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Abstract

In this paper, we investigate entrywise operators that preserve determinants of
matrices over commutative rings. We give necessary and sufficient conditions
for entrywise operators to be determinant preserving in the full matrix space,
the upper triangular matrix space, the symmetric matrix space, and the anti-
symmetric matrix space, respectively.

1. Introduction

Preserver problems is an active research area in matrix theory and
operator theory. Those problems involve certain operators of matrix
spaces that preserve certain properties of matrices (usually) over a field.
For example, the linear preserver problem [8, 9] involves characterizing
operators on matrices that preserve some properties/invariants of

matrices such as determinants [7], singularities [2], eignvalues [1], (local)
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spectrum [3], etc.; Guillot and Rajaratnam [6] studied functions
preserving positive definiteness for sparse matrices; Cao and Zhang [5]
characterized additive rank-one preserving surjections on symmetric

matrix spaces over a field of characteristic not 2 or 3.

Let R be a commutative ring with identity. An operator f of the

matrix space M,(R) is called an entrywise operator of M,(R) if there
exists an operator T of R such that f(A) = (7(a;)) e M,(R) for all
A = (aj;) € M, (R). Note that an entrywise operator is not necessarily a

linear operator. In this paper, we characterize entrywise operators that
preserve determinants of matrices over a commutative ring. More
precisely, we investigate entrywise operators preserving determinants of
matrices in several matrix spaces: the full matrix space, the upper
triangular matrix space, the symmetric matrix space, and the anti-

symmetric matrix space.
2. Operators Preserving Determinants

We first introduce several basic concepts that will be used later. Let
R be a commutative ring with identity, and M,,(R)(rn > 2) be the set of

n x n matrices with entries from R. Let 7,,(R) =« M, (R)(resp., S,,(R) <
M,(R), AS,(R) c M,(R)) be the subset consisting of all upper

triangular (resp., symmetric, anti-symmetric) matrices. As usual, we use

0,, and I, to denote the zero matrix and identity matrix, respectively, in

A, O

m mn

M,(R); use A® B to present the diagonal block matrix

0 B

nm n

€ My.n(R).

Suppose f is an operator of R, i.e., a mapping from R to itself. Then f
extends to an entrywise operator of M, (R) by setting f(A) = (f(a;j)) €

M, (R) for any A = (a;;) € M,(R). Similarly, f extends to an entrywise
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operator of S, (R). It is easy to see that f extends to an entrywise
operator of T),(R) if and only if f(0) = 0; and f extends to an entrywise
operator of AS,,(R) if and only if f is an odd mapping, i.e., if and only if
f(0) =0 and f(-r) = = f(r) for all r € R.

Determinants of matrices over R are defined similarly to those over a
field, i.e.,

det A = Z sgn(c)alc,(l)a20(2) " Ano(n)>

ceS,

where A e M,(R) and S, is the set of permutations on the set
{1, 2, ..., n}. Determinants of matrices over a commutative ring share
many properties with their counterpart over a field (see, e.g., [4]).

Definition 2.1. An operator f of R is said to preserves determinants
in M,(R) (resp., T,,(R), S,(R), AS,,(R)) if f(det A)= det f(A) for all
A e M,(R) (resp., A € T,,(R), S,(R), AS,,(R)).

Note that in this paper we do not assume that fis a linear operator.

The rest of this section is organized as follows. We first study (in
Subsection 2.1) entrywise operators preserving determinants in matrix

space M, (R). Then we characterize determinant preserving entrywise
operators on symmetric matrix space S,(R) in Subsection 2.2. Finally,

we give necessary and sufficient conditions for determinant preserving

entrywise operators on anti-symmetric matrix space AS,(R) in

Subsection 2.3.
2.1. Matrix space and upper triangular matrix space

Theorem 2.2. Let R be a commutative ring with identity 1 and

f : R —> R be an operator of R satisfying that there exists u € R such
that f(u) is a unit of R. Then f preserves determinants in M, (R) (n > 2)

if and only if f = kT, where k € R, k"' =1 and T isan automorphism

of R.
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Proof. (<) Suppose that f = kt, where k € R, k"' =1 and 7 is an
automorphism of R. Then, for any A = (a;;) € M,(R), we have

det f(A) = Z sgn(c)k(ais()) - kt(ags(2))  kT(@ns(n))

cesS,

= kn’T[ D sen(o)argn) - aso(z) a”G(”)]

ceS,

=f { Z sgn(0)ais(1) - G2o(2) “nc(n)J

cesS,
= f(det A).
(=) Suppose f preserves determinants in M, (R) (n > 2), i.e.,
f(det A) = det f(A), for all A € M,(R). (1)

Particularly, f(detO,) = det f(0,), i.e., f(0)=0. Suppose u € R and
f(u) is invertible. Let B=u® I,,_; € M, (R). Then f(u)= f(det B)=det f(B)

= f@)[fO* L. Thus [fO)]* ! =1 and therefore f(1) is invertible with
[FOI" = [F@ 2

a O
Let C = [ J ® I,,_5. Then it follows from Equation (1) that
0b

f(ab) = f(det C) = det £(C) = f(a)f(®) [fO)]* 2.

Let v = [f(1)]" 2f. Then we have that t(ab) = t(a)7(b).

a -b
Let D = [ J @ I,,_9. Then we get from Equation (1) that
1 1

f(a +b) = f(det D) = det f(D) = f(a) - f(-b). @)
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Hence, by letting a@ = 0 in the above equation, we have f(b) = f(0) — f(-b)
= — f(-b). Thus, by Equation (2), f(a+b)= f(a)- f(-b) = f(a)+ f(b),
which implies T(a + b) = T(a) + 7(b). Therefore, T is an automorphism of

Rand f = kr for k = [fOP™" = fQ1). O

Note that, in the “=" part of the proof, the condition “there exists

u € R such that f(u) is a unit of R’ was only used to deduct that
[FO]*! =1 from the equation f(x)= f(x)[f(1)]* . If we assume that

R is an integral domain and consider the equation f(u) = f(u)[f (1)]’“1 in

the filed of fractions of R, then the conditions “f(u)= 0" and
“fw) = f@) O] would imply [f(1)]*! =1. That is, we have the
following:

Corollary 2.3. Let R be an integral domain with identity 1 and

f:R —> R be an operator of R. Then f preserves determinants in

M, (R) (n > 2) if and only if one of the following holds:

@ f(r)=0 forall r € R;

(i) f = kT, where k € R, k"' =1 and 7 is an automorphism of R.

By a similar argument to the proof of Theorem 2.2, we can prove the

following theorem for upper triangular matrices.

Theorem 2.4. Let R be a commutative ring with identity 1 and
f : R —> R be an operator of R satisfying that there exists u € R such
that f(u) is a unit of R. Then f preserves determinants in T, (R) (n > 2) if
and only if f =k, where k e R, k"' =1 and t(ab) = t(a)r(b) for all
a, b e R



24 XTANGUI ZHAO and GUOTING ZHANG
2.2. Symmetric matrix space

Theorem 2.5. Let R be a commutative ring with identity 1 such that
r? 20 for all nonzero re R. Let f: R — R be an operator of R
satisfying that there exists u € R such that f(u) is a unit of R. Then f

preserves determinants in S,(R) (n > 4) if and only if f = kT, where

k € R, " =1 and T isan automorphism of R.

Proof. (<) This direction follows from Theorem 2.2.

(=) Suppose f preserves determinants in S,(R)(n >4). By a
similar argument to the proof of Theorem 2.2, we get £(0)=0, [f(1)] ' =
[FO]*2 and t(ab) = (a)r(d) for all a,be R, where T = [f(1)]* 2f.

Hence, f = kr, where k = [f)™ = f(1) and k"' =1. It suffices to
prove that T(a + b) = 7(a) + 7(b) for all a, b € R.

211
Let A=|1 0 1|® 1, 3¢eS,(R). Itis clear that det A = 0. Thus

110

f(det A) = 0, thatis, (2f(1)— £(2))[f@)]* ™ = 0. So we have that f(2) = 2f(1),
2 11 a+b

1 01 a

as [fO" =1. Let B = ®1I, , €S,(R),a beR.
1 10 b
a+b a b 0

It is easy to check that f(det B) = f(0) = 0 (note that f(2) = 2f(1)). Thus,

we have

0 = f(det B) = det f(B) = [f(a) + f(b) - f(a + D)P[FOF - [FO]"*,
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which implies [f(a)+ f() - f(a + b)* = 0. By our assumption, r2 = 0
for all nonzero r € R, so we get f(a)+ f(b)— f(a +b) =0, i.e., f(a +b)=
f(a)+ f(b) for all a,b e R. Therefore, T(a+b)=1(a)+ 7(b) for all
a,b e R. O

Particularly, if R is an integral domain, we have the following:
Corollary 2.6. Let R be an integral domain with identity 1 and f be
an operator of R. Then f preserves determinants in S, (R) (n > 4) if and

only if one of the following holds:

@) f(r)=0 forall r € R;
(1) f = kT, where ke R, k"1 =1 and 7 isan automorphism of R.

Proof. (<) If fis the zero mapping, clearly it preserves determinants
for matrices in S,,(R). If f is in the case (ii), then the result follows from

Theorem 2.5.

(=) Since R is an integral domain, r? # 0 for all nonzero r € R.
Suppose f is not the zero mapping, that is, f(a) # 0 for some a € R.
Then, by an argument as in Corollary 2.3, we can prove that f satisfies
condition (ii). This completes our proof. O
2.3. Anti-symmetric matrix space

Recall that elements along the main diagonal of an anti-symmetric
matrix are all zero. For any A € AS,(R) with n odd, detA=0. An
operator f of R is called an odd operator if f(-r) = —f(r) for all r € R
and f(0) = 0.

Theorem 2.7. Suppose R is a commutative ring with identity, n is an
odd integer, and f is an operator of R. Then f preserves determinants in
AS,,(R) if and only if f is odd.
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Proof. It is clear. O

It is easy to check the following lemma, which will be used in the

proof for the case of even n.

Lemma 2.8. Suppose R is a commutative ring, n > 2 is an even

integer, and

0 x «x X
-x 0 x X

A=|-x -x 0 - x|e AS,(R).
-x —x —x - 0

Then det A = x™.

Theorem 2.9. Suppose R is a commutative ring with identity 1

2%0 for all nonzero r € R, n > 4 is an even integer,

satisfying that r
and f is an odd operator of R such that f(1) is a unit of R. Then f
preserves determinants if and only if f = kT, where k € R, " =1 and
T 1s an automorphism of R.

Proof. Note that, since fis odd, f is an operator of AS,,(R).

(«<) This direction follows from the “<” part of the proof of Theorem

2.2.

(=) Suppose f preserves determinants in AS,(R). Let

A= e AS,(R).

-1 -1 - 0
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By Lemma 2.8, det A =1 and det f(A) = [f(1)]*. Thus f(1) = f(det A) =

det f(A) = [f(1)]", which implies [f(1)]"* =1 as f(1) is invertible in R.

Let
0 0 1 a 0 1 1
0 0 b ab -1 0 - 1
B = ® e AS,(R), a,b e R.
1 -b 0 0 U .
~a -ab 0 0) (-1 -1 - 0) ,

Then, by easy calculation and Lemma 2.8, we have
0 = £(0) = f(det B) = det f(B) = - [f(1)f(ad) - F@)f O [FL]"™*.

Since, by assumption, f(1) is invertible in R and r? % 0 for all nonzero

r € R, we obtain that f(1)f(ab) - f(a)f(b) = 0. Letting T = [f(1)] "/, we
have T(ab) = t(a)r(b).

Not let
0 -1 1 a+bd 0 1 1
1 0 1 a -1 0 -1
C = ® e AS,(R), a,b € R.

-a-b —-a -b 0 -1 -1 - 0),.4
Direct calculation gives that

0 = f(det C) = det £(C) = [f(a + b) - f(a) - FO)P[FQ)]* 2.

Hence, by a similar argument as above, we get f(a +b) - f(a) - f(b) = 0,
ie., f(a+b)= f(a)+ f(b). Thus 7(a +b) = (a) + 7(b). Therefore, T is an

automorphism of R. O
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Note that, for the case n = 2, the above proof does not work.

However, it is easy to see that an odd operator f of a commutative ring R

preserves determinants in ASy(R) if and only if f(a?) = f(a)f(a) for all
a e R
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