Journal of Pure and Applied Mathematics: Advances and Applications
Volume 15, Number 2, 2016, Pages 93-106

Available at http://scientificadvances.co.in

DOI: http://dx.doi.org/10.18642/jpamaa_7100121656

SEPARATION PROPERTIES AT p FOR THE
TOPOLOGICAL CATEGORY OF CLOSURE SPACES

DENIZ TOKAT

Department of Mathematics
Nevsehir Haci Bektas Veli University
Nevsehir

Turkey

e-mail: dtokat@nevsehir.edu.tr

Abstract

Each of the separation properties 7;j,i=0,1,2 at a point p is given in the

topological category of closure spaces. Furthermore, the relationships between

these properties of the category are studied.
1. Introduction

Despite the fact that closure operators had been used in calculus first
([27] and [29]), they have been used in other fields of mathematics such
as logic ([24] and [30]), algebra ([12], [13], and [28]), and topology ([26]
and [14]).

In 1940, Birkhoff observed that the collection of closed sets of a
closure space forms a complete lattice [13]. Since his work, the

interrelation between closures and complete lattices has been

investigated by many authors and a general treatment of this subject can
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be found in [21]. Another motivation for considering closures is Birkhoff’s
work on association of closures to binary relations in his book [13]. By
using similar ideas, Aumann worked on contact relations with
application to social sciences [4] or Ganter and Wille worked on formal
contexts with application to data analysis and knowledge representation
[22].

In recent years, closure operators are used in quantum logic and
representation theory of physical systems [2], [3].

A closure space (X, C) is a pair, where X is a set and C is a subset of
the power set P(X) satisfying the conditions that X and 0 belong to C
and that C is closed for arbitrary unions. A function f : (X, C) - (Y, D)

between closure spaces (X, C) and (Y, D) is said to be continuous if

f -1 (D) € C whenever D € D. Cls is the construct with closure spaces as
objects and continuous maps as morphisms [17].

Another isomorphic description is obtained by means of a closure
operator [13]. The closure operation ¢l : P(X) — P(X) associated with a
closure space (X, C) is defined in the usual way by x € clA < (VC € C
:xeC=CNA=0), where A c X and x € X. This closure need not
be finitely additive, but it does satisfy the conditions ¢l0 = 0, (A ¢ B =
clA c cIB), A c clA, and cl(clA) = cI[A whenever A and B are subsets of
X. Continuity is then characterized in the usual way [17].

Finally, closure spaces can also be equivalently described by means of
neighbourhood collections of the points. These neighbourhood collections

satisfy the usual axioms, except for the fact that the collections need not

be filters. So in a closure space (X, C) the neighbourhood collection of a
point x is a non empty stack (in the sense that with every V e A (x) also
every Wwith V < W belongs to N (x)), where every V € N contains x

and N (x) satisfies the open kernel condition [17].
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The notions of “closedness” and “strong closedness” in set based
topological categories are introduced by Baran [5], [6] it is shown in [8]
that these notions form an appropriate closure operator in the sense of
Dikranjan and Giuli [18] in some well-known topological categories.
Moreover, various generalizations of each of 7;,i=0,1,2, 3,4
separation properties for an arbitrary topological category over Set, the
category of sets are given and the relationship among various forms of

each of these notions are investigated by Baran in [5], [7], [9], and [10].

In the last decade, complete objects in the category of 7T closure

spaces is characterized by Deses et al. [17] and a cartesian closed
topological hull and quasitopos hull of the construct Cls of closure spaces

is constructed by Claes et al. (see [15] and [16]).

Recently, in [11], the characterization of each of the various notions
of connected and T;,i = 0,1, 2 closure spaces are given and examined
how these generalizations are related.

The main goal of this paper is to study each of the separation
properties T;, i = 0, 1, 2 at a point p in the topological category of closure

spaces. In addition, we will investigate the relationships between

separation properties at a point p in this category.
2. Preliminaries

Recall, [1], that a functor U : £ — Set is said to be topological, or
that £ is a topological category over Set, the category of sets, if U is
concrete (i.e., faithful and amnestic (i.e., if U(f)=id and [ is an
isomorphism, then f = id)), has small (i.e., set) fibers, and is such that
every U-source has an initial lift or, equivalently, is such that each U-

sink has a final lift.

The categorical terminology is that of [1].



96 DENIZ TOKAT

A closure space (X, C) is a pair, where X is a set and C is a subset of
the power set P(X) satisfying the conditions that X and 0 belong to C
and that C is closed for arbitrary unions. A function f : (X, C) - (Y, D)

between closure spaces (X, C) and (Y, D) is said to be continuous if
ffl (D) € C whenever D € D. Cls is the category with closure spaces as
objects and continuous maps as morphisms [17].

Cls is a topological category [19] and Top, the category of topological

spaces, is embedded in Cls as a full bicoreflective subconstruct [15].
Note that a source {f; : (X, C) > (Y;, C;), i € I} is initial in Cls iff
C={UcX:U= W)U ec;} 23]

el
Similarly, an epi sink f; :(Y;,C;) > (X,C) is final in Cls iff
C={UcX:fYU)ec;, forallieI}.
In particular:

(1) The embeddings f : X — Y are the injective maps such that a

subset of X is open iff it is inverse image by f of an open set of Y.
(2) Let {(X;, C;)} be a collection of closure spaces and X be the

product of the sets X;, ie., X = HiXi' The product structure on X is

theclass C={U c X : U = Uni_l(Ui), U, €C;}.

el
(3) (X, C) is a discrete space C = P(X) and it is an indiscrete space
C ={X, 0}.

3. Separation Properties at p

Let Bbe a set and p € B. Let BV, B be the wedge at p [5], i.e., two

disjoint copies of B identified at p, or in other words, the pushout of

p:1— B along itself (where 1 is a terminal object in Set). More
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precisely, if i; and iy : B - BV, B denote the inclusions of B as the
first and the second factor, respectively, the i1p = isp is a pushout
diagram. A point x in BV, B will be denoted by x(x3) if x is in the first
(resp., the second) component of B V, B. Note that p; = ps.

The principle p-axis map A4, : XV, X - X2 is defined by Ap(x) =
(x, p) and A,(xg) = (p, x). The skewed p-axis map S, : BV, B - B?
is given by S,(x;) = (v, x) and S,(x3) = (p, x). The fold map at p,
V, BV, B— Bisgivenby V,(x;) = x for i =1, 2 [5] or [6].

Note that the maps A,, S,, and V,, are the unique maps arising
from the above pushout diagram for which A,; = (id, p): B > Bz,
Ayiy = (p,id): B — B*, S,iy = (id, id): B — B?, Sis = (p, id): B - B,
and Vpij =1id, j =1, 2, respectively, where id : B — B is the identity
map and p : B — B is the constant map at p.

The infinite wedge product \/?B is formed by taking countably many

disjoint copies of B and identifying them at p. Let B* = B x B x ... be the

countable cartesian product of B. Define A7 :V,B — B* by

A (x;) = (p, p, ..., X, D, D, ...), where x; is the i-th component of the

infinite wedge and x is in the i-th place in (p, p, ..., x, p, p,...) and

V5 VB = B by Vj(x;) = x for all i, [5] or [6].

Note, also, that the map A} is the unique map arising from the
multiple pushout of p : 1 — B for which AJi;= (p, p, p, ..., p,id, p,...)

: B > B™, where the identity map, id, is in the j-th place.
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Let U : £ — Set be topological and X an object in £ with U(X) = B.
Let M be a non-empty subset of B. We denote by X / M the final lift of
the epi U-sink ¢ : U(X)=B —» B/ M = (B\ M)U {*}, where ¢ is the
epi map that is the identity on B \ M and identifying M with a point *
[5].

Baran [5] introduced the definition of various separation properties
for arbitrary topological category over sets. Moreover, he defined the

notions of closed points, closed objects, and strongly closed objects.

Definition 3.1 (cf. [5] and [6]). Let U : £ — Set be a topological

functor, D is the discrete functor which is a left adjoint of U, X an object
in &, and p a pointin UX = B.

(1) X is 1_"0 at p iff the initial lift of the U-source {Ap :BV, B—
U(X?)=B* and V, : BV, B — UDB = B}, is discrete.

(2) Xis T at p iff the initial lift of the U-source {id: BV, B -> U
(XV, X)=BV, B and V,:BV, B—>UDB =B} is discrete, where
XV, X is the wedge in & i.e. the final lift of the U-sink {i;, iy : UX =
B — BV, B}, where i, iy denote the canonical injections.

(8) X'is Ty at p iff the initial lift of the U-source {S, : BV, B > U

(X?)=B* and V, : BV, B — UDB = B} is discrete.

(4) Xis PreT, at p iff the initial lift of the U-source {S p: BV, B—
U(X?) = B} and the initial lift of the U-source {4, : BV, B — U(X?)
= B2} agree.

(5) X is PreTy at p iff the initial lift of the U-source {S, : BV, B —

U(X?) = B?} and the final lift of the U-sink {i;, iy : UX = B — BV, B}

agree.
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(6) Xis 7_’2 at p iff Xis 7_’0 at p and PreT_’Q at p.
(7) Xis Ty at piff Xis T}y at p and PreTy at p.
Theorem 3.2 (cf. [5]). For the category of topological spaces, we have

(1) ’1_"0 at p is equivalent to Ty at p and they both reduce to the
following (called T, at p): for each point x distinct from p, there exists a

neighbourhood of x missing p or there exists a neighbourhood of p missing x.

(2) PreT, at p is equivalent to PreTy at p and they both reduce to the
following (called PreTy at p): for each point x distinct from p, if the set

{x, p} is not indiscrete, then there exist disjoint neighbourhoods of x and p.

3 ’1_"2 at p is equivalent to Ty at p and they both reduce to the
following (called Ty at p): for each point x distinct from p, then there exist
disjoint neighbourhoods of x and p.

Theorem 3.3. Let (X, C) be a closure space and p € X. The space X
is 7_’0 at p iff X is a singleton.

Proof. Assume that (X, C) is Ty at p. Let x # p and x € X. Then
{x;} e P(XV, X), where P(XV,X) is the discrete structure on
XV, X. Assume also that C? is the product structure on X? and
W e C2, then we get V;,l ({xhH U A;l(W) = {x}. Since A,(x;)=(x,p)e W
and W e C2, wehave N, M e C such that W =z (N)U 3 (M) = (N x X)
U(XxM). On the other hand, if x=#p, then we find
V;l ({x}) = {x;, x9}. However, since we get {x;}= V;,l({x}) U A;l(W)
supset {x;, x9}, which is impossible. Hence, we get X = {p}.

The other side of the implication is trivial. O

Theorem 3.4. Let (X, C) be a closure space and p € X. The space X
is Ty at p iff X is a singleton.
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Proof. Let (X, C) be T at p and x, p € X. Since (X, C) is T} at p
we have {x; € P(XV, X)}. Assume that C? is the product structure on
X2 and W e C?, then we get V;,l({x}) U id;,l(W) = {x;}. Since id(x;) = x;
=(x, p)e W and W e C2, there exist N, M e C such that W = n7}(N)
Unz' (M) = (N x X)U (X x M). However, we find V;,l({x}) = {xq, %9},
and {x;} = V;,l ({xhU A;l (W) supset {x;, x9}, which is a contradiction.
Therefore, X = {p}.

The other side of the implication is trivial. O

Theorem 3.5 (cf. [11]). Let (X, C) be a closure space and p € X.
(X, C)is T atpiff X = {p}.

Proof. Suppose (X, C) is T; at p and X # {p}. Then there exists
x € X with x # p. Since (X, C) is T} at p, {x;} = V;,l({x})U Sl_jl(W),
where W e €2 and C? is the product structure on X x X. Note that
{1} = V;,l ({fxhU S;l =) V;,l (fx}) = {x1, x9}, which is a contradiction.
Hence, X = {p}.

Conversely, let X = {p}. Note that the only closure structure on X is

given by C = {0, {p}} = P(X). It follows from Definition 3.1 that (X, C) is
Ti atp. O

Remark 3.6. Let U : £ — B be a topological functor. It was shown

by Baran [9] that every indiscrete object in &£ is Pre’.l_’Q.
Theorem 3.7. Let (X, C) be a closure space and p € X. (X, C) is

PreY_"z at p iff (X, C) is an indiscrete closure space.

Proof. If (X, C) is an indiscrete, then (X, C) is PreT, at p since
Remark 3.6.
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Assume that (X, C) is PreT, at p and X contains more than one
element. In fact, p # x and x € X. Assume also that N = {p, x} =« X
and the induced structure on N is given by Cy = {NNU : U € C}. We
will show that (N, C) is PreT, only when Cp is indiscrete. There are

four cases.

Case 1.If Cy = {N, 0}, then (X, C) is PreT, at p since Remark 3.6.

Case 2. If Cy ={N, 0, {p}}, then the product structure on N? is
Cp2 = {N?, 0, {p}x N, N x {p}, ({p} x N)U(N x {p})} = {N?, 0, {(p, p),
(p, )}, {(p, p), (x, P}, {(p, P), (P, %), (x, p)}}. Suppose that W=NxXeC,»
and U = S;,l(W) = S;,l(N x{p}) = {p;}. However, there is no W' in

C that gives the equality S;,l(W) = A;,l(W’). In fact,

N2
SI_,l(CNg) = {NV, N, 0, {py, x2}, {p1}}. On the other hand, A;,I(CNz):

{NV, N, 0, {p1, x2}, {1, %1}}. Thus, (X, C) is not PreT, at p.

Case 3. If Cy ={N, 0, {x}}, then the product structure on N? is
Cpz = AN?,0, {x} x N, N x {x}, ({x} x N)U (N x {x})} = {N?, 0, {(x, p),
(x, 2)}, {(x, x), (p, x)}, {(x, p), (x, x), (p, x)}}. Similar to Case 2, we
obtain S,'(C o) = {NV,N, 0, {x;}, {x1, x2}} and A'(C,2)={NV, N,
0, {xo}, {x1}, {1, x9}}. Therefore, (X, C) is not PreT, at p.

Case 4.If Cy = {N, 0, {p}, {x}}, then the product structure on N? is
Cp2 = {N?,0, {p} x N, N x {p}, ({p} x N) U (N x {p}), {x} x N, N x {x},
({x}x N)U(N x {x})}. When we consider W = N x {p} we get U = Sl_,l(W) =
S;,l(pr): {p;}, but there is no W' in CN2 which gives the equality
Sl_jl(pr): A;,l(W’). In fact, A;,I(CNz )={NV, N,0,{py, x}, {p1, %1},

{21}, {xa}, 11, x9}}. Hence, S;;l(CNz ) # A;;l(CNQ )-
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In general, let X have at least two elements and (X, C) is not

indiscrete. Suppose also that p,x € X and U eC. If U= {x} and
W =1n5"(U) = X xU e C?, then S;'(W) = {p;} but we obtain A,' (W) =
{p1, x1, xg, ...}. Hence S;I(Cz) # A;,I(C2 ). In addition, if U = {x} and
W =n3(U)=XxU e C2, then S;l(W) = {x1, x9}. However, A;,l(W) ={x1}.
Therefore S;,l(CQ) # AI,?I(C2 ). We get similar results for the rest of the
subsets of X since they are unions of these sets. Therefore (X, C) is not

PreTy at p unless it is indiscrete. O

Theorem 3.8. Let (X, C) be a closure space and p € X. (X, C) is

PreTy at p iff (X, C) is an indiscrete closure space.

Proof. Let (X, C) be PreTy at p. It is trivial if X =0 or X = {p}.
Assume that X contains at least two elements and that N = {p, x} c X.

The subspace structure on N is given by Cy = {NNU : U € C} and the
product structure on N 2 s ¢ N2 The final structure on N Vp, N
obtained using the canonical injections i; and iy : N > NV, N is
Cv ={Uc NV, N:if'(U) e Cy and i3"(U) € Cy}. We will find the

condition that gives S;,l(C N2 ) = Cy. There are four cases.

Case 1. If Cy = {N, 0}, then clearly S;I(CN2 )={NV, N, 0} =Cy.
Hence, (X, C) is PreTy at p.

Case 2. If Cy ={N, 0, {p}}, then the product structure on N2
is Cp2 ={N%0 {p}xN, Nx{p},({p}x N)U(N x{p})} and we get
SEI(CNQ )={NV, N, 0, {p;, x2}, {p1}}. On the other hand, we find
Cn ={NV, N, 0, {py, xo}, {p1, %1}, {p1}}. Therefore, since S;l(CNz)

and C) are different and (N, Cp ) is not PreTs at p.



SEPARATION PROPERTIES AT p FOR THE ... 103

Case 3. If Cy ={N, 0{x}}, then the product structure on N2
is Cpo = {N?%0, {x}x N, Nx{x}, (fx}x N)U(N x {x})} and we find
SEI(CNQ )={NV, N, 0, {x1}, {x1, xo}} However, the final structure is
CN = 1{NV, N, 0, {x;}, {xz}}. Thus S,'(C,p2)#Cl and (N,Cy) is

not PreTy at p.

Case 4.If Cpy = {N, 0, {p}, {x}}, then the product structure on N? is
Cp2 = {N%,0, {p} x N, N x {p}, ({p} x N)U (N x {p}), {x} x N, N x {x},
(fx}x N)U(NV x {x})}. We have S5'(C2)={NV, N,0,{py, xa}, {p1}, 21},
{1, x9}}. On the other hand, we get Cy ={NV, N,0, {p, x9},

{p1, 21}, {x1}, {x9}, {p1}}. Hence S;l(CNz )# Cx, and so (N, Cy) is

not PreTy at p.

In general, suppose that X contains at least two elements. Then c? is

the product structure on X2 and C* ={Uc X Vp X tip Yu)yec and

i;(U) e C} is the final structure on XV, X obtained by using

canonical injections i; and iy : X - XV, X. If (X, C) is an indiscrete
space, then since S;l(C N )=1{NV, N, 0} =Cl, we easily conclude that
(X, C) is PreTy at p.

Assume that (X, C) is not indiscrete. Let p, x € X and U e C.
If U ={p}, then we get C* = XV, X,0,{p}v, X, XV, {p}, {0}V, {D}}.
However, S;I(C2) does not contain {x;} so S;I(Cz) # C*. On the other
hand, if U = {x}, then we have C"={XV, X,0, {x}V, X, XV, {x},
{x} V, {x}}. However, S;,l(Cz) = {x1, x3} and hence S;l(CZ) % C".

Since the rest of the subsets of X are unions of these sets we obtain

similar results. Hence (X, C) is not PreTy at p unless it is indiscrete. [J



104

DENIZ TOKAT

Theorem 3.9. Let (X, C) be a closure spaces. (X, C) is Ty or Ty at p

iff X is a singleton or the empty set.

Proof. The proof is straightforward. O

4. Conclusion

Various generalizations of separation properties for an arbitrary

topological category over Set were given by Baran [5] in 1992 and

recently, characterization of each of the separation properties 7},

i=0,1,2 at a point p is given and relationships are examined in the

topological category of Cauchy spaces by Kula [25]. In this paper, we

found that separation properties 7_’0 and 7) at p equivalent in the

category of closure spaces. Similarly, we showed that PreT_"Q and PreTy

at p are equivalent in this category.
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