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Abstract

In this paper, we acquire some sufficient and realistic conditions for the
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some special cases which have been studied extensively in the literature. Some
known results are improved and generalized.
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1. Introduction

In this paper, we investigate the existence of the positive periodic
solution of the following n-species competition system with general

periodic neutral delay and impulse:

Ni(0) = N0 [r0) = D ay(ON;(0) = > b;(0) j _tmki,-(t — 5)N,(s)ds

j=1
n

= D ON; (= 7(0) = D dyON(t = v;0))

=D GONON;OL i =1,2, . nt £ 8,

J=1

ANl(t]s) = (pik +qik)Ni(tk)’ l = ]., 2, R (N k = ]., 2, ceey

(1.1)
with initial conditions:
N;(©) = 9:(6), Ni(©) =¢i(€), &el-10], ¢(0)>0,
9; € C(I=7,0), R)[C (-7 0, B"),i=1,28 .,n, (12

where aij, bij’ Cjj,€; € C(R, [0, + OO)), dl] € Cl (R, [O,+ OO)), Tij € Cl (R, R),
cjj € C%(R, R) are continuous o-periodic functions. r; € C(R, R) are
continuous ®-periodic functions with I (;Dri (¢)dt > 0. The growth

functions r; are not necessarily positive, since the environment fluctuates

randomly, in some conditions 7; may be negative. T = maxXi»;>p 1>j>n

o0 +0 « .
{ max; [0, o) {74 ), i)} Io kij(s)ds =1, Io skij(s)ds < +o0, 1, j=1,2, ..., n.

And, p;; and g;. represent the birth rate and the harvesting (or
stocking) rate of IN; at time ¢, respectively. When gq;;. > 0, it stands for
harvesting, while g;. < 0 means stocking. For the ecological justification

of (1.1) and the similar types refer to [1-6].
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In 1993, Kuang in [1] proposed an open problem (Open problem 9.2)
to obtain sufficient conditions for the existence of a positive periodic
solution of the following equation:

dN ,
i = N@alt) = BEN(@) = 6N - 7(0)) = c(O)N'( = 7(0))]- (1.3)
In [2], Fang and Li studied Equation (1.3) and gave an answer to the
open problem 9.2 of [1]. But paper [2] required that b(¢) > 0, c(t) > 0

and c¢p(t) > b(t), Blt) >0 or cu(t) <b(t), Blt) <0 for t e [0, |, where
c(t)

Co (t) = 1_—1_,(1") .
In [3], Lu and Ge investigated a neutral delay population model with

multiple delays:

G = NOLO-BONO > b OV o, 0) - 3 e OV ¢ -0

=1
1.4)

they applied the theory of abstract continuous theorem of k-set contractive
operator and some analysis techniques to obtain some sufficient conditions

for the existence of positive periodic solutions of the model (1.4).

For multiple species system, in [4], Yang and Cao investigated the
following a general neutral Lotka-Volterra system with unbounded
delays:

dz" = N;(#)[a;(t) - Zﬁij(t)Nj(t) - Zbij(t)Nj(t )
j=1 j=1

n

=D e ONi(E - @) i =1, 2, ., (1.5)

j=1

Author applied the theory of coincidence degree to obtain verifiable
sufficient conditions of the existence of positive periodic solutions of

system (1.5).
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Recently, Liu and Chen [5] further discussed the above system (1.5).
They introduced a new existence theorem to obtain a set of sufficient
conditions for the existence of positive periodic solutions for system (1.5),

improved and generalized some known results.

On the other hand, there are some other perturbations in the real
world such as fires and floods, that are not suitable to be considered
continually. These perturbations bring sudden changes to the system.
Systems with such sudden perturbations involving impulsive differential
equations have attracted the interest of many researchers in the past
twenty years [6-10], since they provide a natural description of several
real processes subject to certain perturbations whose duration is
negligible in comparison with the duration of the process. Such processes
are often investigated in various fields of science and technology such as
physics, population dynamics, ecology, biological systems, optimal
control, etc. For details, see [11-15]. Recently, some qualitative properties
such as oscillation, asymptotic behaviour, and stability are has been

studied extensively by many authors [16-22].

In [19], Xia studied the following neutral impulsive delayed Lotka-

Volterra competition system with the effect of toxic substance:

Ni(t) = N [1:(0)- Y ag@ON ;€)= byON (=735~ Y e N (t=v;(2))
J=1 j=1 =1
- Zeij(t)Ni(t)Nj(t)], i=1,2..,n,t=#t,
j=1
ANl(tk)j: (blk +hik)Ni(tk)7 1= 1, 2, AR (N k= 1, 2, ey

(1.6)

by using some techniques of Mawhin coincidence degree theory, he
obtained sufficient conditions for the existence of periodic positive

solutions of the system (1.6).
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In [20], Wang and Dai investigated the following periodic neutral

population model with delays and impulse:

dN N

i = NOat) - e@N (@) - Y b;(ON(t - 0,(0))
j=1

- ici(t)N’(t -7,@t)], t = ¢, (1.7)

=1
Nt )=(1+0,)N(t ), k=12, ...,

they obtained some sufficient conditions for the existence of positive
periodic solutions of the model (1.7) by using the theory of abstract
continuous theorem of k-set contractive operator and some analysis

techniques.

However, to this day, no scholars had done works on the existence of
positive periodic solution of (1.1). One could easily see that system
(1.3)-(1.7) are all special cases of system (1.1). Therefore, we propose and

study the system (1.1) in this paper.

For the sake of generality and convenience, we make the following

notation and assumptions: Let o > 0 be a constant and
C, = {x|x € C(R, R), x(t + ®) = x(t)}, with the norm defined by

ey = maxycfo, ol*()];

Co = {x]x € CH(R, R), x(t + ©) = x(¢)}, with the norm defined by

[+l = max;qo, wjilxlys e
PC = {x|x : R > R", lim,_,; x(s) = x(t), if t = ¢, limt_)t]: x(t) = x(t,),

limt%tg x(t) exists; k € Z*};

PC' = {x]x : R > R*, x € PC};
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PC, = {x|Jx € PC, x(t + ®) = x(t)}, with the norm defined by
ey = max; .o olx(®);
PCL = {x|x € PC', x(t + ) = x(t)}, with the norm defined by
[+l = maxco, apllxlos 7o -

Then those spaces are all Banach spaces. We also denote

- 1o M L .

== = = f P

h mIO h(t)dt, h trer[l&i]h(t)’ h té?&ﬁ]h(t)’ or any h e PC,,
A; =1+ p; +gq;; and make the following assumptions:

(Hy) [¢; ).oy satisfies 0< ¢ < tg< -+ << -+ and limy_,,, ¢}, =+ oo

(Hy) {A;;} is a real sequence such that A; >0, Hoqdeik,
[=1,2 -, n are an o-periodic functions.

Definition 1.1. A function N; : [-1, 0] > [0, + ®),i =1, 2, -, n is
said to be a positive solution of (1.1) and (1.2) on [T, ], if the following

conditions are satisfied:

(a) N;(t) is absolutely continuous on each (¢, t,1);

(b) for each k € Z,, N;(t;;) and N;(t; ) exist and N;(¢; ) = N;(t;);

(¢) N;(¢) satisfies the first equation of (1.1) and (1.2) for almost

everywhere (for short a.e) in [0, o]\ {{,} and satisfies

N;(t;)=AyN;(t,) for t =8, ke Z, ={1, 2, --}.

Consider the non-impulsive delay differential equation:

30) = 5@ n0) - Y 45000 - Y B0 ke - 9y (s)ds
j=1 j=1 -

- Zcij(t)yj(t - 13(t)) - ZDij(t)y}'(t - 74(t)) - ZEij(t)yi(t)yj(t)],
Jj=1 j=1 i=1

(1.8)
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with the initial conditions:

yi(t) = ¢: (1), ¥i(@) = ¢;(¢), ¢ € [-7, 0], ¢;(0) > O,

¢i € C([_ T, 0]7 [O’ oO))ﬂ Cl([_ T, 0]7 [O’ OO))7 (19)
where
Aji(t) = a;(t) H Ajg» Byj(t) = bj;(t) H Ajg» Cij(t) = ¢;5(t) H Airs
O<ty <t O<ty <t 0<ty <t—;(t)

Dy(t) = dj;(t) H Ay, Ey(t) = e;(t) H A jies

0<ty <t—y;j(t) 0<t). <t
T = maX{TU(t),"{U(t)}, i, ] = 1, 2, e, N

The following lemmas will be used in the proofs of our results. The proof

of the first lemma is similar to that of Theorem 1 in [6].

Lemma 1.1. Suppose that (H;), (H,) hold, then

D) if y;(t),i=1,2, -, n, is a solution of (1.8) and (1.9) on [-T, +x),
then N;(t) = H0<tk<tAik‘yi(t)’ i=12,-,n, is a solution of (1.1) and
(1.2) on [-T, +o).

(2 if N;(t),i=1,2, -, n, is a solution of (1.1) and (1.2) on [-T, + »),
then y;(t) = H0<tk<tA;liNi(t)’ i=1,2 --,n, is a solution of (1.8) and

(1.9) on [-7, +o).
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Proof. (1) It is easy to see that Ni(t)=H0<tk<tAikyi(t)(i =1,2,-,n)
is absolutely continuous on every interval (¢, ¢, |; t#t,, k=1, 2,--,
n n t
NHO - N[0 = Y a@ON;© = D b0 k(e = 9N (s)ds
j=1 j=1 -
n

= ) e ON(t - 7)) - dezv'(t vii()) - Z ;i (ON; (N ;(1)]
j=

Jj=1

= [T 2wri0- T 2a@n0)- Z a;(®) [T duwvi®

O<ty <t O<ty <t =1 O<t <t

Zbl, OTT 80 [ k=), ()ds - Zl,a) [T 2wrie-m)

O<t), <t Jj=1 0<ty <t—7;;(t)

i) [T aait-vi@)-D e [ andnN:@N; )]
j=

0<ty, <t—y;j(t) j=1 O<ty, <t

- [] 2atri0- 5@ 00 - ZAL,(t)y,(t) ZBl,a)j byt = 8)y;(s)ds

= GOyt = @) = > DO - v(©) = DBy @iy @)}
Jj=1 j=1 Jj=1

=0. (1.10)

On the other hand, forany t = ¢, k =1, 2, ---,

Ni(t)) = lim H Ajyi(t) = H Aiyi(ty ), and Ny(ty,) = H A yi(ty),

t—tjf
kO<tj<t 0<tjs<ty 0<tj<ty

(1.11)
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thus

AN (8) = Apyi(),
which implies that N;(t)(i =1, 2, ---, n) is a solution of (1.1) and (1.2).
Therefore, if y;(t)(i =1, 2, -, n) is a solution of (1.8) and (1.9) on
[-T, +), we can prove N;(t)(i =1, 2, -, n) are solutions of (1.1) and
(1.2) on [-T, +o).
(2) Since N; (t):H0<tk<t A;jpyi()(i=1,2,---,n) is absolutely continuous

on every interval (tj, t;,q1];t # ¢z, k =1, 2, ..., and in view of (1.11), it

follows that for any £ =1, 2, ...,

viti)= T samvih) = [T aidNite) = »i(t),  and

O<tj<ty O<tj<ty

we)= [T i) = ] SN = wi) i=12....n,

O<tj<ty 0<tjsty
(1.12)
which implies that y;(t)(i =1, 2, ---, n) is continuous on [-T, +). It is
easy to prove that y;(t)(i =1, 2, -, n) is absolutely continuous on

[-T, +o0). Similar to the proof of (1), we can check that y;(t) = H0<t o
k

AJEN;(t)(i =1, 2, -, n) is a solution of (1.8) and (1.9) on [-7, +%). The

proof of Lemma 1.1 is completed.

From Lemma 1.1, if we want to discuss the existence and global
asymptotic stability of positive periodic solutions of systems (1.1) and
(1.2), we only discuss the existence of the existence and global asymptotic

stability of positive periodic solutions of systems (1.8) and (1.9).

The organization of this paper is as follows. In the following section, we
introduce some lemmas and an important existence theorem developed in
[23, 24]. In the third section, we derive some sufficient conditions which

ensure the existences of positive periodic solution of system (1.1) by
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applying this theorem and some other techniques. Finally, we study some
special cases of system (1.1) which have been studied extensively in the
literature. These examples show that our sufficient conditions are new,

and some known results can be improved and generalized.
2. Preliminaries

In this section, in order to obtain the existence of a periodic solution
for system (1.8) and (1.9), we shall give some concepts and results from

[24], state an existence theorem and some lemmas.

For a fixed T > 0, let C = C([- 7, 0]; R"). If x € C([- T, 0]; R™) for
some 3 >0 and ne R, then x;, € C for ¢t € [n, n+35] is defined by
x,(0) = x(t + 0) for 0 € [-7, 0]. The supremum norm in C is denoted by
I, that is, |¢] = max;c[_ 0]|0(6) for ¢ € C, where |.| denotes the norm

n
in R", and |u| = Z|ul| for u = (u;, -+, u,) € R". Consider the following
j=1
neutral functional differential equation:
d
9 Lx(t) - bl %)) = £, %), 1)

where f: RxC — R" is completely continuous and b : RxC — R" is
continuous. Moreover, we assume:

(1) there exists ® > 0 such that for every (¢, ¢) € Rx C, we have
bt + ®, ¢) = b(t, ¢) and f(t + o, §) = f(t, §);

(2) there exists a constant k& < 1 such that |b(z, ¢) — b(¢, ¢) < k|¢ — @],
for t € R and ¢, ¢ € C.

By using the continuation theorem for composite coincidence degree,

Erbe et al. [23] proved the following existence theorem (see also Theorem
4.7.1 in [24]):
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Theorem A ([24]). Assume that there exists a constant M > 0 such
that:

@) for any A € (0, 1) and any o-periodic solution x of the system

d
L 1x(e) - 1b(t, %)) = 108, %), 2.2)

we have |x(t) < M for t € R;

(i) g(u) = I;)f(s,ﬂ)ds:&Oforu € 0By (R"), where By, (R") = {u € R"

:ul < M}, and @ denotes the constant mapping from [-1, 0] to R" with

the value u € R™;

(iii) deg(g, By (R™)) = 0.

Then there exists at least one ®-periodic solution of the system (2.1)

that satisfies sup;cg|x(t) < M.

The following remark is introduced by Fang (see Remark 1 in [25]).

Remark 2.1. Theorem A still remains valid if the assumption (ii) is
replaced by (il’) there exists a constant k& < 1 such that |b(¢, ¢) — b(¢, ¢) <
K¢ —¢| for t e R and ¢, ¢ € {p € C:|§] < M} with M as given in

condition (i) of Theorem A.

We will also need the following lemma:

Lemma 2.1 ([3, 20]). Suppose c € CL and o'(t) <1,t € [0, o]. Then
the function t - o(t) has a unique inverse u(t) satisfying p e C(R, R)
with p(a+ o) =pwa)+o, Va e R, and if he PC,, c'(t)<1,t e [0, o],
then h(u(t)) € PC,,.

Proof. Since 6'(t) <1,t € [0, ®] and ¢ - o(t) is continuous on R, it
follows that ¢ — o(t) has a unique inverse function u(t) € C(R, R) on R.
Hence, it suffice to show that u(a + ®) = p(a) + ®va € R. For any a € R,
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by the condition c'(¢) < 1, one can find the equation ¢ — o(t) = a exists a
unique solution t; and the equation ¢ -o(t) = a + ® exists a unique

solution ¢;, that is,
to —oltp)=a and ¢ —o(t;)=a+ o,
l.e.,
wa) =ty =oltg)+a and pa+o)=1t.
As
a+o+o(ty) - ola+o+o(ty)) =a+wo+oly) - ola+ olty))

=a+o+o(ty)-oly)
=a+o.

It follows that ¢; = a + ® + o(tg). Since u(a + ©) = t;, thus, we have

Wa+ow)=t =a+o+o(ty) and pla+w)=1t =)+ o.

We can easily obtain that if » € PC,, 7'(¢) <1, t € [0, ®], then A(u(t + ®))
= h(uw(t) + ®) = h(u(t)), t € R, where p(¢) is the unique inverse function
of ¢t — 7(¢), which together with u e C(R, R) implies that h(u(t)) e PC,,.
The proof of Lemma 2.1 is completed.

Lemma 2.2 ([26]). Suppose x(t) is a differently continuous o -periodic

function on R with (o > 0). Then to any t, € R,max, << ox(t)<|x(t )]
1o,
tg j , I @)dt.

Lemma 2.3. The region R} = {N;(t): N;(0)>0,i1=1,2,-,n} is

the positive invariable region of the system (1.1) and (1.2).
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Proof. In view of biological population, we obtain N;(0) > 0. By the

system (1.1), we have
Ni() = Ni©espl[ 176~ Y ag@N;() - Y 6@ kyle - N )ds
j=1 j=1 —

DN - @) - D EN & - 1)

=D e NN, (©)dz} > o,

j=1
tel0,t;],i=1,2 -, n,

and
Ni() = Nyt exol | (760~ aN; - by (6 k(e - N (s)ds
k j=1 j=1 -

= D (O (&= (8) = D dy(@N}(E ~v,(8)

j=1

- Zn‘,eij(ﬁ)N ()N ;(&)]de} > 0,

j=1
te(ty, tpn],0=1,2,-,n,k>2 N,(tf)=A,;N;(t.)>0,keN,
1=1,2,--, n.

Then the solution of (1.1) is positive.

3. The Main Result

Since Tj;(t) < 1, vjj(t) <1, ¢ € [0, ©], we see that 7;;(t), v;;(¢) all have
its inverse function. Throughout the following part, we set (;;(t), &;(¢)
represent the inverse function of ¢ — 1;;(t), t — v;;(¢), respectively. We also

denote
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Cy(g;@)  Dj(g;()
- 7(C@) 1 -vy(E;)

Fij(t) = Alj(t) + Blj(t) + 1 (31)

Remark 3.1. From Lemma 2.2, we get (;(o)=C_;(0)+o,
&L]((D) = E.’l](o)+ , i> ] =1, 2a e, N, then

o Cy(Ci(s)) . Gij(@) Cy;(¢) (1 = 73(2))
e ) Rl I e e

¢;j(0)+o — o
= ‘[ ClJ(t)dt = CU(O, 1, J= 1, 2, e, N
G;;(0)

Similarly,

j“" Dj;(&;;(s)) d J‘éij(‘”) Dj;(t) (1 - v (t)) di

0 T- 756N T g0 1-10

£;j(0)+o o
= J Di(t)dt =0, i,j=1,2,-,n.

& (

Thus,
—_ (O] —_ —_ —_
Fijm = _[0 Fij(t)dt = (AU + BU + CU )(D. (32)
Theorem 3.1. Suppose that the following conditions hold:
(1) The system of algebraic equations

f) = (= (A + By + Cu;j + Eypypt; ), = 0

i1
has a unique positive solution p* = (uy, ---, 1y );

n n
(2) Alj + Bl] + Cl] > O, > (A + Bi' + ij )eHj +Z ijeHi+Hj,
Jj=1, j#i j=1
;) < 1, vj;(t) < 1, and Tj;(t) > 0;
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3) Ky = Loe™o <1.

Then (1.11) and (1.12) has at least one positive  -periodic solution.

Here we have the following denotions:

rfa - v _ ®
o = ij (’ LVLJ) - R, = l‘[ Ir; (¢) dt,
(1-vj;)" + Dy @40
Ly = maX{ZZlDljl()’ ZZ'DO leo
i=1 j= =1 j=
M, = max{2|lnul|0, : (oA +ZA Y, H-= g%{ﬂ}

ri rl' e —
H,; =1nOL +Z;+(Ri + 7)o,

i 7=1 ij
Zmo zzwow ZZlBuloef
- i=1 j=1 i=1 j=1
A n n H
> Do iiloe™
i=1 j=1
i+
> Cyilge’ ZZ|EL,|O
+ i=1 j=1 =1 j=1 ,
1_22“)0 llee J
i=1 j=1
Ai = max{l ln$|,
i + Bii +C;
S A H N o HiH
Fz_ Z ( L]+BL]+ ij)e ]_Z ij€ i
|1n J=1,j#1 _ _ j=1 |}’

where T;;(t) are defined by (3.1), and Dy ;;(t) = Dj;(¢) (1 - vj;(t)).
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To prove the above theorem, we make the change of variables

yi)= e, =12, n (3.3)

Then the system (1.11) can be rewritten in the following form:

L . 1 t (s & R
£4(0) = 10 - Y. 450 =Y B0 kyle - )T as =y ¢TI
j=1 j=1 —

Jj=1
= > Doyt (¢ = v @) T =N By )™ Y,
Jj=1 j=1

i=1,2 -, n (3.4)

Let X denote the linear space of real value continuous -periodic

functions on R. The linear space X is a Banach space with the usual norm
n
||, = max; g|x(t) = max,cp D |x;(t) for a given x = (x9, -+, x,,) € X.

j=1

We define the following maps:

b:RxC — Rn’ b(t’ ¢) = (bl(t’ ¢)’ b2(t’ (I))’ T bn(t’ ¢))’

bi(t, ¢) = —Zn:Dij(t)e‘f’j(*Vij(t));
jE=
f:RxC — R", f(t, ¢) = (A 9), fot, ), -, f (¢, ),
fl(t,(b) - L(t)_zAl](t)e¢J(O)_ZBL](t)J‘O kij(t_s)ed)j(S)dS
j:1 j:1 —00

_ Ci.(t)e(bj(—Tij(t)) + Dlg.(t)e‘bj(_Yij(t)) _ Ei.(t)e‘bi(t)‘*'(bj(t)’

i:]-a 27"‘7n7¢:(¢1’¢2"”7 (I)n)ecatER’
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Clearly, b: RxC - R" and f : RxC — R" are complete continuation

functions and system (3.4) takes the form
d
E[x(t) = b(t, x,)] = f(¢, %) (3.5)

In the proof of our main result below, we will use the following two

important lemmas.

Lemma 3.1. If the assumptions of Theorem 3.1 are satisfied and if

Q={0peC:|§| <M}, where M > M is such that k = LoeM <1, then
b, ¢) - b(t, ) < k| — ¢||, for t € R and ¢, ¢ € Q.

Proof. For t € R and ¢, ¢ € QQ, we have

e, )= bile, @) < > Dy(e)] ) - (i)
=t
< Di,(t)eﬁij¢j(—Yij(t))+(1—0ij Joj(=vii(£)
]le )

x10;( =) —o;(—v; @),
for some o;; € (0, 1). Then we get

n

bi(¢, ) = bi(t, o) < DI Dyloe™ I - ol.

j=1
Hence,
n n
bz, 0) - b(t, @) < D> | Dyloe™ [0 - ol < Loe™ o - of = Ko - o]
im1 j=1

The proof is thus complete.



78 JIE PENG et al.

Lemma 3.2. If the assumptions of Theorem 3.1 are satisfied. Then

every solution x € X of the system
LLa) - 1600, %)) = f(6 %), 3 € (0,1), (3.6)

satisfies |x[|, < M.

Proof. Let %[x(t) - Ab(t, x;)] = f(t, x,) for x € X, thatis,

[x;(6) + 2 Dy (t)e™ i)
j=1
= M (0) - 3 Ay 01" - ZBij(t)Jt kit — s)e™ s
j=1 j=1 -0

_ Zcij(t)exj(t_Tij(t)) N Zij(t)exj(t_Yij(t)) B ZEij(t)exi(t)Hj(t)]’
Jj=1 j=1 Jj=1

i=1,2-,n A e(0,1), (3.7

which yields, after integrating from 0 to ®, that
N xj(0) t xj(s) xj(t-r5(0))

[ 2ol By ke - )6 Vs + (00

=1

+ Eij(t)exi(t)+xj(t) _ D[{j(t)exj(t—\(ij(t))]dt
N (t) N (0)+x5(0)
X; x;(t)+x;
= IO Zfij(t)e It + IO ZEij(t)e Idt
= =

[0)
- J r(t)dt = T, i = 1,2, -, n, 3.8)
0
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where Tj;(t) is defined by (3.1). From (3.7), we derive

[ i)Y e a
i
- xj'owl[ri(t) - ZAij(t)exj(t) B ZBij(t)jt bl - e gs
j=1 j=1 —0

ZC (t) x](t sz(t)) ZD’ (t) x](t VLj ZElj(t) xz(t)"'x](t) |dt

j=1
o ° a0 1 B e )6
SI0|rl(t)|dt+jo|;[AU(t)e +Bl](t)j_wkl](t 5)e"1®gs

Cij(t)exj(t_Tij(t)) _ Dl{j(t)exj(t—“/ij(t)) N Eij(t)exi(t)+xj(t)]|dt. (3.9)

It follows from (3.7)-(3.9) that
Iow|[xi(t) + xiDij(t)exf(‘”f'(”)]|’dt <(R +r)o,i=12 ,n (3.10)
By amplifying, it follows (3.8) that
r_iwzi J;)Fij(t)exj(t)dtzi [0 (e Dy e )
J
+ (ae 1+ oDy ()T ) gy

Zj rlj(t)e ek —(OL g )+0C D (t)exj = yU(t)))]

+ j;jow[(otijexj(t)

+ oDy ) 1T Y ay, (3.11)
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In view of Remark 3.1, and by a similar analysis, we obtain

ZJ.O(D[FZ'J‘ (t)exj(t) - ((lijexj(t) + aijDij (t)exj(tivij(t)) )]dt
Jj=1

-2 [ I

D;;(&;i(s))

NSNS g xis) g, 3.12
S hwen sy | (312

L L
i (1-vj)

L M
(1-v3)” +Djj

D;;(&;5(s))

As o = oji — > 0.
Y 71— v3(&45(8)

it follows that Ij;(s) — a;; —

So we find from (3.11) that

Fi@ 5 Zjoo)[aijexj(t) i aijDij(t)exj(t—yij(t)) )]dt
j=1

That 1s,

(] n . (=
ro > I Z[aijex](t) + ocijDij(t)ex](t yu(t)))]dt. (3.13)
0 “
Jj=1
By the mean value theorem, we see that there exist points B; € [0, o],

(=1, -, n) such that
n . . n . . .o .
Fi > Zaijex](ﬁl) + Za’l]Dl](Bl )ex](ﬁz_“/zj(ﬁz))’ i= 1, -, n,
= =

which implies that

xi(Bi) < lni“, DL](BL )exj(ﬁi—Yij(ﬁi))) < _l, I = ]-, e, I (314)
Qg Aj

By (3.10) and (3.14), we can see
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xi(t) + XZDij(t)exj(t_Yij(t)) < xi(Bi ) n A‘ZDij(Bi )exj(ﬁi—Yij(Bi)))
fEs| i1
+ Om|[xi(t) +2.3 D ()™ |y
=

— n —
”‘. r’. — —_—
<In—*++ ) +~+(R; +1;)o = H;,
o ]Zl o i i i
1=1,2, -, n.
n
For kz Dij(t)exj(t_Yij(t)) > 0, one can find that
i
xi(t) < Hi? I = 1, e, N (315)

Besides, from (3.7), we have

Z . & t 4
540 = 1[50 - Y- 4507 =N By ke - 5)e™ Vs
j=1 j=1 —
= D€ T 2N Dy e (e - @)™ T
j=1 j=1

n
- B i =12
=1
Then by (3.15), we get

wily < 1)+ > Ay0)e Y + ZBij(t)j kit — 5)e™1")ds
j=1 j=1 -

" Z Cij (t)exj(t—”"ij(t))
=
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+ ZDo,ij(t)x}(t _ yij(t))exj(t—wj(t)) N ZEij(t)exi(t)+xj(t)]
j=1 ~

n n n
H; H; H
<Irilo + X | Aglge™ + D | Byjloe™ T + D |Cyilge

=1 j=1 =1

n n
+ Z|D0,ij|o|x}'|oe T+ ZlEijloe TR i=1,2,,m
=1

j=1

Furthermore, we have

n
ey = D I*o
1=1

Zwo ZZ|AU|oef ZZ|BU|oef Zz|cy|oef

i=1 j= 1=1 j= 1=1 j=
n n n n H
D D 1Eloe™ M+ 7" 1Dy gilolleloe ™.
=1 j=1 =1 j=1
By the assumption (3) of Theorem 3.1, we see

ZZ|DU|06 ZZ|D0U|Oe ZZ|D0U|09

=1 j=1 i=1 j=1 i=1 j=1

<1.
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Then, we have

Z|rz|o ZZ|AU|09 ZZlBUloe

%o < = =
I_ZZ|DO,ijloe !
=1 j=1
(3.16)
+
> ICiloe™ +ZZ|EL,|Oe
+ 1=1 j=1 i=1 j=1 — A
n n H
1- ZZlDO,ijloe !
i=1 j=1

By using the extended integral mean value theorem, from (3.8), we can
find points &; € [0, ®],(i =1, ---, n) such that

N O
ro > Zj l"l](t)ex] Vs - Z xf(éf)J. Ti(dt, i =1, -, n.  (3.17)
0
J_
It follows from (3.2) and (3.17) that
- n . . —_ —_— _
r; > Zexl(g} )(AL] + BU + Cij)’ 1= 1, e, N (318)
=1
From (3.18), we obtain
exi(gi)(A_ii"'B_ii_"C_ii) < ,-_i, i1=1,-,n

As A_” + B_” + C_” > 0, it follows from the above formula that

i .
l((tﬁ )<1nf l :1,"‘,n. (319)
All +Bll +Cll

On the other hand, there also exists a n; € [0, ®] such that

x;(n;) = ts[ldlp ]xi(t), i=1-,n (3.20)
€[0, ®
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it follows from (3.7) that

n n
< Zr_ijexj(ﬂi) + ZEijexi(ni )+xj(n;)

j=1 j=1
= Z(AU + sz + Cz] )ex](m) + ZEijexl(m )+x,(m), i = 1, -, n
j=1 j=1
From (3.15), we can have

(Aii + By + Gy )it

\%
3
|
M-
T~
&
+
&
+
8]
<
~—
K
<
=
=
N

J=1
N H H;+H
. o, +
>r- > (A + By +Cy)e™ =Y Eye T i<, n
Jj=1,j#1i j=1
That 1s,
N H, o7 Hj+H
— - 5 5 +
= Z ( ij + 1] + 7] )e /- El] e
=1 i=1
x;(n;) > In — =72 d yi=1,n

(3.21)

Now, from (3.19) and (3.21), we know that there exist §; € [0, o],

(=1, -, n) such that
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r
x;(9; < max ln_—_l_ y
501) = ] n |

n n

- Z (A_U+E+E)er— E_ije T

|1n LA .. .. = |} = Ai’ = 1,

From (3.16), (3.22) and Lemma 2.2, we have
172, 119, .
|xi| < |xi(8i )l +§J.O |xi(t)|dt < Ai +§-[0 |xi|dt, 1 =1, -, n.
Then
n n 1 ® n 1
el < Dl < DA+ 5 [ Ielode < YA+ 5 A% < M,
i=1 i=1 i=1

Obviously, M| is independent of A, the proof is complete.
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(3.22)

(3.23)

(3.24)

Based on the above results, we can now apply Theorem A and

Remark 2.1 to (3.4) and obtain a proof of Theorem 3.1.

Proof of Theorem 3.1. Obviously, for M as given in Lemma 3.1,

condition (1) in Theorem A is satisfied. Let g(u) = (g;(n), -+, g,(1)).

Since

&@FJ:M&MMzﬁ%@M—iJ}%me—ﬁﬁj%@mw

n ® ' n ® ' '
— ZJ Cij(t)dteuj - ZJ. Eij(t)dteul-ﬂlj
iz1°0 iz1° 90

— N — . =N TS
= {ri — [AU + BZJ + CU )e“] + Eije“ Hj ]}(D,

M-

j=1
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n
and M > Z| Inp;|, we have g(u) = 0 for any p e 0By;(R"™). That is,
=1

condition (2) in Theorem A holds. At last, we verify that condition (3) of
Theorem A also holds. By assumption (1) of Theorem 3.1 and the formula
for the Brouwer degree (see Theorem 2.2.3 in [25]), a straightforward

calculation shows that

deg(g, By(R")) = > sign det Dg(p)
ueg  (0)NBy (R")

W
= szgn{(— 1)n[ det[AL] + BU + CU + Eije”i ]erl } # 0.

By now all the assumptions required in Theorem A hold. It follows from
Theorem A and Remark 2.1 that system (3.4) has an w-periodic solution.
Returning to y;(t) = exi(t), we infer that system (1.8) and (1.9) has at
least one positive w-periodic solution. By Lemma 1.1, we conclude that

system (1.1) and (1.2) has at least one positive w-periodic solution. The

proof of Theorem 3.1 is complete.

Consider the following equation:
n n t
Ni®) = N[5 - Y agON;©) = Y b0 k(e - N (s)ds
j=1 j=1 o

= N - 7))

j=1
- Zdij(t)zv;(t — () - Zeij(t)Ni(t)Nj(t)], i=1,2 ..., n,(3.25)
j=1 Jj=1

which is a special case of system (1.1) without impulse. We get easily the

following result.
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Corollary 3.1. Suppose that the following conditions hold:
(4) The system of algebraic equations
n
F) = (5 = D (a7 + by + ¢ ) + ey ) = O
=1
has a unique positive solution p* = (u, ---, 1y );

C HY No— Hi+H}
(5) al] + le + clj >0, 71> Z ( + al] +ajj a;; e ", Zaije SR
Jj=1,j#i j=1

() < 1, t<1andFt>O
L]() Yzj()
©6) Kt = LieMo < 1.

Then (3.25) has at least one positive o -periodic solution. Here we have

the following denotions:

*L '+ \L
o - 1 -vj)
¥ v \L M’
(1 -vj)" +dj

1 ®
=5 ], Inlde

Ly = max ZZldzjlo’ ZZldO lJlO

=1 j=1 =1 j=1

n n
* * * ]. * * *
M, = maX{;—lllnuiloy H, oA + Z Ay, H = L.Ier[llflﬁ]{Hi !,

H; —ln—+Z—+(R +7)o,

A j=1 Qg5
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Zmo ZZwUloe ZZwoe

AF = i=1 j=1 i=1 j=1

n
1- Z|dl]|0e j
i=1 j

12

n n H* n n H* H*
: Ll
leiloe™? + DD legloe
n i=1 j=1 - nL:I Jj=1 ,
12 2 ldiloe
=1 j=1
n n *
z (aU+B +c Ze
A; = max{|In— i _||In J=Ljzi — J=1 I},

Q; + bu T a;; + bii + cii

* ;i (¢ (¢ dly St
50 = a0+ 850+ 8 s -

do,ij(t) = dj;(t) (1 —vj;(2)),
and (;i(t), &;(t) represent the inverse function of t—1;(t), t —v;(t)
@ j=1,2, -, n), respectively.
Proof. Its proof is similar to the proof of Theorem 3.1. Here we omit it.

Similarly, we can get the following results.
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Theorem 3.2. Let us assume that conditions of Theorem 3.1 hold, and
then the conclusion of Theorem 3.1 holds for the following system:

Nji(t) = =N;(0) [ (0) - Zal](t)zv OF Zby j_ kit = $)Nj(s)ds

j=1

¢ (N (¢ Zdz, - 7;(0))

MﬂM:

eiit)N;(t)N;(t)], i =1,2, ..., n,t # t,

~.
Il
—

AN;(t),) = Ni(tk )= Ni(ty) = (pig + @i )N (8), 1 =1,2,-,n, k=12, ...

Proof. Its proof is similar to the proof of Theorem 3.1. Here we omit
it.

Corollary 3.2. Let us assume that conditions of Corollary 3.1. hold,
and then the conclusion of Corollary 3.1. holds for the following system:

Ni(t)=- N;®)[r () - Zaua)zv t)- Zzw)j kij(t = $)N j(s)ds

j=1

ZcmN (t=7;0))- Zdl,a)zv (t-7;()- Zeu(t)N ON; (@),
j=

j=
1=1,2,...,n
Proof. Its proof is similar to the proof of Theorem 3.1. Here we omit
it.
4. Applications

In order to illustrate some features of our main result, in the
following, we will apply Theorem 3.1 to some special cases which have

been studied extensively in the literature.
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Application 4.1. We consider an n-species neutral delay competition

system in a periodic environment with impulse:

Ni(t) = £N;(t)[a;(t) - Zbij(t)Nj(t) - Zcij(t)Nj(t 1))
j=1 j=1
= Y diON;(t=1;5() = D ey ON;ON; O] i =1, 2, ..., n £ # 4,
=)

=
AN;(t;.) = (pip + @3 )N;(t.),1=1,2,---,n, k=12, ..,

~.

(4.1)
where bij’ cij’ eij € C(R, [0, + OO))dL] € Cl(R, [O, + OO)), Tije Cl(R, R),
Vij € C%(R, R) are continuous o-periodic functions. a; € C(R, R) are
continuous -periodic functions with _[ (;Dai(t)dt > 0. Applying our

Theorem 3.1 to Equation (4.1), we can obtain the following theorem.
Theorem 4.1. Assume that the following conditions are satisfied:
(1) The system of algebraic equations

n

g(u) = (a; - Z(Bij + Cij )y + Ejjuinj))psg = 0,
i
has a unique positive solution p* = (uy, -, Uy );
L H, ~o—= Hj+H
. — — — . — H+H; |,
(2) BU + CU > 0, a; > Z (BU + CU )e ]+ ZEije t J , Tij(t)< 1,
joLy=i =1

vij(t) <1, and ©;;(t) > 0;

(3) Ky = LieM <1.
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Then (4.1) has at least one positive o -periodic solution. Here we have

the following denotions:

)L n

@5’(1 _ "/;j n n n
ajj = e, Ly =max{) Y Dyl DD Dol
(1-7vj)" + Dy i1

|
i=1 j=1 =1

n n
* « 1 * % %
M; = max{ E | Inp;l,, H, 50)/\ + E A}, H = irer[lla)r(l]{Hi 1,
=1 i=1 ’

a. a. — —_—
H = 1n—‘+Z—‘+(Ai +a;)o,
Ui el o)

n n_n = n_ n = n_ o n HE
; ; .
D laily + D Y IBgloe ™ + > Y [Cylge’ + DY | Eylpe T
| i=1 /-1 i=1 j-1 =1 =1
A= n.on =
1- Z |D0 leoe
i=1 j-1
n
— — — H — HI+H!
a; - ( i + Lj)e ! El] ' !
A; = max{In—"—|, [In— 2 J= 1}
i + Cij B + Cy;

Cij(p;i(®)  Dij(e;(t))
—7ii(pij()) 1 —vii(ei(t))’

©;(t) = By(t) +
where p;(t), 0;i(t) represent the inverse function of t—oy;(t), t —7;(t),
respectively, and

- 1 (0]
4; = ;J.O la;(¢)dt,  Bj;(t) = by (t) H (1 + Pk + Qir, )5

O<ty <t

Cij(t) = c;(t) H (1+ pig + qir)
0<ty,<t—7;;(t)
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Dj;(t) = dj;(t) H (T+pix + i), Do yi(t) = Dy(8) (1 - vi;(2)),
O<ty <t-v;(t)

Ej(t) = e;0) [T 0+ i +ai) 0+ pjp + ajp), 7 = max{r;(0), v;0)},
O<tk<t

i’j:17 2, .”7n'

Remark 4.1. When i =1, or 7(t) = 0(t) and p;; +g;; =0 we can
derive some immediate corollaries of Theorem 4.1. On the other hand, we
can see that our Theorem 4.1 can hold without the assumption a; > 0.
When @; < 0 Xia’s main result (see Theorem 3.1 in [19]) cannot be
applied. Therefore, comparing with [19], our result improves and

generalizes the results in [19].

Application 4.2. We consider the single specie neutral delay logistic

equation with impulse:

‘il—]:] = +N(¢)[a(t) - b(t)N(t) - ;ci(t)‘[jw k;(t — s)N(s)ds
m b
- Y dONE-0;0)- D e@ON (-1 O)] t # 4, (4.2)
j=1 I=1
N(ti) = (pp + @ )N(8 ), k=1, 2, ..,

where b, c;,dj € C(R, [0, + ), ¢; € CY(R, [0, + ), cj € CY(R, R),
t; € C3(R, R) are continuous o-periodic functions. a € C(R, R) are
continuous ®-periodic functions with f (:Oa(t)dt > 0. Applying our

Theorem 3.1 to Equation (4.2), we can obtain the following theorem.

Theorem 4.2. Assume that the following conditions are satisfied:

n m
() B+ Y Ci+ Y. Dj >0, 7(t) <1, vjj(t) <1 and T,(t) > 0;
i=1 i=1
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@) Ky = Loe™2 <1,

Then (4.1) has at least one positive o -periodic solution. Here we have

the following denotions:

A =+ [ ateyde, BO = o0 [T @+ o+ a0). €0 = @ [T 0+ b+,

0<ty <t O<ty <t

Dj(t) = d;(t) H (1+ py +qy), Eit) = ¢(t) H (1+pgp +ay),
0<ty <t-c;(t) O<ty<t—7y(t)

L L
_ -1
(1-rp)" + EM

Eo,(t) = Ey(t) (1 - 71(2)),

P P — —
* * * a a Y —
Ly = max{) | Eilg, D |Eolg}, My = max{H", &}, H =ln &+ £+ (4 + [a)o,
=1 =1

n m
H*
laly + (Bly + Y |Cily + D IDjlo e _
* [O) =1 =1 a
A o i HJ* +|In - p- [,
1-|Eq |ge B+ E+ZD_]
=1 =1

z - D) & Ej(v0)
I (t) = B(t) + ;Ci(t) + ]lel —Jﬁl(ilj(t)) - ;1 —lT,l(lUl(t)) ’

and p;(t), vi(t) represent the inverse function of t—goj(t),t—1(t),

respectively.
Remark 4.2. When i =0, j =1=1,0,(t) =), and p; +q; =0,

we can derive an immediate corollary of Theorem 4.2, which is also an
answer to the open problem 9.2 due to Kuang [1]. On the other hand, we
can see that our Theorem 4.2 can hold without the assumption a > 0.
When a < 0, Wang’s main result (see Theorem 3.1 in [20]) cannot be
applied. Therefore, comparing with [20], our result improves and

generalizes the results in [20].



94

JIE PENG et al.

Acknowledgement

The research was supported by the project of research study and

innovative experiment of college students in Hunan (No. CX1504), the

Scientific Research Fund of Hunan Provincial Education Department

(No. 17A030), the training target of the young backbone teachers in Hunan
colleges and Universities (No. [2015]361), the Science and Technology Plan
Project of Hunan Province (No. 2016TP1020), and the construct program

of the key discipline in Hunan Province.

(1]

(2]

(3]

(4]

(5]

(6]

(7

(8]

(9]

(10]

(11]

(12]

References

Y. Kuang, Delay Differential Equations with Applications in Population Dynamics,
Academic Press, New York, 1993.

H. Fang and J. B. Li, On the existence of periodic solutions of a neutral delay model
of single-species population growth, J. Math. Anal. Appl. 259 (2001), 8-17.

S. P. Lu and W. G. Ge, Existence of positive periodic solutions for neutral population
model with multiple delays, Appl. Math. Comput. 153 (2004), 885-892.

Z. H. Yang and J. D. Cao, Positive periodic solutions of neutral Lotka-Volterra
system with periodic delays, Appl. Math. Comput. 149 (2004), 661-687.

Z.d. Liu and L. S. Chen, On positive periodic solutions of a non-autonomous neutral
delay n-species competitive system, Nonlinear Analysis 68 (2008), 1409-1420.

J. R. Yan and A. M. Zhao, Oscillation and stability of linear impulsive delay
differential equations, J. Math. Anal. Appl. 227 (1998), 187-194.

X. Z. Liu and G. Ballinger, Boundedness for impulsive delay differential equations
and applications to population growth models, Nonlinear Anal. 53 (2003), 1041-1062.

B. C. Zhang and Y. J. Liu, Global attractivity for certain impulsive delay differential
equations, Nonlinear Analysis 35 (2003), 725-736.

dJ. Zhen, Z. E. Ma and M. A. Han, The existence of periodic solutions of the n-species

Lotka-Voterra competition systems with impulsive, Chaos Solutions Fractals 22
(2004), 181-188.

L. Z. Dong and L. S. Chen, A periodic predator-prey-chain system with impulsive
perturbation, J. Comput. Appl. Math. 223 (2009), 578-584.

L. F. Nie, Z. D. Teng, L. Hu and J. G. Peng, Qualitative analysis of a modified Leslie-
Gower and Holling-type II predator-prey model with state dependent impulsive
effects, Nonlinear Analysis: RWA. 11 (2010), 1364-1373.

A. M. Samoilenko and N. A. Perestyuk, Differential Equations with Impulse Effect,
World Scientific Publisher, Singapore, 1993.



(13]

(14]

(15]

(16]

(17]

(18]

(19]

(20]

(21]

(22]

(23]

(24]

(25]

(26]

A NEW EXISTENCE THEORY FOR POSITIVE ... 95

D. D. Bainov and P. Simeonov, Impulsive Differential Equations: Periodic Solutions
and Applications, Longman, England, 1993.

A. M. Samoilenko and N. A. Perestyuk, Impulsive Differential Equations, World
Scientific, Singapore, 1995.

M. Benchohra, J. Henderson and S. K. Ntouyas, Impulsive Differential Equations
and Inclusions, Hindawi Publishing Corporation, Volume 2, New York, 2006.

dJ. Zhen, Z. Ma and M. Han, The existence of periodic solutions of the n-species
Lotka-Volterra competition systems with impulse, Chaos Solitons Fractals 22 (2004),
181-188.

H. F. Huo, Existence of positive periodic solutions of a neutral delay Lotka-Volterra
systems with impulses, Comput. Math. Appl. 48 (2004), 1833-1846.

Y. K. Li, L. H. Lu and X. Y. Zhu, Existence of periodic solutions in n-species food-
chain system with impulsive, Nonlinear Analysis: RWA. 7 (2006), 414-431.

Y. H. Xia, Positive periodic solutions for a neutral impulsive delayed Lotka-Volterra
competition system with the effect of toxic substance, Nonlinear Analysis: RWA.
8 (2007), 204-221.

Q. Wang and B. X. Dai, Existence of positive periodic solutions for a neutral
population model with delays and impulse, Nonlinear Analysis 69 (2008), 3919-3930.

M. X. He and F. D. Chen, Dynamic behaviors of the impulsive periodic multi-species
predator-prey system, Comput. Math. Appli. 57 (2009), 248-265.

R. Q. Shi and L. S. Chen, An impulsive predator-prey model with disease in the prey
for integrated pest management, Communications in Nonlinear Science and
Numerical Simulation 5 (2010), 421-429.

L. Erbe, W. Krawcewicz and J. H. Wu, A composite coincidence degree with
applications to boundary value problems of neutral equations, Trans. Amer. Math.
Soc. 335 (1993), 459-478.

W. Krawcewicz and J. H. Wu, Theory of Degrees with Applications to Bifurcations
and Differential Equations, John Wiley & Sons, Inc., New York, 1996.

H. Fang, Positive periodic solutions of n-species neutral delay systems, Czechoslovak
Math. J 53 (2003), 561-570.
Q. Wang, B. X. Dai and Y. M. Chen, Multiple periodic solutions of an impulsive

predator-prey model with Holling IV functional response, Math. Comput. Model. 49
(2009), 1829-1836.



