }.
~

00 ×∑=   The foliation ~  is so isotopic to the product 

foliation [ ]1,0~
0 ×  on [ ].1,0×∑  From the previous results, the isotopy 

class of 0  is an invariant of pseudo-Anosov ϕ  isotopic to the 

monodromy of V ( )( )10.,e.i  =ϕ∗  and as   has no compact leaf 0  is 

isotopic to a foliation of a pseudo-Anosov.  
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