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Abstract 

In this paper, we acquire some sufficient and realistic conditions for the 
existence of positive periodic solution for a general neutral impulsive n-species 
competitive model with the effect of toxic substance and infinite delay, by 
applying some analysis techniques and a new existence theorem, which is 
different from Gaines and Mawhin’s continuation theorem and abstract 
continuation theory for k-set contraction. As an application, we also examine 
some special cases which have been studied extensively in the literature. Some 
known results are improved and generalized. 
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1. Introduction 

In this paper, we investigate the existence of the positive periodic 
solution of the following n-species competition system with general 
periodic neutral delay and impulse: 
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with initial conditions: 

( ) ( ) ( ) ( ) [ ] ( ) ,00,0,,, >ϕ−∈ξξϕ′=ξ′ξϕ=ξ iiiii NN τ  

([ ) ) ([ ) ) ,,,3,2,1,,0,,0, 1 niRCRCi …∩ =−−∈ϕ ++ ττ   (1.2) 

where [ )( ) [ )( ) ( ),,,,0,,,0,,,, 11 RRCRCdRCecba ijijijijijij ∈∞+∈∞+∈ τ  

( )RRCij ,2∈σ  are continuous ω -periodic functions. ( )RRCri ,∈  are 

continuous ω -periodic functions with ( ) .0
0

>∫
ω

dttri  The growth 

functions ir  are not necessarily positive, since the environment fluctuates 

randomly, in some conditions ir  may be negative. njni ≥≥≥≥= 1,1maxτ  

{ [ ]{ ( ) ( )}} ( ) ( ) .,,2,1,,,1.,max
00,0 njidsssdsstt ijijijijt …=+∞<=γ ∫∫
∞+∞

ω∈ kkτ  

And, kip  and kiq  represent the birth rate and the harvesting (or 

stocking) rate of iN  at time ,kt  respectively. When ,0>kiq  it stands for 

harvesting, while 0<kiq  means stocking. For the ecological justification 

of (1.1) and the similar types refer to [1-6]. 
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In 1993, Kuang in [1] proposed an open problem (Open problem 9.2) 
to obtain sufficient conditions for the existence of a positive periodic 
solution of the following equation: 

( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( )( )[ ].ttNtcttNtbtNttatNdt
dN ττ −′−−−β−=  (1.3) 

In [2], Fang and Li studied Equation (1.3) and gave an answer to the 
open problem 9.2 of [1]. But paper [2] required that ( ) ( ) 0,0 ≥≥ tctb    

and ( ) ( ) ( ) 0,0 ≥β>′ ttbtc  or ( ) ( ) ( ) 0,0 ≤β≤′ ttbtc  for [ ],,0 ω∈t  where  

( ) ( )
( ) .10 t

tctc
τ′−

=  

In [3], Lu and Ge investigated a neutral delay population model with 
multiple delays: 
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they applied the theory of abstract continuous theorem of k-set contractive 
operator and some analysis techniques to obtain some sufficient conditions 
for the existence of positive periodic solutions of the model (1.4). 

For multiple species system, in [4], Yang and Cao investigated the 
following a general neutral Lotka-Volterra system with unbounded 
delays: 

( ) [ ( ) ( ) ( ) ( ) ( ( ))ttNtbtNttatNdt
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 (1.5) 

Author applied the theory of coincidence degree to obtain verifiable 
sufficient conditions of the existence of positive periodic solutions of 
system (1.5). 
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Recently, Liu and Chen [5] further discussed the above system (1.5). 
They introduced a new existence theorem to obtain a set of sufficient 
conditions for the existence of positive periodic solutions for system (1.5), 
improved and generalized some known results. 

On the other hand, there are some other perturbations in the real 
world such as fires and floods, that are not suitable to be considered 
continually. These perturbations bring sudden changes to the system. 
Systems with such sudden perturbations involving impulsive differential 
equations have attracted the interest of many researchers in the past 
twenty years [6-10], since they provide a natural description of several 
real processes subject to certain perturbations whose duration is 
negligible in comparison with the duration of the process. Such processes 
are often investigated in various fields of science and technology such as 
physics, population dynamics, ecology, biological systems, optimal 
control, etc. For details, see [11-15]. Recently, some qualitative properties 
such as oscillation, asymptotic behaviour, and stability are has been 
studied extensively by many authors [16-22]. 

In [19], Xia studied the following neutral impulsive delayed Lotka-
Volterra competition system with the effect of toxic substance: 
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(1.6) 

by using some techniques of Mawhin coincidence degree theory, he 
obtained sufficient conditions for the existence of periodic positive 
solutions of the system (1.6). 



A NEW EXISTENCE THEORY FOR POSITIVE … 65

In [20], Wang and Dai investigated the following periodic neutral 
population model with delays and impulse: 
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they obtained some sufficient conditions for the existence of positive 
periodic solutions of the model (1.7) by using the theory of abstract 
continuous theorem of k-set contractive operator and some analysis 
techniques. 

However, to this day, no scholars had done works on the existence of 
positive periodic solution of (1.1). One could easily see that system      
(1.3)-(1.7) are all special cases of system (1.1). Therefore, we propose and 
study the system (1.1) in this paper. 

For the sake of generality and convenience, we make the following 
notation and assumptions: Let 0>ω  be a constant and 

{ ( ) ( ) ( )},,, txtxRRCxxC =ω+∈=ω  with the norm defined by  

[ ] ( ) ;max ,00 txx t ω∈=  

{ ( ) ( ) ( )},,,11 txtxRRCxxC =ω+∈=ω  with the norm defined by  

[ ]{ };,max 00,0 xxx t ′= ω∈  

{ ( ) ( ),lim,: txsxRRxxPC ts =→= →
+  if ( ) ( ),lim, kk

k
txtxtt tt =≠ −→

 

( )txtt +→ k
lim  exists; };+∈ Zk  

{ };,:1 PCxRRxxPC ∈→= +  
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{ ( ) ( )},, txtxPCxxPC =ω+∈=ω  with the norm defined by  

[ ] ( ) ;max ,00 txx t ω∈=  

{ ( ) ( )},,11 txtxPCxxPC =ω+∈=ω  with the norm defined by  

[ ]{ }.,max 00,0 xxx t ′= ω∈  

Then those spaces are all Banach spaces. We also denote 

( )
[ ]

( )
[ ]

( ),min,max,1
,0,00

thhthhdtthh
t

L
t

M
ω∈ω∈

ω
==

ω
= ∫  for any ,ω∈ PCh  

ijijij qp ++=∆ 1  and make the following assumptions: 

( ) [ ] Nt ∈kk1H  satisfies "" <<<<< kttt 210  and ;lim ∞+=∞→ kk t  

( ) { }ki∆2H  is a real sequence such that ,,0 0 kk
k

itti ∆>∆ ∏ <<
 

nl ,,2,1 "=  are an ω -periodic functions. 

Definition 1.1. A function [ ] [ ) niNi ,,2,1,,00,: "=∞+→−τ  is 
said to be a positive solution of (1.1) and (1.2) on [ ],, ∞−τ  if the following 
conditions are satisfied: 

(a) ( )tNi  is absolutely continuous on each ( );, 1+kk tt  

(b) for each ( )+
+∈ kk tNZ i,  and ( )−

ktNi  exist and ( ) ( );kk tNtN ii =−  

(c) ( )tNi  satisfies the first equation of (1.1) and (1.2) for almost 
everywhere (for short a.e.) in [ ] { }kt\,0 ∞  and satisfies 

( ) ( )kkk tNtN iii ∆=+  for { }.,2,1, "=∈= +Ztt kk  

Consider the non-impulsive delay differential equation: 
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with the initial conditions: 

( ) ( ) ( ) ( ) [ ] ( ) ,00,0,,, >φ−∈φ′=′φ= iiiii tttytty τ  

([ ] [ )) ([ ] [ )),,0,0,,0,0, 1 ∞−∞−∈φ ττ CCi ∩  (1.9) 
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{ ( ) ( )} .,,2,1,,,max njitt ijij "=γ= ττ  

The following lemmas will be used in the proofs of our results. The proof 
of the first lemma is similar to that of Theorem 1 in [6]. 

Lemma 1.1. Suppose that ( ) ( )21 H,H  hold, then 

(1) if ( ) ,,,2,1, nityi "=  is a solution of (1.8) and (1.9) on [ ),, ∞+−τ  

then ( ) ( ) ,,,2,1,0 nitytN iitti "=∆= ∏ << k
k

 is a solution of (1.1) and 

(1.2) on [ )., ∞+−τ  

(2) if ( ) ,,,2,1, nitNi "=  is a solution of (1.1) and (1.2) on [ ),, ∞+−τ  

then ( ) ( ) ,,,2,1,1
0 nitNty iitti "=∆= −

<<∏ kk
 is a solution of (1.8) and 

(1.9) on [ )., ∞+−τ  
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Proof. (1) It is easy to see that ( ) ( ) ( )nitytN iitti ,,2,10 "=∆=∏ << k
k

  

is absolutely continuous on every interval ( ] ,,2,1,;, 1 "=≠+ kkkk tttt  
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thus 

( ) ( ),kkk tytN iii ∆=∆ +  

which implies that ( ) ( )nitNi ,,2,1 "=  is a solution of (1.1) and (1.2). 

Therefore, if ( ) ( )nityi ,,2,1 "=  is a solution of (1.8) and (1.9) on 

[ ),, ∞+−τ  we can prove ( ) ( )nitNi ,,2,1 "=  are solutions of (1.1) and 

(1.2) on [ )., ∞+−τ  

(2) Since ( ) ( )( )nitytN iitti ,,2,10 "=∆=∏ << k
k

 is absolutely continuous 

on every interval ( ] ,,2,1,;, 1 …=≠+ kkkk tttt  and in view of (1.11), it 

follows that for any ,,2,1 …=k  
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(1.12) 

which implies that ( ) ( )nityi ,,2,1 "=  is continuous on [ )., ∞+−τ  It is 

easy to prove that ( ) ( )nityi ,,2,1 "=  is absolutely continuous on 

[ )., ∞+−τ  Similar to the proof of (1), we can check that ( ) ∏ <<
= tti ty

k0  

( ) ( )nitNii ,,2,11 "=∆−k  is a solution of (1.8) and (1.9) on [ )., ∞+−τ  The 

proof of Lemma 1.1 is completed. 

From Lemma 1.1, if we want to discuss the existence and global 
asymptotic stability of positive periodic solutions of systems (1.1) and 
(1.2), we only discuss the existence of the existence and global asymptotic 
stability of positive periodic solutions of systems (1.8) and (1.9). 

The organization of this paper is as follows. In the following section, we 
introduce some lemmas and an important existence theorem developed in 
[23, 24]. In the third section, we derive some sufficient conditions which 
ensure the existences of positive periodic solution of system (1.1) by 
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applying this theorem and some other techniques. Finally, we study some 
special cases of system (1.1) which have been studied extensively in the 
literature. These examples show that our sufficient conditions are new, 
and some known results can be improved and generalized. 

2. Preliminaries 

In this section, in order to obtain the existence of a periodic solution 
for system (1.8) and (1.9), we shall give some concepts and results from 
[24], state an existence theorem and some lemmas. 

For a fixed ,0>τ  let ([ ] ).;0,: nRCC τ−=  If ([ ] )nRCx ;0,τ−∈  for 

some 0>δ  and ,R∈η  then Cxt ∈  for [ ]δ+ηη∈ ,t  is defined by  

( ) ( )θ+=θ txxt  for [ ].0,τ−∈θ  The supremum norm in C is denoted by 

,.  that is, [ ] ( )θφ=φ −∈ 0,max τt  for ,C∈φ  where .  denotes the norm 

in ,nR  and i
n

j
uu ∑

=
=

1
 for ( ) .,,1

n
n Ruuu ∈= "  Consider the following 

neutral functional differential equation: 

[ ( ) ( )] ( ),,, tt xtfxtbtxdt
d =−   (2.1) 

where nRCRf →×:  is completely continuous and nRCRb →×:  is 
continuous. Moreover, we assume: 

(1) there exists 0>ω  such that for every ( ) ,, CRt ×∈φ  we have 

( ) ( )φ=φω+ ,, tbtb  and ( ) ( );,, φ=φω+ tftf  

(2) there exists a constant 1<k  such that ( ) ( ) ,,, ϕ−φ≤ϕ−φ ktbtb  

for Rt ∈  and ., C∈ϕφ  

By using the continuation theorem for composite coincidence degree, 
Erbe et al. [23] proved the following existence theorem (see also Theorem 
4.7.1 in [24]): 
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Theorem A ([24]). Assume that there exists a constant 0>M  such 
that: 

(i) for any ( )1,0∈λ  and any ω -periodic solution x of the system 

[ ( ) ( )] ( ),,, tt xtfxtbtxdt
d =λ−   (2.2) 

we have ( ) Mtx <  for ;Rt ∈  

(ii) ( ) ( ) 0ˆ,:
0

≠= ∫
ω

dsusfug  for ( ),n
M RBu ∂∈  where ( ) { nn

M RuRB ∈=  

},: Mu <  and û  denotes the constant mapping from [ ]0,τ−  to nR  with 

the value ;nRu ∈  

(iii) ( ( )) .0,deg ≠n
M RBg  

Then there exists at least one ω -periodic solution of the system (2.1) 
that satisfies ( ) .sup MtxRt <∈  

The following remark is introduced by Fang (see Remark 1 in [25]). 

Remark 2.1. Theorem A still remains valid if the assumption (ii) is 
replaced by (ii’) there exists a constant 1<k  such that ( ) ( ) ≤ϕ−φ ,, tbtb  

ϕ−φk  for Rt ∈  and { }MC <φ∈φ∈ϕφ :,  with M as given in 

condition (i) of Theorem A. 

We will also need the following lemma: 

Lemma 2.1 ([3, 20]). Suppose 1
ω∈σ C  and ( ) [ ].,0,1 ω∈<σ′ tt  Then 

the function ( )tt σ−  has a unique inverse ( )tµ  satisfying ( )RRC ,∈µ  

with ( ) ( ) ,, Raaa ∈∀ω+µ=ω+µ  and if ( ) [ ],,0,1, ω∈<σ′∈ ω ttPCh  

then ( )( ) .ω∈µ PCth  

Proof. Since ( ) [ ]ω∈<σ′ ,0,1 tt  and ( )tt σ−  is continuous on R, it 

follows that ( )tt σ−  has a unique inverse function ( ) ( )RRCt ,∈µ  on R. 

Hence, it suffice to show that ( ) ( ) .Raaa ∈∀ω+µ=ω+µ  For any ,Ra ∈  
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by the condition ( ) ,1<σ′ t  one can find the equation ( ) att =σ−  exists a 

unique solution 0t  and the equation ( ) ω+=σ− att  exists a unique 

solution ,1t  that is, 

( ) ( ) ,and 1100 ω+=σ−=σ− attatt  

i.e., 

( ) ( ) ( ) .and 100 taatta =ω+µ+σ==µ  

As 

( ) ( )( ) ( ) ( )( )0000 tatatata σ+σ−σ+ω+=σ+ω+σ−σ+ω+  

( ) ( )00 tta σ−σ+ω+=  

.ω+= a  

It follows that ( ).01 tat σ+ω+=  Since ( ) ,1ta =ω+µ  thus, we have 

( ) ( ) ( ) ( ) .and 101 ω+µ==ω+µσ+ω+==ω+µ atatata  

We can easily obtain that if ( ) [ ],,0,1, ω∈<′∈ ω ttPCh τ  then ( )( )ω+µ th  

( )( ) ( )( ) ,, Rtthth ∈µ=ω+µ=  where ( )tµ  is the unique inverse function 

of ( ),tt τ−  which together with ( )RRC ,∈µ  implies that ( )( ) .ω∈ PCtuh  

The proof of Lemma 2.1 is completed. 

Lemma 2.2 ([26]). Suppose ( )tx  is a differently continuous ω -periodic 

function on R with ( ).0>ω  Then to any ( ) ( )∗ω+≤≤∗ ≤∈
∗∗

txtxRt tttmax,  

( ) .2
1

0
dttx ′+ ∫

ω
 

Lemma 2.3. The region ( ) ( ){ }niNtNR ii
n ,,2,1,00: "=>=+  is 

the positive invariable region of the system (1.1) and (1.2). 
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Proof. In view of biological population, we obtain ( ) .00 >iN  By the 

system (1.1), we have 

( ) ( ) { [ ( ) ( ) ( ) ( ) ( ) ( )dssNsbNarNtN jijij

n

j
jij

n

j
i

t
ii −ξξ−ξξ−ξ= ∫∑∑∫

ξ

∞−==

k
110

exp0  

( ) ( ( )) ( ) ( ( ))ξγ−ξ′ξ−ξ−ξξ− ∑∑
==

ijjij

n

j
ijjij

n

j
NdNc

11
τ  

( ) ( ) ( )] } ,0
1

>ξξξξ− ∑
=

dNNe jiij

n

j
 

[ ] ,,,2,1,,0 1 nitt "=∈  

and 

( ) ( ) { [ ( ) ( ) ( ) ( ) ( ) ( )dssNsbNartNtN jijij

n

j
jij

n

j
i

t

t
ii −ξξ−ξξ−ξ= ∫∑∑∫

ξ

∞−==

k
k

k
11

exp  

( ) ( ( )) ( ) ( ( ))ξγ−ξ′ξ−ξ−ξξ− ∑∑
==

ijjij

n

j
ijjij

n

j
NdNc

11
τ  

( ) ( ) ( )] } ,0
1

>ξξξξ− ∑
=

dNNe jiij

n

j
 

( ] ( ) ( ) ,,0,2,,,2,1,, 1 NtNtNnittt iii ∈>∆=≥=∈ +
+ kk kkkkk "  

.,,2,1 ni "=  

Then the solution of (1.1) is positive. 

3. The Main Result 

Since ( ) ( ) [ ],,0,1,1 ω∈<γ′<′ ttt ijijτ  we see that ( ) ( )tt ijij γ,τ  all have 

its inverse function. Throughout the following part, we set ( ) ( )tt ijij ξζ ,  

represent the inverse function of ( ) ( ),, tttt ijij γ−− τ  respectively. We also 

denote  



JIE PENG et al. 74

( ) ( ) ( )
( ( ))
( ( ))

( ( ))
( ( )) .11 t

tD
t

tC
tBtAt

ijij

ijij

ijij

ijij
ijijij ξγ′−

ξ′
−

ζ′−
ζ

++=Γ
τ

 (3.1) 

Remark 3.1. From Lemma 2.2, we get ( ) ( ) ,0 ω+ζ=ωζ ijij  

( ) ( ) ,,,2,1,,0 njiijij "=ω+ξ=ωξ  then 

( ( ))
( ( )) ( )

( ) ( ) ( ( ))
( ) dtt

ttC
dss

sC
ij

ijij

ijij

ijij ij

ij τ
τ

τ ′−

′−
=

ζ′−
ζ

∫∫
ωζ

ζ

ω

1
1

1 00
 

 
( )

( )
( ) .,,2,1,,

0

0
njiCdttC ijij

ij

ij
"=ω== ∫

ω+ζ

ζ
 

Similarly, 

( ( ))
( ( )) ( )

( ) ( ) ( ( ))
( ) dtt

ttD
dss

sD
ij

ijij

ijij

ijij ij

ij γ′−
γ′−′

=
ξγ′−

ξ′
∫∫

ωξ

ξ

ω

1
1

1 00
 

( )

( )
( ) .,,2,1,,0

0

0
njidttDij

ij

ij
"==′= ∫

ω+ξ

ξ
 

Thus, 

( ) ( ) .
0

ω++=Γ=ωΓ ∫
ω

ijijijijij CBAdtt   (3.2) 

Theorem 3.1. Suppose that the following conditions hold: 

(1) The system of algebraic equations 

( ) ( (( ) )) 01
1

=µµ+µ++−= ×
=
∑ njiijjijijij

n

j
i ECBAruf  

has a unique positive solution ( );,,1
∗∗∗ µµ=µ n"  

(2) ( ) ,,0
1,1

jij HH
n

j
ij

H
ijijij

n

ijj
iijijij eEeCBArCBA +

=≠=
∑∑ +++>>++  

( ) ( ) ,1,1 <γ′<′ tt ijijτ  and ( ) ;0>Γ tij  
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(3) .1: 000 <= MeLK  

Then (1.11) and (1.12) has at least one positive ω -periodic solution. 
Here we have the following denotions: 

( )
( )

( ) ,1,
1

1
0

dttrR
D iiM

ij
L

ij

L
ij

L
ij

ij ∫
ω

ω
=

+γ′−

γ′−Γ
=α  

{ },,max 0,0
11

0
11

0 ij

n

j

n

i
ij

n

j

n

i
DDL ∑∑∑∑

====

=  

{ }
[ ]

{ },max,2
1,,lnmax

,11
0

1
0 inii

n

i
i

n

i
HHHM

∈
=

∗∗

=

=Λ+Λωµ= ∑∑  

( ) ,ln
1

ω++
α

+
α

= ∑
=

ii
ij

i
n

jii

i
i rRrrH  

,

1

1

0,0
11

0
11

0
11

0,0
11

0
11

0
11

0
1

j

jij

j

jj

H
ij

n

j

n

i

HH
ij

n

j

n

i

H
ij

n

j

n

i

H
ij

n

j

n

i

H
ij

n

j

n

i

H
ij

n

j

n

i
i

n

i

eD

eEeC

eD

eBeAr

∑∑

∑∑∑∑

∑∑

∑∑∑∑∑

==

+

====

==

=====∗

−

+

+

−

++

=Λ

 

{ ,lnmax
iiiiii

i
i CBA

r
++

=Λ  

( )

},ln 1,1

iiiiii

HH
n

j
ij

H
ijijij

n

ijj
i

CBA

eEeCBAr jij

++

−++− +

=≠=
∑∑

 

where ( )tijΓ  are defined by (3.1), and ( ) ( ) ( ( )).1,0 ttDtD ijijij γ′−=  
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To prove the above theorem, we make the change of variables 

( ) ( ) .,,2,1, niety tx
i i "==   (3.3) 

Then the system (1.11) can be rewritten in the following form: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ( ) )ttx
ij

n

j

sx
ij

t
ij

n

j

tx
ij

n

j
ii

ijjjj etCdsesttBetAtrtx τ−

=∞−==
∑∫∑∑ −−−−=′

111
k  

( ) ( ( )) ( ( ) ) ( ) ( ) ( ),
1

0
1

txtx
ij

n

j

ttx
ijjij

n

j

jiijj etEettxtD +

=

γ−

=
∑∑ −γ−′−  

.,,2,1 ni "=  (3.4) 

Let X denote the linear space of real value continuous ω -periodic 
functions on R. The linear space X is a Banach space with the usual norm 

( ) ( )txtxx i
n

j
RtRt ∑

=
∈∈ ==

1
0 maxmax  for a given ( )nxxx ,,1 "=  .X∈  

We define the following maps: 

( ) ( ( ) ( ) ( )),,,,,,,,,: 21 φφφ=φ→× tbtbtbtbRCRb n
n "  

( ) ( ) ( ( ) );,
1

t
ij

n

j
i

ijjetDtb γ−φ

=
∑−=φ  

( ) ( ( ) ( ) ( )),,,,,,,,,: 21 φφφ=φ→× tftftftfRCRf n
n "  

( ) ( ) ( ) ( ) ( ) ( ) ( )dsesttBetAtrtf s
ijij

n

j
ij

n

j
ii

jj φ

∞−=

φ

=

−−−=φ ∫∑∑ k
0

1

0

1
,  

( ) ( ( ) ) ( ) ( ( ) ) ( ) ( ) ( ),
111

tt
ij

n

j

t
ij

n

j

t
ij

n

j

jiijjijj etEetDetC φ+φ

=

γ−φ

=

−φ

=
∑∑∑ −′+− τ  

( ) .,,,,,,,2,1 21 RtCni n ∈∈φφφ=φ= ""  
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Clearly, nRCRb →×:  and nRCRf →×:  are complete continuation 

functions and system (3.4) takes the form 

[ ( ) ( )] ( ).,, tt xtfxtbtxdt
d =−   (3.5) 

In the proof of our main result below, we will use the following two 
important lemmas. 

Lemma 3.1. If the assumptions of Theorem 3.1 are satisfied and if 

{ },: MC <φ∈φ=Ω  where 0MM >  is such that ,10 <= MeLk  then 

( ) ( ) ,,, ϕ−φ≤ϕ−φ ktbtb  for Rt ∈  and ., Ω∈ϕφ  

Proof. For Rt ∈  and ,, Ω∈ϕφ  we have 

( ) ( ) ( ) ( ( ) ) ( ( ) )tt
ij

n

j
ii

ijjijj eetDtbtb γ−ϕγ−φ

=

−≤ϕ−φ ∑
1

,,  

( ) ( ( ) ) ( ) ( ( ) )tt
ij

n

j

ijjijijjijetD γ−ϕσ−+γ−φσ

=
∑≤ 1

1
 

( ( )) ( ( )) ,tt ijjijj γ−ϕ−γ−φ×  

for some ( ).1,0∈σij  Then we get 

( ) ( ) .,, 0
1

ϕ−φ≤ϕ−φ ∑
=

M
ij

n

j
ii eDtbtb  

Hence, 

( ) ( ) .,, 00
11

ϕ−φ=ϕ−φ≤ϕ−φ≤ϕ−φ ∑∑
==

kMM
ij

n

j

n

i
eLeDtbtb  

The proof is thus complete. 
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Lemma 3.2. If the assumptions of Theorem 3.1 are satisfied. Then 
every solution Xx ∈  of the system 

[ ( ) ( )] ( ) ( ),1,0,,, ∈λ=λ− tt xtfxtbtxdt
d   (3.6) 

satisfies .00 Mx ≤  

Proof. Let [ ( ) ( )] ( )tt xtfxtbtxdt
d ,, =λ−  for ,Xx ∈  that is, 

[ ( ) ( ) ( ( ) ) ]′λ+ γ−

=
∑ ttx

ij

n

j
i

ijjetDtx
1

 

[ ( ) ( ) ( ) ( ) ( ) ( )dsesttBetAtr sx
ij

t
ij

n

j

tx
ij

n

j
i

jj −−−λ= ∫∑∑ ∞−==

k
11

 

( ) ( ( ) ) ( ) ( ( ) ) ( ) ( ) ( ) ],
111

txtx
ij

n

j

ttx
ij

n

j

ttx
ij

n

j

jiijjijj etEetDetC +

=

γ−

=

−

=
∑∑∑ −′+− τ  

( ),1,0;,,2,1 ∈λ= ni "  (3.7) 

which yields, after integrating from 0 to ,ω  that 

[ ( ) ( ) ( ) ( ) ( ) ( ) ( ( ) )ttx
ij

sx
ij

t
ij

tx
ij

n

j

ijjjj etCdsesttBetA τ−

∞−=

ω
+−+ ∫∑∫ k

10
 

( ) ( ) ( ) ( ) ( ( ) ) ]dtetDetE ttx
ij

txtx
ij

ijjji γ−+ ′−+  

( ) ( ) ( ) ( ) ( )dtetEdtet txtx
ij

n

j

tx
ij

n

j

jij +

=

ω

=

ω

∑∫∑∫ +Γ=
1010

 

( ) ,,,2,1,
0

nirdttr ii "=ω== ∫
ω

 (3.8) 

 



A NEW EXISTENCE THEORY FOR POSITIVE … 79

where ( )tijΓ  is defined by (3.1). From (3.7), we derive 

[ ( ) ( ) ( ( ) ) ] dtetDtx tx
ij

n

j
i

ijj ′λ+ γ−

=

ω

∑∫
10

 

[ ( ) ( ) ( ) ( ) ( ) ( )dsesttBetAtr sx
ij

t
ij

n

j

tx
ij

n

j
i

jj −−−λ= ∫∑∑∫ ∞−==

ω
k

110
 

( ) ( ( ) ) ( ) ( ( ) ) ( ) ( ) ( ) ] dtetEetDetC txtx
ij

n

j

ttx
ij

n

j

ttx
ij

n

j

jiijjijj +

=

γ−

=

−

=
∑∑∑ −′+−

111

τ  

( ) [ ( ) ( ) ( ) ( ) ( )dsesttBetAdttr sx
ij

t
ij

tx
ij

n

j
i

jj −++≤ ∫∑∫∫ ∞−=

ωω
k

100
 

( ) ( ( ) ) ( ) ( ( ) ) ( ) ( ) ( ) ] .dtetEetDetC txtx
ij

ttx
ij

ttx
ij

jiijjijj +γ−− +′−+ τ  (3.9) 

It follows from (3.7)-(3.9) that 

[ ( ) ( ) ( ( ) ) ] ( ) .,,2,1,
10

nirRdtetDtx ii
tx

ij

n

j
i

ijj "=ω+≤′λ+ γ−

=

ω

∑∫   (3.10) 

By amplifying, it follows (3.8) that 

( ) ( ) [ ( ) ( ) ( ( ) ( ) ( ( ) ) )ttx
ijij

tx
ij

tx
ij

n

j

tx
ij

n

j
i

ijjjjj etDeetdtetr γ−ω

=

ω

=

α+α−Γ=Γ≥ω ∫∑∫∑ 0101
 

( ( ) ( ) ( ( ) ) )]dtetDe ttx
ijij

tx
ij

ijjj γ−α+α+  

[ ( ) ( ) ( ( ) ( ) ( ( ) ) )]dtetDeet ttx
ijij

tx
ij

tx
ij

n

j

ijjjj γ−ω

=

α+α−Γ= ∫∑ 01
 

[( ( )tx
ij

n

j

jeα+ ∫∑
ω

= 01
 

( ) ( ( ) ) )] .dtetD ttx
ijij

ijj γ−α+     (3.11) 
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In view of Remark 3.1, and by a similar analysis, we obtain 

[ ( ) ( ) ( ( ) ( ) ( ( ) ) )]dtetDeet ttx
ijij

tx
ij

tx
ij

n

j

ijjjj γ−ω

=

α+α−Γ∫∑ 01
 

[ ( )sij

n

j
Γ= ∫∑

ω

= 01
 

( ( ))
( ( )) ]

( ) .1 dtes
sD sx

ijij

ijij
ijij

j
ξγ′−
ξ

α−α−   (3.12) 

As 
( )

( )
,

1

1
M
ij

L
ij

L
ij

L
ij

ij
D+γ′−

γ′−Γ
=α  it follows that ( )

( ( ))
( ( )) .01 ≥
ξγ′−

ξ
α−α−Γ s

sD
s

ijij

ijij
ijijij  

So we find from (3.11) that 

[ ( ) ( ) ( ( ) ) )] .
01

dtetDer ttx
ijij

tx
ij

n

j
i

ijjj γ−ω

=

α+α≥ω ∫∑  

That is, 

[ ( ) ( ) ( ( ) ) )] .
10

dtetDer ttx
ijij

tx
ij

n

j
i

ijjj γ−

=

ω
α+α≥ω ∑∫  (3.13) 

By the mean value theorem, we see that there exist points [ ],,0 ω∈βi  

( )ni ,,1 "=  such that 

( ) ( ) ( ( ) ) ,,,1,
11

nieDer iijijij x
iijij

n

j

x
ij

n

j
i "=βα+α≥ βγ−β

=

β

=
∑∑  

which implies that 

( ) ( ) ( ( ) ) ) .,,1,,ln nireDrx
ij
ix

iij
ii
i

ii
iijij "=

α
≤β

α
≤β βγ−β   (3.14) 

By (3.10) and (3.14), we can see 
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( ) ( ) ( ( ) ) ( ) ( ) ( ( ) ) )iijijijj x
iij

n

j
ii

ttx
ij

n

j
i eDxetDtx βγ−β

=

γ−

=

βλ+β≤λ+ ∑∑
11

 

[ ( ) ( ) ( ( ) ) ] dtetDtx ttx
ij

n

j
i

ijj ′λ++ γ−

=

ω

∑∫
10

 

 ( ) ,:ln
1

iii
ij
i

n

jii
i HrRrr

=ω++
α

+
α

≤ ∑
=

 

.,,2,1 ni "=  

For ( ) ( ( ) ) ,0
1

≥λ γ−

=
∑ ttx

ij
n

j

ijjetD  one can find that 

( ) .,,1, niHtx ii "=≤   (3.15) 

Besides, from (3.7), we have 

( ) [ ( ) ( ) ( ) ( ) ( ) ( )dsesttBetAtrtx sx
ij

t
ij

n

j

tx
ij

n

j
ii

jj −−−λ=′ ∫∑∑ ∞−==

k
11

 

( ) ( ( ) ) ( ) ( ( )) ( ( ) )ttx
ijjij

n

j

ttx
ij

n

j

ijjijj ettxtDetC γ−

=

−

=

γ−′−− ∑∑ ,0
11

τ  

( ) ( ) ( ) ] .,,2,1,
1

nietE txtx
ij

n

j

ji "=− +

=
∑  

Then by (3.15), we get 

[ ( ) ( ) ( ) ( ) ( ) ( )dsesttBetAtrx sx
ij

t
ij

n

j

tx
ij

n

j
ii

jj −++λ≤′ ∫∑∑ ∞−==

k
11

0  

( ) ( ( ) )ttx
ij

n

j

ijjetC τ−

=
∑+

1
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( ) ( ( )) ( ( ) ) ( ) ( ) ( ) ]txtx
ij

n

j

ttx
ijjij

n

j

jiijj etEettxtD +

=

γ−

=
∑∑ +γ−′+

1
,0

1
 

jjj H
ij

n

j

H
ij

n

j

H
ij

n

j
i eCeBeAr 0

1
0

1
0

1
0 ∑∑∑

===

+++≤  

.,,2,1,0
1

00,0
1

nieEexD jij HH
ij

n

j

H
jij

n

j
"=+′+ +

==
∑∑  

Furthermore, we have 

0
1

0 i

n

i
xx ′=′ ∑

=

 

jjj H
ij

n

j

n

i

H
ij

n

j

n

i

H
ij

n

j

n

i
i

n

i
eCeBeAr 0

11
0

11
0

11
0

1
∑∑∑∑∑∑∑
=======

+++≤  

.00,0
11

0
11

jji H
ij

n

j

n

i

HH
ij

n

j

n

i
exDeE ′++ ∑∑∑∑

==

+

==

 

By the assumption (3) of Theorem 3.1, we see 

.10
0,0

11
0,0

11
0

11
<≤≤ ∑∑∑∑∑∑

======

M
ij

n

j

n

i

H
ij

n

j

n

i

H
ij

n

j

n

i
eDeDeD j  
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Then, we have 

.:

1

1

0,0
11

0
11

0
11

0,0
11

0
11

0
11

0
1

0

∗

==

+

====

==

=====

Λ=

−

+

+

−

++

≤′

∑∑

∑∑∑∑

∑∑

∑∑∑∑∑

j

jij

j

jj

H
ij

n

j

n

i

HH
ij

n

j

n

i

H
ij

n

j

n

i

H
ij

n

j

n

i

H
ij

n

j

n

i

H
ij

n

j

n

i
i

n

i

eD

eEeC

eD

eBeAr

x

 (3.16) 

By using the extended integral mean value theorem, from (3.8), we can 
find points [ ] ( )nii ,,1,,0 "=ω∈ξ  such that 

( ) ( ) ( ) ( ) .,,1,
0101

nidttedtetr ij
x

n

j

tx
ij

n

j
i

jjj "=Γ=Γ≥ω ∫∑∫∑
ωξ

=

ω

=

 (3.17) 

It follows from (3.2) and (3.17) that 

( )( ) .,,1,
1

niCBAer ijijij
x

n

j
i

jj "=++≥ ξ

=
∑   (3.18) 

From (3.18), we obtain 

( )( ) .,,1, nirCBAe iiiiiii
x ii "=≤++ξ  

As ,0>++ iiiiii CBA  it follows from the above formula that 

( ) .,,1,ln ni
CBA

rx
iiiiii

i
ii "=

++
≤ξ  (3.19) 

On the other hand, there also exists a [ ]ω∈η ,0i  such that 

( )
[ ]

( ) ,,,1,sup
,0

nitxx i
t

ii "==η
ω∈

 (3.20) 
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it follows from (3.7) that 

( ) ( ) ( )ijiiij xx
ij

n

j

x
ij

n

j
i eEer η+η

=

η

=
∑∑ +Γ≤

11
 

( ) ( ) ( ) ( ) .,,1,
11

nieEeCBA ijiiij xx
ij

n

j

x
ijijij

n

j
"=+++= η+η

=

η

=
∑∑  

From (3.15), we can have 

( ) ( )iix
iiiiii eCBA η++  

( ) ( )ijx
ijijij

n

ijj
i eCBAr η

≠=

++−≥ ∑
,1

 

 ( ) ( )ijii xx
ij

n

j
eE η+η

=
∑−

1
 

( ) .,,1,
1,1

nieEeCBAr jij HH
ij

n

j

H
ijijij

n

ijj
i "=−++−≥ +

=≠=
∑∑  

That is, 

( )

( )

.,,1,ln 1,1 ni
CBA

eEeCBAr

x
iiiiii

HH
ij

n

j

H
ijijij

n

ijj
i

ii

jij

"=
++

−++−

≥η

+

=≠=
∑∑

 

(3.21) 

Now, from (3.19) and (3.21), we know that there exist [ ],,0 ω∈δi  

( )ni ,,1 "=  such that 
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( ) { ,lnmax
iiiiii

i
ii CBA

rx
++

≤δ  

( )

} .,,1,:ln 1,1 ni
CBA

eEeCBAr

i
iiiiii

HH
ij

n

j

H
ijijij

n

ijj
i

jij

"=Λ=
++

−++− +

=≠=
∑∑

 

(3.22) 

From (3.16), (3.22) and Lemma 2.2, we have 

( ) ( ) .,,1,2
1

2
1

00
nidtxdttxxx iiiiii "=′+Λ≤′+δ≤ ∫∫

ωω
 (3.23) 

Then 

.2
1

2
1

0
1

0011
0 Mdtxxx i

n

i
i

n

i
i

n

i
≤ωΛ+Λ<′+Λ≤≤ ∗

=

ω

==
∑∫∑∑  (3.24) 

Obviously, 0M  is independent of ,λ  the proof is complete. 

Based on the above results, we can now apply Theorem A and 
Remark 2.1 to (3.4) and obtain a proof of Theorem 3.1. 

Proof of Theorem 3.1. Obviously, for M as given in Lemma 3.1, 
condition (1) in Theorem A is satisfied. Let ( ) ( ( ) ( )).,,1 µµ=µ nggg "  

Since 

( ) ( ) ( ) ( ) ( ) jj dtetBdtetAdttrdsusfg ij

n

i
ij

n

i
iii

µω

=

µω

=

ωω

∫∑∫∑∫∫ −−==µ
010100

ˆ,  

( ) ( ) jij dtetEdtetC ij

n

i
ij

n

i

µ+µω

=

µω

=
∫∑∫∑ −−

0101
 

{ [ ) ]} ,
1

ω+++−= µ+µµ

=
∑ jij eEeCBAr ijijijij

n

j
i  
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and ,ln
1

∗

=
µ> ∑ i

n

i
M  we have ( ) 0≠µg  for any ( ).n

M RB∂∈µ  That is, 

condition (2) in Theorem A holds. At last, we verify that condition (3) of 
Theorem A also holds. By assumption (1) of Theorem 3.1 and the formula 
for the Brouwer degree (see Theorem 2.2.3 in [25]), a straightforward 
calculation shows that 

( ( ))
( ) ( )

( )µ= ∑
−∈µ

DgsignRBg
n

M RBg

n
M det,deg

01 ∩

 

{( ) [ [ ] } .0det1 1 ≠+++−=

∗

=
∗

µ
µ

∑ j
n

ji eeECBAsign ijijijij
n  

By now all the assumptions required in Theorem A hold. It follows from 
Theorem A and Remark 2.1 that system (3.4) has an ω-periodic solution. 

Returning to ( ) ( ),tx
i iety =  we infer that system (1.8) and (1.9) has at 

least one positive ω-periodic solution. By Lemma 1.1, we conclude that 
system (1.1) and (1.2) has at least one positive ω-periodic solution. The 
proof of Theorem 3.1 is complete. 

Consider the following equation: 

( ) ( ) [ ( ) ( ) ( ) ( ) ( ) ( )dssNsttbtNtatrtNtN jij
t

ij

n

j
jij

n

j
iii −−−=′ ∫∑∑ ∞−==

k
11

 

( ) ( ( ))ttNtc ijjij

n

j
τ−− ∑

=1
 

( ) ( ( )) ( ) ( ) ( )] ,,,2,1,
11

nitNtNtettNtd jiij

n

j
ijjij

n

j
…=−γ−′− ∑∑

==

 (3.25) 

which is a special case of system (1.1) without impulse. We get easily the 
following result. 
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Corollary 3.1. Suppose that the following conditions hold: 

(4) The system of algebraic equations 

( ) ( (( ) )) 01
1

=µµ+µ++−= ×
=
∑ njiijjijijij

n

j
i ecbaruf  

has a unique positive solution ( );,,1
∗∗∗ µµ=µ n"  

(5) ( ) ,,0
1,1

∗∗∗ +

=≠=
∑∑ +++>>++ jij HH

ij

n

j

H
ijijij

n

ijj
iijijij eaeaaarcba  

( ) ( ) 1,1 <γ′<′ tt ijijτ  and ( ) ;0>Γ∗ tij  

(6) .1: 000 <=
∗∗∗ MeLK  

Then (3.25) has at least one positive ω -periodic solution. Here we have 
the following denotions: 
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∗ =  
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∗
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( ) ( ) ( )
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( ( )) ,11 t
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t
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tbtat

ijij

ijij

ijij

ijij
ijijij ξγ′−

ξ′
−

ζ′−
ζ

++=Γ∗
τ

 

( ) ( ) ( ( )),1,0 ttdtd ijijij γ′−=  

and ( ) ( )tt ijij ξζ ,  represent the inverse function of ( ) ( )tttt ijij γ−− ,τ  

( ),,,2,1, nji "=  respectively. 

Proof. Its proof is similar to the proof of Theorem 3.1. Here we omit it. 

Similarly, we can get the following results. 
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Theorem 3.2. Let us assume that conditions of Theorem 3.1 hold, and 
then the conclusion of Theorem 3.1 holds for the following system: 

( ) ( ) [ ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ( )) ( ) ( ( ))

( ) ( ) ( )]

( ) ( ) ( ) ( ) ( )
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j
iii

τ

 

Proof. Its proof is similar to the proof of Theorem 3.1. Here we omit 
it. 

Corollary 3.2. Let us assume that conditions of Corollary 3.1. hold, 
and then the conclusion of Corollary 3.1. holds for the following system: 

( ) ( )[ ( ) ( ) ( ) ( ) ( ) ( )dssNsttbtNtatrtNtN jij
t

ij

n

j
jij

n

j
iii −−−−=′ ∫∑∑ ∞−==

k
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( ) ( ( )) ( ) ( ( )) ( ) ( ) ( )],
111

tNtNtettNtdttNtc jiij

n

j
ijjij

n

j
ijjij

n

j
∑∑∑
===

−γ−′−−− τ  

.,,2,1 ni …=  

Proof. Its proof is similar to the proof of Theorem 3.1. Here we omit 
it. 

4. Applications 

In order to illustrate some features of our main result, in the 
following, we will apply Theorem 3.1 to some special cases which have 
been studied extensively in the literature. 
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Application 4.1. We consider an n-species neutral delay competition 
system in a periodic environment with impulse: 

( ) ( ) [ ( ) ( ) ( ) ( ) ( ( ))
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(4.1) 

where ( [ )) ( [ )) ( ),,,,0,,0,,, 11 RRCRCdRCecb ijijijijij ∈∞+∈∞+∈ τ  

( )RRCij ,2∈γ  are continuous ω -periodic functions. ( )RRCai ,∈  are 

continuous ω -periodic functions with ( ) .0
0

>∫
ω

dttai  Applying our 

Theorem 3.1 to Equation (4.1), we can obtain the following theorem. 

Theorem 4.1. Assume that the following conditions are satisfied: 

(1) The system of algebraic equations 

( ) ( ( ) )) ,01
1

=µµ+µ+−= ×
=
∑ njiijjijij

n

j
i ECBaug  

has a unique positive solution ( );,,1
∗∗∗ µµ=µ n"  
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n
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jij τ  

( ) ,1<γ′ tij  and ( ) ;0>Θ tij  

(3) .1: 111 <= MeLK  
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Then (4.1) has at least one positive ω -periodic solution. Here we have 
the following denotions: 
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where ( ) ( )tt ijij ,ρ  represent the inverse function of ( ) ( ),, tttt ijij τ−σ−  

respectively, and 
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( ) ( )
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( ) ( ) ( ) ( ( )),1,1 ,0
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ttDtDqptdtD ijijijii
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.,,2,1, nji "=  

Remark 4.1. When ,1=i  or ( ) ( )tt ijij σ=τ  and 0=+ kk ii qp  we can 

derive some immediate corollaries of Theorem 4.1. On the other hand, we 
can see that our Theorem 4.1 can hold without the assumption .0>ia  

When 0<ia  Xia’s main result (see Theorem 3.1 in [19]) cannot be 

applied. Therefore, comparing with [19], our result improves and 
generalizes the results in [19]. 

Application 4.2. We consider the single specie neutral delay logistic 
equation with impulse: 

( ) [ ( ) ( ) ( ) ( ) ( ) ( )
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where [ )( ) [ )( ) ( ),,,,0,,,0,,, 11 RRCRCeRCdcb jlji ∈σ∞+∈∞+∈  

( )RRCl ,2∈τ  are continuous ω -periodic functions. ( )RRCa ,∈  are 

continuous ω -periodic functions with ( ) .0
0

>∫
ω

dtta  Applying our 

Theorem 3.1 to Equation (4.2), we can obtain the following theorem. 

Theorem 4.2. Assume that the following conditions are satisfied: 
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i
τ  and ( ) ;0>Γ ti  
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(2) .1: 222 <= MeLK  

Then (4.1) has at least one positive ω -periodic solution. Here we have 
the following denotions: 
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and ( ) ( )tt lj ν,µ  represent the inverse function of ( ) ( ),, tttt lj τ−σ−  

respectively. 

Remark 4.2. When ( ) ( ),,1,0 ttlji lj τ=σ===  and ,0=+ kk qp  

we can derive an immediate corollary of Theorem 4.2, which is also an 
answer to the open problem 9.2 due to Kuang [1]. On the other hand, we 
can see that our Theorem 4.2 can hold without the assumption .0>a  
When ,0<a  Wang’s main result (see Theorem 3.1 in [20]) cannot be 
applied. Therefore, comparing with [20], our result improves and 
generalizes the results in [20]. 
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