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Abstract 

We consider Euler-Lagrange equations on almost paracontact manifolds. It is 
well known that the geometry of almost contact manifolds is a natural extension 
in the odd dimensional case of almost Hermitian geometry. A Hermitian 
manifold is a complex manifold with a Hermitian metric on its holomorphic 
tangent space. Also, the contact geometry as symplectic geometry has large and 
comprehensive applications in physics, geometrical optics, classical mechanics, 
thermodynamics, geometric quantization, and applied mathematics. On the 
other hand, one way of solving problems in classical and analytical mechanics is 
through use of the Euler-Lagrange equations. The purpose of the present paper 
is to solve the problems of classical mechanics with 3-dimensional real number 
space on an almost paracontact manifold by using Euler-Lagrange equations. 
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1. Introduction 

Symplectic and contact geometry are such theories that naturally 
emerged from the mathematical description of classical physics. They 
were revolutionized in the early 1980s with the discovery of new rigidity 
phenomena and properties satisfied by these geometric structures. Ever 
since, they have been very useful in the development of many areas of 
mathematics and modern mathematical physics. Contact manifolds are 
the natural framework for geometric optics. Contact structures arise 
naturally on energy levels of autonomous Hamiltonian systems. Many 
basic concepts, such as symplectic reduction, Hamilton-Jacobi equations, 
Legendrian and Lagrangian submanifolds were developed in this context 
and continue to play an important role to date. 

Modern science has found a lot of applications in differential 
geometry and mathematical physics. One of the most important 
applications for differential geometry is on geodesics. A geodesic is the 
shortest route between defined two points. The Lagrangian formulation 
is an important tramplen from which develops another useful 
formulation of classical mechanics known as the Hamiltonian 
formulation develops. One way of finding geodesics is the Euler-Lagrange 
equations. It is shown that Lagrangian mechanics is a very important 
tool for differential geometry and analytical mechanics. They have a 
simple method to describe the model for mechanical systems. There are 
studies about contact manifold and mechanical systems. A summary of 
these studies is shown below: 

Tripathi et al. [1] introduced the concept of almost-ε  paracontact 

manifolds, and in particular, of ε -para-Sasakian manifolds. Srivastava et 
al. [2] submitted the concept of ( ) almost-ε  paracontact manifolds. They 

showed that some typical identities for curvature tensor and Ricci tensor 
of ( ) para-ε  Sasakian manifolds are obtained and studied the properties 

of S−ε  paracontact metric manifold. Girtu [3] showed that K induces an 

almost 2-paracontact Riemannian structure on ,0 MT ∗  whose restriction 

to the guratrix bundle ( ) ( ){ }1,, == pxKpxK  is an almost paracontact 
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structure. Ahmad and Jun [4] defined a semi-symmetric non-metric 
connection in an almost r-paracontact Riemannian manifold and they 
considered submanifolds of an almost r-paracontact Riemannian 
manifold endowed with a semi-symmetric non-metric connection. Also, in 
[5], [6], Kupeli Erken studied 3-dimensional normal almost paracontact 
metric manifolds. Cappelletti Montano et al. [7] studied paracontact 
metric manifolds for which the Reeb vector field of the underlying contact 
structure satisfies a nullity condition. Kupeli Erken and Murathan [9] 
completed a study of three-dimensional paracontact metric 
( ) manifolds.-~,~,~ νκ µ  They focus on some curvature properties by 

considering the class of paracontact metric ( )νκ ,, µ -manifolds under a 

condition. Welyczko [8] showed that the curvature and torsion of slant 
Frenet curves in 3-dimensional normal almost paracontact metric 
manifolds. Manev and Staikova [10] gave a classification with eleven 
basic classes of almost paracontact Riemannian manifolds of type ( )nn,  

with respect to the covariant derivative of the ( )1,1 -tensor of the almost 

paracontact structure. Pandey and Tiwari [11] showed that a recurrent 
special ( )∈ -para Sasakian manifold with η  as 1-form of recurrence is 

Einstein manifold. Shukla and Verma [12] introduced the notion of 
paracomplex paracontact pseudo-Riemannian submersions from almost 
para-Hermitian manifolds onto almost paracontact metric manifolds. 
Gunduzalp and Sahin [13] first defined the concept of paracontact semi-
Riemannian submersions between almost paracontact metric manifolds, 
then they provided an example and showed that the vertical and 
horizontal distributions of such submersions are invariant with respect to 
the almost paracontact structure of the total manifold. Bucki [14] showed 
that for an almost r-paracontact manifold of P-Sasakian type there exists 
a product submanifold. Acet et al. [15] studied canonical paracontact 
connection on a para-Sasakian manifold. Ahmad et al. [16] defined a 
quarter symmetric semi-metric connection in an almost r-paracontact 
Riemannian manifold and considered invariant, non-invariant, and anti-
invariant hypersurfaces of an almost r-paracontact Riemannian manifold 
with that connection. Nakova and Zamkovoy [17] considered almost 
paracontact pseudo-Riemannian manifolds with indefinite metric g, 
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which is it compatible with almost paracontact structure and it satisfies 
the condition. Kasap and Tekkoyun [18] obtained Lagrangian and 
Hamiltonian formalism for mechanical systems using para/pseudo-
Kähler manifolds, representing an interesting multidisciplinary field of 
research. Kasap [19] introduced that the Weyl-Euler-Lagrange and   

Weyl-Hamilton equations on ,2n
nR  which is a model of tangent manifolds 

of constant W-sectional curvature. Tekkoyun [20] found paracomplex 
analogue of Euler-Lagrange and Hamiltonian equations. Also, he gave 
the geometric results on the related mechanic systems. 

2. Preliminaries 

In this study, M is a manifold and TM is a tangent bundle. ( ),TMF  

( ),TMχ  and ( )TM1Λ  denote the set of complex functions on TM, the set 

of complex vector fields on TM, and the set of complex 1-forms on TM, 
respectively. Also, X and Y are any vector fields on M. 

Definition 1. Let M be a differentiable manifold of dimension 
( ),12 +n  and suppose J is a differentiable vector bundle isomorphism 

TMTMJ →:  such that MTMTJ xxx →:  is a (almost) complex 

structure for ,MTx  i.e., ,2 IJ =  where I is the identity (unit) operator on V. 
Then J is called an almost paracomplex structure for the differentiable 
manifold M. A manifold with a fixed almost paracomplex structure is 

called an (almost) paracomplex manifold. Where ,2 JJJ D=  and I is the 
identity operator on TM. 

Definition 2. A Riemannian metric g is compatible metric with these 
structure tensors if 

( ) ( ) ( ) ( ),,, YXYXgYXg ηη+−=ϕϕ   (1) 

and ( )g,,, ηξϕ  is called an almost paracontact metric structure. Note 

also that ( ) ( )., XXg η=ξ  If it satisfies ( ) ( )YXgYXd ,, ϕ=η  for any 
vector fields X, Y on M, then ( )gM ,,,, ηξϕ  is called a paracontact 

Riemannian manifold. 
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Let M be a ( )12 +n  dimensional smooth manifold. Let ϕ  be a 

( ) type-1,1  tensor field, ξ  is a vector field, and η  is a 1-form on M. Then 

the ( )ηξϕ ,,  is called an almost paracontact structure on M, if the 

following conditions are satisfied: 

( ) ( )

( ) ( )

( ) ( )

( ) ( )

)2(
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If we donote by { }⊥η  the subbundle of the tangent bundle ( )MT  of M 

consisting of all vectors annihilated by ,η  then the tensor field ϕ  induces 

an almost paracomplex structure on each fibre of { } .⊥η  The pair 

( )ηξϕ ,,,M  is called an almost paracontact manifold. 

Definition 3. Let M be an almost contact manifold and define an 
almost complex structure J on R×M  by 

( ) ( ) ( ) ,dt
dXXfXdt

dfXJ η+ξ−ϕ=+   (3) 

for any vector field X on M, where f is a ∞C  function on .R×M  An 
almost contact structure is said to be normal if J is integrable. An almost 
contact metric structure ( )g,,, ηξϕ  is called Sasakian if furthermore 

( ) ( ) ( ) ( ) ,, ξ−η=ϕ∇ YXgXYYX   (4) 

where ∇  is the Levi-Civita connection of g. 

Definition 4. An immediate consequence of the definition of the 
almost paracontact structure is that the endomorphism ϕ  has rank ,2n  

0=ϕξ  and .0=ϕη D  If a manifold ( )12 +nM  with ( ) structure-,, ηξϕ  

admits a pseudo-Riemannian metric g such that (1), then we say that 
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( )12 +nM  has an almost paracontact metric structure and g is called 
compatible metric. Any compatible metric g with a given almost           
paracontact structure is necessarily of signature ( ).1 n,n +  Setting 

,ξ=Y  we have ( ) ( )ξ=η ,XgX  ([21], [22]). 

3. Nijenhuis Tensor 

A celebrated theorem of Newlander and Nirenberg [23] says that an 
almost (para) complex structure is a (para) complex structure if and only 
if its Nijenhuis tensor or torsion vanishes. 

Theorem 1. An almost paracontact structure ( )ηξϕ ,,  is said to be 

normal, if the Nijenhuis tensor JN  of almost paracontact structure J is 

defined as 

( ) [ ] ( ) [ ] [ ] [ ] [ ].,,,,,,, 2 JYXJYJXJYXJJYJXYXJJYXNJ −−+==  

(5) 

The almost paracontact structure J on M is integrable if and only if 
the tensor JN  vanishes identically, where JN  is defined on two vector 

fields X and Y. The tensor (2, 1) is called the Nijenhuis tensor (5). If 
,0=JN  then the almost paracontact structure is called paracontact or 

integrable. 

4. Paracontact Manifold 

Let M be a differential manifold, TM its tangent bundle, and 
TM⊂ξ  a field of hyperplanes on M a smooth sub-bundle of codimension 

1. Here the terms differential and smooth are used synonymously with 

.∞C  Locally, ξ  can be written as the kernel of a non-vanishing 

differential 1-form .α  A 1-form α  defined globally on M with α=ξ ker  

can be found if and only if ξ  is coorientable, which is equivalent to 
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saying that the quotient line bundle ξTM  is trivial. The 1-form α  is 

determined by ξ  up to multiplication by a smooth function ∗→ RMf :  

or, if the coorientation of ξ  has been fixed, by a function taking positive 

real values only. 

Definition 5. Let M be a smooth manifold of dimension ( ).12 +n  A 

contact structure on M is a hyperplane field ,TM⊂ξ  whose (locally) 

defining 1-form α  has the property that the ( )12 +n -form ( )ndαα   is 
non zero, i.e., a volume form, on its domain of definition. 

Observe that the condition ( ) 0≠αα nd  is indeed a property of ξ  

and independent of the choice of defining 1-form ,α  since ( ) ( )nfdf αα   

( ) .1 nn df αα= +   

Definition 6. A pair ( )ξ,M  consisting of an odd-dimensional 
manifold M and a contact structure ξ  on M is called a contact manifold. 

Definition 7. A 1-form as in Definition 5 defined globally on M, is 
called a contact form on M. 

Definition 8. If ( ) ( ) ( ) ( ( )YXYXdYXdYXg η=ηη=ϕ 2
1,where,,,  

( ) [ ]( )),, YXXY η−η−  then η  is a paracontact form and the almost 
paracontact metric manifold ( )gM ,,, ηϕ  is said to be paracontact metric 

manifold [21]. 

Example 1. Let 3R  be the 3-dimensional real number space with a 

coordinate system ( ).,, zyx  We define zydxdz
∂
∂=ξ−=η ,  
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Then, ( )ηξϕ ,,  is an almost paracontact structure [1, 2] in .3R  Here, 

instead of J conformal structure representing the structure of ϕ  will be 

used. Now, we denote the structure ( )ϕ  of the holomorphic property: 
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Above (1) and (2) structures of (7) are paracontact. Also, (3) structure 
is tangent (exactly). 

5. J-Holomorphic Functions 

Definition 9. Let U be an open set of ,C  and C→Uf :  a 
continuously differentiable mapping. We can write ( )yxuivuf ,=+=  

( ),, yxiv+  where iyx +  and ivu +  are complex coordinates on the 

domain and target, respectively. The function f is said to be holomorphic 

if the resulting differential 22: RR →= ∗fdf  is complex linear. 

As defined above, this means that the Jacobian matrix of partial 
derivatives commutes with multiplication by complex i, so that 
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and one obtains the Cauchy-Riemann equations yxyx uvvu −== ,  [24]. 
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6. Almost-Hermitian Manifold 

Definition 10. A Hermitian manifold is the complex analogue of a 
Riemannian manifold. Specifically, a Hermitian manifold is a complex 
manifold with a smoothly varying Hermitian inner product on each 
(holomorphic) tangent space. One can also define a Hermitian manifold 
as a real manifold with a Riemannian metric that preserves a complex 
structure. 

Definition 11. Let M be an almost-Hermitian manifold, that is a    
2n-dimensional Riemannian manifold admitting an orthogonal almost 
complex structure J. We shall often indicate the Riemannian metric g     
by ., ⋅⋅  An associated metric g and J is the fundamental 2-form ω  

defined by ( ) ,,,,,, MTYXJYXYJXYX m∈−==ω  whose skew-

symmetry follows from the equation YXJYJX ,, =  [25]. 

7. Symplectic Manifold 

Definition 12. A symplectic vector space is a vector space V over a 
field F (for example, the real numbers R ) equipped with a symplectic 
bilinear form .: FVV →×ω  The bilinear form ω  is said to be 
symplectic, if it is (a) alternating: ( ) 0, =ω vv  for all ,Vv ∈                       

(b) nondegenerate: if ( ) 0, =ω vu  for all ,Vv ∈  then .0=u  

Definition 13. A symplectic manifold is a smooth manifold M 
equipped with a closed nondegenerate differential 2-form ( )ω  called the 

symplectic form. The study of symplectic manifolds is called symplectic 
geometry or symplectic topology. Symplectic manifolds arise naturally in 
abstract formulations of classical mechanics and analytical mechanics as 
the cotangent bundles of manifolds, e.g., in the Hamiltonian and 
Lagrangian formulation of classical mechanics, which provides one of the 
major motivations for the field. The set of all possible configurations of a 
system is modelled as a manifold, and this manifold’s cotangent bundle 
describes the phase space of the system. 
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The basic example of an almost complex symplectic manifold is 

standard Euclidean space ( )0
2 , ωnR  with its standard almost complex 

structure 0J  obtained from the usual identification with .nC  Thus, one 

sets jjj ixxz 212 += −  for nj ,,1 …=  and defines 0J  by 

( ) ( ) ,, 12202120 −− ∂−=∂∂=∂ jjjj JJ  (9) 

where jj x∂∂=∂  is the standard basis of n
xT 2R  [26]. 

8. (Euler)-Lagrange Dynamics Equations 

A dynamic system with a finite number n degrees of freedom can be 

described by real functions of time ( ) ( )nitqi ,,2,1 …=  which, together 

with the derivatives image ,iq�  uniquely determine its state at any 

moment of time t. The collection of all values of iq  is called the 

configuration space M of the system. In the simplest case, M is a 

Euclidean space .nR  

Definition 14. Let M be an n-dimensional manifold and TM its 
tangent bundle with canonical projection TMMTMM .: →τ  is called 

the phase space of velocities of the base manifold M. Let R→TML :  be 
a differentiable function on TM and is called the Lagrangian function. 

Lemma 1. The closed 2-form on a vector field and 1-form reduction 
function on the phase space defined of a mechanical system is equal to the 
differential of the energy function 1-form of the Lagrangian mechanical 
systems [27, 28]. 

Definition 15. We consider closed 2-form on TM such that 
( )Ld JL d−=Φ  and ξi  is 2-form reduction function that reduces the      

1-form. Consider the equation 

,LL dE=ΦΩi   (10) 
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where the semispray Ω  is a vector field. We shall see that for motion in a 
potential, ( ) LLVEL −=  is an energy function and ( )Ω= JV  is a 
Liouville vector field. Here LdE  denotes the differential of E. We shall 
see that Equation (10) under a certain condition on Ω  is the intrinsical 
expression of the Euler-Lagrange equations of motion. This equation is 
named as Euler-Lagrange dynamical equation. 

Definition 16. The triple ( )ΩΦ ,, LTM  is known as Euler-Lagrangian 

system on the tangent bundle TM. 

Definition 17. Consider the following combination of the kinetic (T) 
and potential energies ( ) ., VTLV −=  This is called the Lagrangian. 
There is a minus sign in the definition (a plus sign would simply give the 

total energy). In the problem of a mass on the end of a spring ,2
1 2xmT �=  

.2
1

2
1,2

1 222 xxmLxV kk −== �  Now write 

.,0 dt
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
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

∂
∂ �
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This equation (11) is called the Euler-Lagrange (E-L) equation [25-27]. 

9. Euler-Lagrangian Equations 

Using Lemma 1, we can be obtained Euler-Lagrange equations for 
classical and analytical mechanics on 3-dimensional real number space 
and it is shown by ( ).,, ϕgTM  Let Ω  be the vector field determined (to 
be similar [20]) on ( )ϕ,, gTM  for the calculation of the equation (10) and 
( )zyx ,,  be coordinate functions, 

.,,, zZzyYyxXzZyYxX ��� =====
∂
∂+

∂
∂+

∂
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Then the vector field defined by 
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is thought to be Liouville vector field on almost paracontact manifold 
( ) ( )LdgTM L ϕ−=Φϕ∇ d.,,,  is the closed 2-form given by (10) such 

that 

( ) ,:, 1MMFdzzdyydxx →
∂
∂+

∂
∂+

∂
∂= ϕdd  (14) 

and 

,ϕϕϕ −= ii ddd  

( ) ( ) ( ) ( ) .dzzdyydxx ∂
∂ϕ+

∂
∂ϕ+

∂
∂ϕ=ϕ=ϕ dd  (15) 

Also, the vertical differentiation ϕd  is given by d is the usual exterior 

derivation. Here, we can account Euler-Lagrange equations for classical 
and quantum mechanics on 3-dimensional real number space 
( ).,, ϕgTM  We get the equations given by 

( ) ( ) .dyydxzyx ∂
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Let account ,LΦ  
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and then we find using 

( ) ( ) ( ) ( ) ,fvggvfvgf −=  
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and 

( )ΩΦ=ΦΩ LLi  

dyyx
LXdxzx

Lyxx
LXdxzx

Lyxx
LX 








∂∂

∂+







∂∂

∂−
∂∂

∂−−







∂∂

∂−
∂∂

∂−=
22222

 

dxyx
LYdzzz

Lyxz
LXdyzy

Lyxy
LX 








∂∂

∂−







∂∂

∂−
∂∂

∂−+







∂∂

∂−
∂∂

∂−+
22222

 

dzyz
LYdyyy

LYdyyy
LYdxzy

Lyxy
LY 








∂∂

∂−







∂∂

∂+







∂∂

∂−







∂∂

∂−
∂∂

∂−−
22222

 

.
222

dyyz
LZdxzz

Lyxz
LZ 








∂∂

∂+







∂∂

∂−
∂∂

∂−−  (19) 

Also, the Lagrangian energy function of system is 
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





∂
∂+

∂
∂+

∂
∂ϕ=Ωϕ= yYzyxXzZyYxXV  

(20) 

Moreover, 

( ) ( ) ,Ly
LYz

Lyx
LXLLEL −







∂
∂−+

∂
∂−

∂
∂−=−Ωϕ=  (21) 
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and the differential of LE  is 

dxyx
LYdxzx

Lyxx
LXdEL 








∂∂

∂−







∂∂

∂−
∂∂

∂−=
222

 

dyy
Ldyyy

LYdyzy
Lyxy

LXdxx
L

∂
∂−








∂∂

∂−







∂∂

∂−
∂∂

∂−+
∂
∂−

222
 

.
222

dzz
Ldzyz

LYdzzz
Lyxz

LX
∂
∂−








∂∂

∂−







∂∂

∂−
∂∂

∂−+  (22) 

Using (10), we get equations as follows: 

dxzy
Lyxy

LYdxzx
Lyxx

LX 







∂∂

∂−
∂∂

∂−−







∂∂

∂−
∂∂

∂−−
2222

 

 dyyy
LYdyyx

LXdxzz
Lyxz

LZ 







∂∂

∂+







∂∂

∂+







∂∂

∂−
∂∂

∂−−
2222

  

.dyy
Ldxx

L
∂
∂−

∂
∂−=  (23) 

We find the following equations: 









∂∂

∂−
∂∂

∂−−







∂∂

∂−
∂∂

∂−− zy
Lyxy

LYzx
Lyxx

LXdif
2222

.1  

,0
22

=
∂
∂+








∂∂

∂−
∂∂

∂−− x
L

zz
Lyxz

LZ  







∂
∂







∂
∂+

∂
∂+

∂
∂

x
L

zZyYxX  

,0=
∂
∂+







∂
∂







∂
∂+

∂
∂+

∂
∂+ x

L
z
LyzZyYxX   

,0=
∂
∂+







∂
∂Ω+






∂
∂Ω x

L
z
Lyx

L  
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,0.2 =
∂
∂+






∂
∂







∂
∂+

∂
∂+

∂
∂

y
L

y
L

zZyYxXdif  

.0=
∂
∂+






∂
∂Ω y

L
y
L  (24) 

If we take the curve ,α  for all equations, as an integral curve of Ω  such 

that it is ( ) ( )α
∂
∂=α=αΩ t

�  

,0.1 =
∂
∂+







∂
∂

∂
∂+






∂
∂

∂
∂

x
L

z
Lytx

L
tdif  

,0.2 =
∂
∂+






∂
∂

∂
∂

y
L

y
L

tdif  (25) 

such that the differential equations (25) are named Euler-Lagrange 
equations on 3-dimensional real number space such that this is shown in 
the form of ( ).,, ϕgTM  Additionally, therefore the triple ( )ΩΦ ,, LTM  

is called a Euler-Lagrangian mechanical system on ( ).,, ϕgTM  

10. Equations Solving with Computer  
and Graph of System 

The location of each object in space is represented by three 
dimensions in physical space. These three dimensions can be labelled by 
a combination of three chosen from the terms time, length, width, height, 
depth, mass, density, and breadth. (25) are partial differential equations 
and there are 4 independent variables on contact manifolds. Using Maple 
program, the solution of the equation system (25) is as follows: 

( ) ( ) ( ) ( ) ( )zFxFttFtzyxL 321 exp,,, +∗−+=   (26) 

( ) ( )( ).2,exp 4 yzyxyFt ∗−∗∗+   (27) 
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Example 2. We draw a graph based on specific selected function for 
system (25) 

( ) ( ) ( ).expexp,,, tzxtttzyxL ++∗−+=   (28) 

  (29) 

Figure 1. 

11. Conclusion 

It is well known that paracontact geometry is in many ways an odd-
dimensional counterpart of symplectic geometry such that it belongs to 
the even-dimensional world. Both paracontact and symplectic geometry 
are motivated by the mathematical formalism of classical, analytical, and 
dynamical mechanics. Additionally, one can consider either the even-
dimensional phase space of a mechanical system or the odd-dimensional 
extended phase space that includes the time variable. Also, classical field 
theory utilizes traditionally the language of Euler-Lagrangian dynamics. 
This theory was extended to time-dependent classical mechanics. A 
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Euler-Lagrange space has been certified as an excellent model for some 
important problems in relativity, gauge theory and electromagnetism. 
Euler-Lagrangian gives a model for both the gravitational and 
electromagnetic fields in a very natural blending of the geometrical 
structures of the space with the characteristic properties of these 
physical fields. Euler-Lagrangian dynamics is used as a model for field 
theory, quantum physics, optimal control, biology, and fluid dynamics 
[29-31]. 

Actually, our universe is three-dimensional such that Einstein added 
time as the fourth dimension. By this study, the above mentioned forms, 
we were transferred 3-dimensional real number space on an almost 
paracontact manifold for the mechanical system. The obtained time-
dependent equations system (25) on 3-dimensional real number space are 
very important to explain the rotational spatial mechanical-physical 
problems. In addition, in the equations closed solutions (26) were found 
using symbolic computation program and special election of the solution 
was drawn (Figure 1). 
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