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Abstract

IB_l—convexity is an abstract convexity type. B~ l.convex sets are examined in

various studies. Also, the applications of B_l-convexity on mathematical

economy are introduced in some new papers. In this article, some operations on

B~L-convex sets are proved.
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1. Introduction

Recently, abstract convexity which has many applications to the
mathematical economy, operation research, inequality theory is a

popular area in mathematics ([5, 6, 7]). Besides, B! -convexity 1s an
abstract convexity type. B~!-convex sets are examined in various studies

(1, 2, 3, 4, 8]). Also, the applications of B_l-convexity on mathematical
economy are introduced in [3]. In this article, some operations on

B~!.convex sets are proved.
In Section 2, we give definitions and recall some properties of
B !-convex set and B '-convex hull. In Section 3, we establish some

new operations on B~!.convex sets.
2. B'-Convexity and Operations on B™!-Convex Sets

For r e Z~, the map x — ¢,(x) = 2 *! is a homeomorphism from
K = R\ {0} toitself; x = (x1, xg, ..., x,,) > @, (x) = (¢,(x1), 90,(x3),...,

¢,(x,,)) is homeomorphism from K" to itself.

For a finite nonempty set A = {x(l), x(2), e x(m)} c K™ the

®,-convex hull (shortly r-convex hull) of A, which we denote Co’ (A) is

given by

Co” (A) = {@;l[itid),(x(i))] Lt >0, iti = 1}
i1

=1
Thus, we can define ]B%_l-polytopes as follows:

Definition 2.1 ([1]). The Kuratowski-Painleve upper limit of the

sequence of sets {Co” (A)} denoted by Co ”(A), where A is a finite

reZ >

subset of K", is called B~!-polytope of A.
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Next, we give the definition of B~ -convex sets.

Definition 2.2 ([1]). A subset U of K" is called a B™!-convex if for

all finite subsets A = U the B™!-polytope Co™"(A) is contained in U.

mo.
We denote by A x¥) the greatest lower bound with respect to the
=1

coordinate-wise order relation of x(l), x(2), . x™ ¢ g , that is;
m .
ii\l x® = (min{xg), x§2), ey xyn)}, ey min{xg), xg), ey xﬁlm)}),

where xﬁ.i) denotes j-th coordinate of the point x0),

The definition of ]B%_l-polytope can be expressed in the following form
in RY, ={(xy, ..., x,)eR" :x; >0,i=1,2,..., n}.
Theorem 2.1 ([1]). For all nonempty finite subsets A = {x(l), x(2), ey

™Y < R™, | we have

m .
Co ”(A) = lim Co"(A) =1 A tix(’) :t; > 1, min ¢; = 1.
r—-m i=1 1<i<

m

By Theorem 2.1, we can reformulate the above definition for subsets

of R?,.

Theorem 2.2 ([1]). A subset U of R, is B! -convex if and only if for

all ¥V, x® ¢ U and all & e [1, ») one has rx A x?) e U.

The following properties of B! -convexity are given in [2]:
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Theorem 2.3. (a) The empty set, K", as well as the singletons are

B! -convex;

(b) if {S, : L e A} is an arbitrary family of B '-convex sets, then

ﬂ}\ S, is B! -convex;

©if {S; : A e A} isafamily of B™L-convex sets such that Yq, Ly € A,

Ihg € A such that SMUSKQ < Sy, then UKS;L is B~ !-convex.

Given a set S — K", the intersection of all the B~'-convex subsets
of K" containing S is called the B~'-convex hull of S and is denoted by

B~1[S].
The theorem related to properties of B~!.convex hullis given in [2].
Theorem 2.4. The following properties hold:
(2) BH0] = 0, BT [K"] = K", forall x € K", B [{x}] = {x};
(b) Forall S ¢ K", S c B7[S] and B! [B}[S]] = B}[S];
() Forall S, Sy = K", if S; < Sy, then B [S;] < B[S, ];
(d) Forall S ¢ K", B}[S] = U{IB%_I[A] : A is a finite subset of S};
(e) A subset S ¢ K" is B~!-convex if and only if for all finite subset
Aof S, B7[A] < 8.

3. Other Operations on B !-Convex Sets

It can be seen that in R}, for a finite set A, Co (A) is a

B~!.convex set from the following theorem:
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Theorem 3.1. If A is a finite subset of R7,, then Co (A) is

B~ !-convex.

Proof. Let A = {x(l), @ x(m)} c RY, x = /\;-n:lpjx(j),

Yy = /\anlnjx(J) with (pl’ P25 v pm)’ (nl’ ngs -« nm) € [1’ +Oo)m and
min{py, Py, ..., Py} = min{n;, Ng, ..., N, } =1; both x and y are two

elements of Co™™(A).

We have to see that Co " ({x, y}) « Co (A). Let u € Co "({x, y});

there exists (g, o) € [1, +o0)> with min{u;, pp} =1 such that

U =X Augy.
m . . m .
u= “1(,41 pjx(’)j A uz(A;-”:mjx(’)) =N min{p;p;, ugn, jad).

To conclude the proof, just notice that min; < j<,,{ min{p;p;, pgn;}} = 1.
d
Remark 38.1. For an arbitrary finite set A < R}, its B~!-convex

hull B'[A] is a B™'-convex set and A = B™'[A]. From the definition of

B~!-convex set and A c B '[A], we have Co "(A) < B™'[A].
Also the set Co ™ (A) is B~'-convex and A = Co  (A).

Since B~'-convex hull of A is the smallest B™!-convex set containing
A, we obtain that B~![A4] = Co™(A).

Theorem 3.2. Let L < R}, and denote by (L) be the family of

nonempty finite subsets of L, then

BL] = U Co™™(A).
Ae(L)
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Proof. Clearly, from (d) of Theorem 2.4, we have B[L] = U{B_l

[A]: A e (L)} and we have shown above that B™![A] = Co™"(A) for

A c RY,. O
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