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Abstract

In this paper, we study some operators type Sturm-Liouville with delay
construction of solutions of the equation method of successive approximations,
the formation of the characteristic features of operators and the asymptotic
behaviour of the characteristic features.

1. Introduction

Spectral analysis is a modern mathematical theory which proved to
be extremely effective in addressing one very broad class of problems in
various scientific disciplines such as mathematics, mechanics, physics,
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electronics, geophysics, meteorology and other natural and technical
sciences. Reverse spectral problems today represent one of the most
popular parts of the spectral analysis, which is supported by a large
number of works on precisely this issue. The greatest results in the
spectral theory in general and especially for inverse spectral problems
has been made for Sturm-Liouville operator

Lly] = - y"(x) + q(x)y,

which is also called the one-dimensional Schrédinger operator. The
spectral characteristics of the operator L[y] imply asymptotic study of its
eigenvalues, asymptotic of its intrinsic functions, decomposition in order
eigenfunctions, resolve and determination tasks reverse regularized
traces. A special class of problems are inverse problems for operators of

the type Sturm-Liouville where the potential g(x) and the argument of

the function y does not occur with the same argument. Differential
equations that describe these operators are called differential equations
with dislocated argument.

2. Asymptotic Spectrum of the Operator L[q, a, h]

The border problem

- y"(x) + g(x)y(ax) = 2y, (0<a<1), €H)
'(0) - hy(0) = 0, 2
y(n) = 0. 3)

Observers as a problem of its own value operator L[q, o, h]. Just checked

the solution of integral equations
h X
y(x, z) = cos zx + Z sin zx + %J‘q(t) sin z(x — t)y(at)dt, (22 =1). (4)
0

It satisfies Equation (1) as a boundary condition (2). Equation (4) is

solved by a method of successive approximations:
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X
y(x, z) = cos zx + g sin zx + % q(t)sin z(x — t)y(at)dt + % Jq(t) sin z(x — t) sin zautdt
z

MS
Oy R

+ il I Q(Ty)sin z(x — t; )H sin z(at; — t;,1 ) cos zat;dT;

1=2 % pyx,1)

I
[\

0 -
1 . . .
+h) —— j Q(T})sin z(x — tl)l I sin z(at; —t; .1 )sin zat;dTj.
1=1

=27 pylx,1)

)
From (5) and the boundary conditions y(n)=0, we obtain the

characteristic function of the operator L[qg, a, A]:

™
F(z) = cosnz + ﬁ sin nz + — J-q(t) sin z(r — t) cos zatdt + % J-q (¢)sin z(n — t) sin zatdt
z
0 0

00 [-1
1 . .
+ ZZ I Q(T})sin z(r - ¢; )H sin z(at; — ¢;,1 ) cos zat;dT)
=2 Dy(x,1) =1
0 1 /-1
+ =) j Q(Ty)sin z(r — ¢ )H sin z(at; — t;,1 ) sin zat;dTj.
1=1

= 2
1=2 Dy(x,1)

Theorem 1. If q(x) € L1[0, n], own values operator Llg, o, h] has

asymptotic

Proof. From rating

I = ]Eq(t)sin o(n— (1 — a)t)dt = O(Il?lj’
0
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T
I, = Iq(t) sin z(n — (1 + a)t)dt = O (éj,
0
follows
Y
Jq(t) sin z(r — t) cos zatdt = O(éj, (z e R,z > ).
0
Similarly, it shows that
T
Jq(t) sin z(n — t) sin zatdt = O(éj, (z e R,z > ).
0

It is also

1-1
Ll I Q(T})sin z(r - ¢; )H sin z(at; — ¢;,1 ) cos zat;dT; = O [%},
i=1

2 D) |2

=
Zl

Dy(a)

1

/-1
Q(Ty)sin z(r - ¢; )H sin z(at; — t;,1 ) sin zat;dT; = O [HW],
1=1 z

(=23..).

From these assessments obtained asymptotic characteristic functions on

the real axis:

F(z) = cosnz + 2 ginnz + O(i)
z 22

Let

zZ, = n'+c—1,+0(ij(n':n+l, n eZ).
n n'2 2
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Then, for sufficiently large modulo n

At of L
cosmz, =(-1) o +O( 2],

sinnz, = (-1)" +0 (%),

n
1 1 1
ol
2721, n,2 nr4
and
-1 1
P,y = E e n)+0(—)
n n 1 n,z
If the
h
h—ClTE—O, Cl—;,
1
we get F(z,) = O(—zj
nl

So, for ¢; = %,

2

zero function F(z) are determined with an accuracy up to O (Lj Then
n

Theorem 2. If the function q(x) is absolutely continuous, for

asymptotic spectrum valid

n
) 2(-1)7q(n) qgn) cos (n + ljom
1 2h  w(l-a?) 2 1
7\.n =|n+ E + ? + +0

n+l 1) |
2 (n"rgj
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Proof. If the integrals I; and I from the previous theorem

application integration by parts, we get

Y
Jq(t) sin z(m — t) cos zatdt = 1 (Lﬂ)z cos anz — LO)Z cos nzj
0 Z\l-a 1-a

1 1 4 1 5
(et T

where is

I - Jq’(t) sin 2(r - (1 — a)t)ds,
0

I - j q'(¢) sin 2(x — (1 + a)t)dt.
0

From the absolute continuity of g(x), it follows that ¢'(x) € L;[0, =] and,

therefore, valid assessment

e
I
Q
—
|-
Ne—

~
o
I
@)
—
N
N—

18

jq(t) sin z(m — t) cos zatdt = 1 (an cos anz — LOL cos nzj +0 (LJ
! z\1_g _

1-a 22

Appropriate assessment of the remaining addend in the expression for

F(z) obtained as in the previous theorem. The characteristic function

has the following asymptotic decomposition:

F(z) = cosnz+ﬁsinnz+i(§1 cos anz + &g cos nz) + O 1 ,
z 22 23
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where is

e T e T

Let

2, =n' +—1+—+O[ j
n 2 n

From the asymptotic expansions

¢ me 1
cosmz, = (-1 22 L0 = |
n n!2 n/3

sinnz, = (-1)" +0 (L),
12
n
, 1
cos anz, = cosn'an + O i)
follow

F(z, )—( ) (h - mey )+ [( 1) ey + & cosnom]+0[ 1,3]

Constants ¢; and ¢y determine the conditions A -mc; =0 and

(- 1)n+l ncy + & cos n'an. We get

Ao (C1al)
2

, 5. Cos n'an, and is
T n(l - o)

=

2( 1)nq( ) COs (n + ) T
2 12 2n w(l-a?) 2 1
knzznz n+§ +?+ 1 +0 ﬁ
n+§ (n+§)




44 FATIH DESTOVIC et al.

Theorem 3. If q'(x) is absolutely continuous function, range operators

Llq, o, h] has an asymptotic

tn = (3] 422 1=a) 2
n- 2 P

n+ s
2

_21+4%)q(0)  2-1)" [hq(n) 204/(x)
2

hZ 2 + 2hq(0) + sin(n + 1) on
T 31 TE(1+Q) (1—0{2)2 T 1+a (1—0(2)2 2

+

Proof. In this case, the q"(x) € L;[0, n] then apply marks

q'(r)

I :_z(l )sinomz+z(12 (O))sinnz+0(:2],
/ q'(n) . q'(0) . 1
I; = - + +

9 =0 )smomz =il )smnz 0 Z)

and, based on them, rating

T
jq(t) sin z(n — t) cos zatdt = é(ﬁl cos anz + &g COS 12)
0

' 2\ 1
+ 12 {&L(;)Q sin anz — (1+a—)2q2(0) sin nz} +0 [%)
2z [(1-a*) (1-a%) z
Similarly, it shows that

g
Iq(t) sin z(n — t) sin zatdt = 1 [Ln)z sin anz — Lo)z sin nz] +0 [%)
% F\l-a 1-«a z
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Other summands in the expression for F(z) are in order O (%), and is
z

F(z) = cos 1z + g sin 1z + %(&1 cos anz + &g cos mz)
z
1 . . 1
+—(&gsinanz + &4 sinnz)+ 0| —|, (z2€ R,z - o),
23 24
where is

hq(n) . 2aq'(n) _ _ahg(0) _ (1+4*)q'(0)
" - 1-a? (1-a?) ‘

&3 =

C1-02 (1—0c2)2’

. , C c c 1 .

If is z,=n +—1,+—2+—3+O —— |, then from the asymptotic
n n¢2 n/3 n¢4

expansions

e}

Ty —

T me 1

cosmz, = (1) AR X2 0 6 Lol = |
n n/2 n/3 14

nlc}
sinnz, = (-1)"]1- 22 +0 (%),
n' n'

, omey 1
cos anz, = cosn'an ———+ O — |
n

. ., 1
sin anz,, =sinn‘an+ 0| = |,
n
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follow
n
F(z,) = % (h — mey) + % [(- 1)n+1nc2 + & cosn'an]
n'

3.3 2.2
4 L?) I:(_ 1)n+1 ey — T 601 T (_ 1)n+1 % " (_ 1)n+1 éQﬂ:CI

+ &g sinn'an + (- 1)n§4} +0 (%)
n’

Equating the expression in brackets to zero, we obtain the ¢; = ﬁ,
T

(-1)"q(n)

cg = ~————=cosn'an, and
m(1-a?)
3 2 ’ _ n ]
g = -1, ha@ _(+a7)q(0) VT hg(m) | 2agm |00
3n w(l+a) (1 — a2)? T (1+a) 1-0a2)?
ZCZ

Substituting c¢;, cg, and c3 in the expression A, = n'? +2¢; +—=
n

2
¢+ 2c¢
T

2

n 3

+ 0 [Lj we get specified asymptotic.
n
3. Asymptotic Spectrum of the Operator L[q, a, h, H]

The operator L[q, o, h, H] is defined by the border problem with

general boundary condition:

-y"(x) + q(x)y(ax) = Ay(x), (0 <o <1), (6)
¥'(0) - hy(0) = 0, )
y'(m) + Hy(n) = 0, (®)

where are h, H € C.
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Method of variation constants shows that the Equation (6) with the

boundary condition (7) equivalent integral equation
h X
y(x, z) = cos zx + ~ sin zx + %J.q(t) sin z(x — t)y(at)dt, (22 =1).  (9)
0
The solution of the Equation (9) is

2

X X
y(x, 2) = cos zx + g sin zx + % Iq(t) sin z(x — t) cos zatdt + L2 v[q(t) sin z(x — t) sin zotdt
z
0 0

0 -1
+ Zil J Q(Tl ) sin Z(x - )H sin Z((Xti -t ) CcoSs Z(XtidTZ
1=2% plx.0) i=1
0 1 -1
+ Q(T;)sin z(x - t; )H sin z(at; — t;,1 ) sin zat;dT).
I+1
=22 pylx,0) i=1

Boundary condition (8) determines the characteristic function of the

operator L[g, a, h, H] :

T
F(z)=-zsinnz + (h + H)cosnz + Jq(t)cosz(n — t)cos zatdt +§
0

T T
hH sin 1z + hI q(t) cos z(n — t) sin zatdt + qu(t) sin z(r — t) cos zatdt
0 0

T

+ h_l;] J.q(t) sin z(r — ¢) sin zatdt
z
0
® 1 -1
+ Z =] I Q(Ty)cos z(m — ¢ )H sin z(at; —t; .1 )cos zat;dT;
=27 Do) i=1

> -1
+h Ll I Q(Ty) cos z(m — )H sin z(at; — t;,1 ) sin zat;dT)
=22 Dj(a) i=1
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0 -1

1 . .

+H E 7 I Q(T))sin z(n — ¢, )I I sin z(at; — t;,1 ) cos zat;dT)
=2 Dy(a) i=1

i -1
+ hHZ ll+1 _“ Q(T;)sin2(n — 1 )H sin z(at; — ¢;,1 ) sin zat;dT).

=2 Dile) i-1
For asymptotic apply the following theorem:

Theorem 4. If it is q(x) € L;[0, =], then

F(z) = zcos nz + H sin nz + O(%),

Theorem 5. If q(x) is absolutely continuous function, then

F(z) = zcosnz + H sin 1z +§(§1 cos anz + £g COS mZ) + O(%),
z

£ = q(n) kg = q(0)

1- o2 1—0(2’
n
) MCOS(HL)M
A —(n+l +2H (l-a”) 2 +0 1
n - 2 P 1 12 :
2 ( 2)

Theorem 6. If q(x) is absolutely continuous function, then says the

following ratings:

F(z) = zcosnz + H sin nz + %(&1 cos anz + £g COS T2)

+ Lz(é?) sin anz + &4 sin 1z) + O(L),

z 23
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_ _oHg(0)  20g'(0)
1-a2 (1-a2)

_ Hy(m) , (1+o*)ag'(n)
1-a? (1-a?)?

&3

Mcos (n + l) an

2 _ 2 2
an(n+lj +ﬁ+ l-o)
2 b

n+s
2

_2H®  40q'(0)
3T p(1-o?)?

+ 2(_n1)n [Hq(n) + (1 + o )q'(n)]sin(n + l)om

2
2

The evidence of this proposition does not substantially differ from the

evidence of appropriate proposition for the operator L[g, a, k], and were

thus excluded.
4. Conclusion

This work is devoted to determining the spectral characteristics of
some types of operators Sturm-Liouville delay. The results in this paper
are supported in various fields of mathematical analysis, such as: The
theory of regularized traces of differential operators and the theory of
analytical functions. These results are a good basis for solving inverse
problems operator are Sturm-Liouville delay method of Fourier
coefficients, which is a new method to this problem and applied a few

years ago.
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