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Abstract

Based on a modified direct algebraic method, the Jacobi elliptic function
travelling wave solutions for the coupled system of variant Boussinesq
equations and the coupled system of KdV equations are obtained. The present
solutions can degenerate to the hyperbolic function solutions or the
trigonometric function solutions which have been proposed in the previous
works if the modulus m in Jacobi elliptic functions satisfies m — 1 or m — 0.
Moreover, the method can be applied to a wide class of coupled nonlinear

evolution equations.
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1. Introduction

In recent years, the investigation of nonlinear evolution equations
(NLEEs) has played a significant role in many scientific applications,
such as electromagnetic, acoustics, electrochemistry, cosmology, and fluid
mechanics. Various approaches to searching for the travelling wave
solutions of NLEEs have been proposed including the inverse scattering
method [1-3], Darboux transformation method [4-6], Béacklund
transformation method [7, 8], Hirota bilinear method [9-11], Lie group
analysis method [12, 13], and so on. In recent years, a direct algebraic
method i1s used in [14] for solving the coupled partial differential
equations to obtained the hyperbolic function solutions and the
trigonometric function solutions. In this article, the direct algebraic
method is modified, and by this method, the Jacobi elliptic function
travelling solutions are presented for the coupled system of variant

Boussinesq equations and coupled system of KdV equations.

The rest of this paper is organized as follows: In Section 2, the
modified direct algebraic method is presented. In Section 3, we
implement this method for finding the Jacobi elliptic function travelling
wave solutions of the coupled system of variant Boussinesq equations and
the coupled system of KdV equations. The conclusion is drawn in the last

section.
2. The Modified Direct Algebraic Method
The following is a given nonlinear coupled partial differential
equation with two variables x and ¢:
F(u, v, uy, v;, Uy, Vir Uypy> Vaxx ) = O. 1)
Our method mainly consists three steps:

Step 1. Assume that Equation (1) has the following travelling wave

solutions:

m

u(w, ) = u®) = D aG'E), vx ) =vE) =Y bGE),  ©
i=1

1=1
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and
G? = og + oc2G2 +asGY, = kx+ 12, 3)

where a;, b;, a;, k, and [ are arbitrary constants. We know that
Equation (3) has Jacobi elliptic function solutions such as sn, cn, dn, etc.
Step 2. Balancing the highest order derivative term and the highest

order nonlinear term of Equation (1), the coefficients of the series

ag, ag, s Oy s bg, by ..., bm2, 0, 09, 04, k, and [ are parameters that
can be determined.

Step 3. By substituting Equations (2) and (3) into Equation (1), and
collecting the coefficients of GiG’, and then setting the coefficients to

zero, we will obtain a set of algebraic equations. Taking G to be special
Jacobi elliptic function, and solving the algebraic equations, the solutions

of Equation (1) can be derived.
3. The Application of the Direct Algebraic Method

3.1. The coupled system of variant Boussinesq equations

The coupled variant Boussinesq system has been derived to describe
bi-directional propagation in various contexts-for instance, a model for
water waves [15-18], a Toda lattice model with a transverse degree of
freedom [19], a two-layered lattice model [20], and a diatomic lattice [21].
The model can be written in the form [14, 17, 18, 22]

Up + Uy +Vy + YUy =0, Yy +UVy + VUy + AVyyy = 0, 4)

where y and A are constants. Consider the travelling wave solutions of

Equations (2) and (3); then Equation (4) becomes
W'+ ku + k' + vk2® =0, o+ k' + o + k0B =0, (5)

Balancing the highest order derivative terms and the highest order

nonlinear terms in Equation (5), we can find m; = 2, mg = 2. Suppose

the solutions of Equation (4) are of the form
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u(@) = ag + ;G + a2G2, v(€) = by + by + b2G2_ (6)

Substituting Equations (6) and (3) into Equation (5) yields a set of

algebraic equations for ag, a;, ag, by, b1, by, 0, 09, 04, k, and I. These

equations are found as

lay + kagay + kb, + yk2lajay = 0, 3kajas + 6yk lajoy = 0,

2as + k(2agas + a? ) + 2kby + 8yk2lagay = 0, kagby + 6Ak3agoy = 0,
kad +12vk2lada* =0, Ib, + k(agh, + a1by ) + Mk3ayag = 0,
by, + 2k(agby + arby + ashy) + 8Mk3agoy = 0,
3k(agby + ashy ) + 6rk3ajay = 0. (7

Now, we search for the elliptic function solutions of Equation (4).

Case 1.If g =m? -1, 09 =2-m?, and oy = -1, then G = dn(kx + It).
Solving Equation (7), we obtain the travelling wave solutions of Equation

(4):

8k2m21%y% — 16k21%y% — k% — 21%y
2kly

u(x, t) = +12klydn® (kx + It),

_EAM(8mPI2y? — 16172 + 1)

o + 6k20ndn® (kx + 1t). ©)
4l%y

v(x, t)

Case2.Ifag=m?(m?-1),05 =2m% -1, and a, =1, then G =ds(kx +It).
Solving Equation (7), we obtain the travelling wave solutions of Equation

(4):

_16m2KP1%y - 8Ky + kP + 207y
2k

u(x, t) = — 12klyds® (kx + It),

K2a(16m212y? - 81242 — 1)
4122

v(x, t) = — — 6k>0nds® (kx + It). )
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Remark. Noticed that dn(§) — sech(€), ds(§) — csch(§) when the
modulus m — 1, and dn(§) — tan(g), ds(¢) — csc(§) when m — 0, we

can obtain the corresponding hyperbolic function solutions and
triangular-like function solutions of Equation (4) which have been
proposed in [14].

Figure 1(a) and (b) represent the dark and bright solitary solutions
(8 of the coupled system of variant Boussinesq equations (4) with
k =0.5,1=0.1, m = 0.5 in the interval x € [-10, 10] and ¢ € [0, 1].

10

Figure 1. Travelling wave solutions (8) of the variant Boussinesq equations

4).
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3.2. The coupled system of KdV equations

Gear and Grimshaw derived a system of coupled KdV equations to
model interactions of long waves, for example, in a stratified fluid.
Specially, their model is [14, 23]

2 2 2 2

U, + (U +u +%v +euv), =0, v+ (v +v +%u +euv), =0,
(10)

where ¢ is constant. Consider the travelling wave solutions of Equation

(2). Then Equation (10) becomes
'+ K3u® 4 2kun’ + ke(w' + u'v + uv') = 0,
W+ B3v®) 4 2k + ek(uu' + u'v +uv') = 0. (11)

Balancing the highest order derivative terms and the highest order

nonlinear terms in Equation (11), we can find m; = 2 = mqy. Suppose the

solutions of Equation (11) are of the form
wE) = ag + ;G + asG?%, V(&) = by + by + byG>. (12)

Substituting Equations (12) and (3) into Equation (11) yields a set of

algebraic equations for ag, a;, ag, by, b1, by, 0, 09, 04, k, and I. These

equations are found as:
la; + k3aqos + 2kagay + ke(boby + aghy + aybg) = 0,
2k3byouy + 2kbyby + ke(ajas + arby + aghy ) = 0,
2a9l + 8k2ag0y + 2k(2agay + ai ) + ke(2boby + b + 2a;by + 2asby + 2agbs ) = 0,
2k3ay0y + 2kayag + ke(byby + asby + ajby) = 0,

12k3aq0y + 2kad + ke(b5 + 2a9bs) = 0,
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lbl + k3b10c2 + 2kb0b1 + Sk(aoa]_ + albo + aobl) =0,

12k3bg0uy + 2kb3 + ke(a3 + 2agby ) = 0,

by + 8k3byaiy + 2k(2b5 + b?) + ke(2apay + 2a1by + 2agby + 2agby + a) = 0.

(13)
Now, we search for the elliptic solutions of Equation (10).

= -1, then G = dn(kx +It).

Case1.If o = m? -1, Og = 2-m?, and Oy
Solving Equation (13), the travelling wave solutions of Equation (10) are

found as:

3 2 o3
e=1, ulx,t)=v(x,t)=- Akm : 8k” -1 _ 12k2dn?(kx + It), (14)

and

3, 2 3
e=2, ux,t)=v(x,t)=- 4k"m 4_k8k i 3k2dn®(kx +1t).  (15)

Case 2.If ag =1, 09 = —(m? +1), and ay =m?, then G = sn(kx + It).
The travelling wave solutions of Equation (10) are found as:

10

£="—,

9

3.2 .3
w(x, t) = v(x, t) = _%km+kl i%m\/2k4m2 + 2k* = Bklsn(kx + It)

- %kQ Zsn?(kx + It), (16)

and

3 2 3
e=4, ux,t)=v(x,t)= 4k“m 2+k4k L 6k2m2sn®(kx + It). (17)
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Case 3.If oy =1-m?, 09 =—1+2m?, and a, =—m?, then G =cn(kx +1t).

The travelling wave solutions of Equation (10) are found as:

£ =—,

9

9 2k%m® — k% +1

u(x,t) = v(x,t) = - 3 Z

+ % mV4km? - 2k + Sklen(kx + It)

+ %kzmzcnz(kx +1t), (18)
and

8k3m? — 4k® + 1
2%

e=4, ux,t)=- + 6k%mZen® (ke + It),

8km?2 + 4k® — ]

< —12k%m2%en® (kx + It). (19)

v(x, t) = —

4. Discussion and Conclusion

The direct algebraic method has been modified, and by this method
the Jacobi elliptic function on travelling wave solutions for the coupled
system of variant Boussinesq equations and the coupled system of KdV
equations are obtained. The solutions are degenerated to hyperbolic
function solutions or triangular-like function solutions in the limit cases
when the modulus of the Jacobi elliptic functions satisfy m — 1 or

m — 0, which shows that the method is much simple and powerful to

find new solutions to other nonlinear coupled evolution equations in

mathematical physics.
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