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Abstract 

Let ( )EVG ,=  be a simple connected graph. The sets of vertices and edges of G are 

denoted by ( )GVV =  and ( ) ,GEE =  respectively. The first and second Zagreb indices are 

equal to ( )
( )

2
1 νν

dGM
GV∑ ∈

=  and ( )
( )

( ) ,2 νν
ddGM uGEu

×= ∑ ∈
 respectively. The first 

and second multiplicative Zagreb eccentricity indices of G are defined, respectively, as 

( )
( )

( )21 ν
ν

ε=∏ ∏ ∈ GV
GE  and ( )

( )
( ) ( ) ,2 uGE

GEu
ε×ε=∏ ∏ ∈

ν
ν

 respectively, where ( )νε  

is the eccentricity of vertex v in graph G. 

In this paper, we focus on the structure of molecular graph circumcoronene series of 
benzenoid ( )1≥kkH  and present a closed formula for the second multiplicative Zagreb 

eccentricity index of .kH  
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___________________________________________________________________ 

1. Introduction 

Let ( )EVG ,=  be a simple connected graph of finite order 

( )GVVn ==  with the set of vertices and the set of edges ( ).GEE =  A 

general reference for the notation in graph theory is [1]. 

For every vertex ( ),GV∈ν  we denote the degree of ν  by νd  which 

the degree of any vertex is the number of first neighbour of .ν  Let the 
maximum and minimum degree of all the vertices of G are, respectively, 
denoted by ∆  and .δ  The distance ( )ν,ud  between the vertices u and ν  

of the graph G is equal to the length of (number of edges in) the shortest 
path that connects u and .ν  The eccentricity of a vertex is the distance 
between v and a vertex farthest from ν  and is denoted by ( )νε  thus 

( ) ( ) ( ){ }.|,Max GVuud ∈∀=ε νν  

Let the maximum and minimum eccentricity over all vertices of G are 
called the diameter and radius of G and denoted by ( )GD  and ( ),GR  

respectively. 

In other words, 

( ) ( ) ( ) ( ){ },|,Max GVuudGD GV ∈∀= ∈ νν   (1) 

( ) ( ) ( ) ( ){ }{ }.|,MaxMin GVuudGR GV ∈∀= ∈ νν   (2) 

Mathematical chemistry is a branch of theoretical chemistry for 
discussion and prediction of the molecular structure using mathematical 
methods without necessarily referring to quantum mechanics. Chemical 
graph theory is a branch of mathematical chemistry which applies graph 
theory to mathematical modelling of chemical phenomena. A molecular 
graph is a simple finite graph such that its vertices correspond to the 
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atoms and the edges to the bonds. In chemistry, graph invariants are 
known as topological indices. In graph theory, we have many different 
topological indices of arbitrary graph G. 

A topological index is a real number related to a molecular graph, it 
does not rely on the labelling or the pictorial representation of a graph 
which is invariant under graph automorphisms. Obviously, every 
topological index defines a counting polynomial and vice versa [1-3]. 

One of the best known and widely used is the Zagreb topological 
index and was defined about forty years ago by Gutman and Trinajsti in 
1972 [4] (or, more precisely, the first Zagreb index, because there exists 
also a second Zagreb index [3]). The first Zagreb index of G is defined as 
the sum of the squares of the degrees of all vertices of G [5]. The first and 
second Zagreb indices of G are denoted by ( )GM1  and ( ),2 GM  

respectively, and defined as follows: 

( )
( )

,2
1 ν

ν
dGM

GV
∑
∈

=  (3) 

( )
( )

( ),2 ν
ν

ddGM u
GEu

×= ∑
∈

 (4) 

where ud  and νd  are the degrees of u and ,ν  respectively. The first and 

second Zagreb indices 1M  and 2M  are applied to study molecular, 

chirality in quantitative structure-activity relationship (QSAR) and 
quantitative structure-property relationship (QSPR) analysis, etc. 

In 2012, the multiplicative variant of Zagreb indices was introduced 
by Todeschini et al. [6, 7], Gutman in [8] call these indices as 
multiplicative Zagreb indices. They are defined as 

( )
( )

,2
1 νν

dGM
GEu∏ ∈

=∏  (5) 

( )
( )

( ).2 νν
ddGM uGEu

×=∏ ∏ ∈
 (6) 



Mohammad Reza Farahani and Wei Gao / IJAMML 4:1 (2016) 31-42 34

The eccentric version of the first Zagreb index was introduced by  
Ghorbani et al. [9] and Vukicevic et al. [10] in 2012 as follows: 

( )
( )

( ) ,2
1 ν

ν
ε= ∑ ∈

∗
GV

GM  (7) 

( )
( )

( ) ( ),2 uGM
GEu

ε×ε= ∑ ∈
∗ ν

ν
 (8) 

where ( )νε  and ( )uε  is the eccentricity of vertices v and u, respectively 

[11-13]. 

Recently in 2012, the multiplicative Zagreb eccentricity indices of the 
connected graph G were introduced by Nilanjan De [14] and are defined, 
respectively, as follows: 

( )
( )

( ) ,2
1 ν

ν
ε=∏ ∏ ∈ GEu

GE  (9) 

( )
( )

( ) ( ).2 uGE
GEu

ε×ε=∏ ∏ ∈
ν

ν
 (10) 

For further results of the Zagreb eccentricity indices, we encourage the 
reader refer to [15-24]. 

In this paper, we focus on the structure of famous benzenoid 
molecular graph “circumcoronene series of benzenoid ( )1≥kkH ” and 

present a closed formula for the second multiplicative Zagreb eccentricity 
index of .kH  

2. Main Results and Discussion 

The goal of this section is to study the multiplicative Zagreb 
eccentricity indices of circumcoronene series of benzenoid ( ).1≥kkH  The 

circumcoronene series of benzenoid is family of benzenoid molecular 
graph, which consist several copy of 6C  on circumference and are 

generalizations of benzene molecule and the benzene molecule is a usual 
molecule in chemistry, physics and nano sciences and is very useful to 
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synthesize aromatic compounds. The general representations and first 
terms of this benzenoid series are ,coronene,benzene 21 == HH  

umcoronenecircumcirc,nenecircumcoro 43 == HH  are shown Figures 

1, 2, and 3. This benzenoid family is presented in many papers; please 
refer to [24-36]. 

 

Figure 1. -circum,nenecircumcoro,coronene,benzene 4321 ==== HHHH   

nenecircumcoro  [33-36]. 
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Figure 2. The ring-cuts of circumcoronene series of benzenoid ( )1≥kkH  

[33-36]. 

Theorem 1. Let kH  be the benzenoid molecular graph “circumcoronene 

series of benzenoid kH ” .1≥∀k  Then the second multiplicative Zagreb 

eccentricity index of kH  

( ) ( )( ) ( ) ( ) ( ) ( )[ ] .11222 1126

1

2236236
2 













−++−+=∏ −

=

−+− ∏ ii

i

ii iiiHE kkk
k

k
k  

(11) 
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Proof. Consider the circumcoronene series of benzenoid ( ).1≥kkH  Let 

( ) { }6,, &&|, ZZZ ∈∈∈βγ= zjiHV ijzijzi
kk  be a notation for 

vertices/atoms of kH  and alternatively ( ) { ,,1,,, , jzijzijzijziHE βγβγ= +k  

}61,,,,1 &&and ZZZ ∈∈∈γγβγ +
− zji ijzijzijzijzi

k  be a notation for 

edges/bonds of .kH  

So, from the general structure of kH  in Figures 2 and 3, it is easy to 

see that the circumcoronene series of benzenoid has 26k  vertices/atoms 

and there are kk 39 2 −  edges/bonds in general case of this benzenoid 
graph. Since 

( ) ,666 21

01
,

6

112
,

6

111
k

kki

j

ki

j

k

k =+=β+γ= ∑∑∑∑∑∑∑∑ −

==
======

iiHV
ii

jzi

zi
jzi

zi
 

(12) 

( ) ( )1,,,,1,1,,,
6

111
+

−
+

===

γγ+βγ+βγ+βγ= ∑∑∑ jzijzijzijzijzijzijzijzi

zi
HE

i

j

k

k  

k.kk
kkk

396666 21

1

1

1

1

1
−=+++= ∑∑∑ −

=

−

=

−

=
iii

iii
 (13) 

Now, to achieve our aims, we should use the ring-cut method. The 
ring-cut method is a modify version of the cut method that divide all 
vertices and edges of a graph G into several partitions (or, more precisely, 
cuts) with similar mathematical and topological properties. For further 
study and results of the cut method and the ring-cut method, we 
encourage the reader refer to [27, 28, 36]. 

Also, for example, reader can see the vertex/edge notations and ring-
cuts of circumcoronene series of benzenoid in Figures 2 and 3. 

Now, by according to Figures 2 and 3 and using the results from [36], 
we can calculate the eccentric ε  of all vertices of circumcoronene series of 
benzenoid ,1, ≥∀kkH  such that k,,1 …=∀i  and 6& ZZ ∈∀∈∀ zij  

as follows: 
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( ) ( )
�� 
�� 	�

…

34
,3,,61 ,:&;,,1

−

+− ββ=βε∈∈=∀

i

i
jz

i
jzjzi

i dzi ZZjk  

( )
( )

( ) ,212,
12

,3,3 −+=γβ+

+−

++ k

k

k
��� 
��� 	�

i
jz

i
jzd  (14) 

( ) ( )
�� 
�� 	�

…

14
,3,,6 ,:&;,,1

−

+γγ=γε∈∈=∀

i

i
jz

i
jzjzi

i dzi ZZjk  

( )
( )

( ) .12,
2

,3,3 −+=γγ+

−

++ id

i
jz

i
jz k

k

k
��� 
��� 	�

 (15) 

 

Figure 3. The general representation of circumcoronene series of 
benzenoid ( )1≥∀kkH  [33-36]. 
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Thus by according to Figures 2 and 3 and above results, we have 
following computations for the second multiplicative Zagreb eccentricity 
index of circumcoronene series of benzenoid ( )1≥kkH  as 

( )
( )

( ) ( )( )uHE
HEu

ε×ε=∏ ∏
∈

ν
ν k

k2  

( )

( ) ( )
( )

( ) ( )
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Now, we can insert the equivalences of eccentric ( )jzi ,βε  and ( )jzi ,γε  

( )61 &;,,1 ZZ ∈∈=∀ − zi ijk…  by their exact value ( ) 22 −+ ik  and 

( ) ,12 −+ ik  respectively. 

( ) ( ) ( )[ ] ( )16

2
2 222122 −

=

−+−+=∏ ∏ i

i
iiHE kk

k

k  

( ) ( )[ ] ( )16
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(17) 

Finally, the second multiplicative Zagreb eccentricity index of 
Z∈∀kk ,H  is equal to 

( ) ( )( ) ( ) ( ) ( ) ( )[ ] .11222 1126

1

2236236
2 













−++−+=∏ −

=

−+− ∏ ii

i

ii iiiHE kkk
k

k
k  

(18) 

Here, we complete the proof of the Theorem 1.  
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