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Abstract 

Let B be a general Hirata-Azumaya Galois extension of GB  with Galois group 
G. Then several characterizations of such a B are shown, and an equivalent 
condition is given for such a B satisfying the fundamental theory. 

1. Introduction 

Let B be a ring with 1, G be a finite automorphism group of CB,  be 

the center of B, and ( ){ }.eachfor| GgbbgBbBG ∈=∈=  In [3, 6, 11], 

the class of central Galois extensions B over C with Galois group G was 
studied. In [5, 8, 14], the class of Hirata separable and Galois extensions 

B of GB  with Galois group G was investigated. In [1, 2, 15], the class of 

Galois extensions B of GB  with Galois group G such that GB  is an 

Azumaya GC -algebra was explored, such a B is called an Azumaya 
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Galois extension. Then in [17], the author studied the class of Hirata 

separable and Azumaya Galois extensions B of GB  with Galois group G. 
This is a broader class of Galois extensions than the class of central 

Galois extensions. Noting that a Galois extension B of GB  with Galois 

group G such that GB  is a separable GC -algebra is not necessarily an 
Azumaya Galois extension Galois group G. In [13, 16, 18], a Galois 

extension B of GB  with Galois group G such that GB  is a separable    
GC -algebra is called a general Azumaya Galois extension of GB  with 

Galois group G. The purpose of the present paper is to study the class of 

Hirata separable and general Azumaya Galois extensions B of GB  with 
Galois group G. We shall show several characterizations of such a Galois 
extension B and give an equivalent condition for such a B satisfying the 
fundamental theory which generalizes Theorem 3.4 in [12] and Theorem 
3.6 in [17]. 

2. Basic Definitions and Notations 

Let B be a ring with 1, C be the center of B, G be a finite 

automorphism group of GBB,  be the set of elements in B fixed under 

each element in G, and GB ∗  be a skew group ring over B in which the 

multiplication is given by ( )gbggb =  for Bb ∈  and ,Gg ∈  and G  be 

the inner automorphism group of GB ∗  induced by G, that is, 

( ) 1−= gxgxg  for each GBx ∗∈  and .Gg ∈  We note that G  restricted 

to B is G. 

Let A be a subring of B with the same identity 1. We call B a 
separable extension of A if there exist { ii ba ,  in miB ,,2,1, …=  for 

some integer }m  such that ,1=∑ iiba  and bbabba iiii ⊗=⊗ ∑∑  for 

all b in B, where ⊗  is over A, and an Azumaya algebra is a separable 
extension of its center ([4]). A ring B is called a Hirata separable 
extension of A if BB A⊗  is isomorphic to a direct summand of a finite 

direct sum of B as a B-bimodule ([8]). 
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We call B a Galois extension of GB  with Galois group G if there exist 
elements { }miBba ii ,,2,1,in, …=  for some integer m such that 

( ) gii
m
i bga ,11 δ=∑ =

 for each Gg ∈  ([3]). A ring B is called a Galois 

algebra over R if B is a Galois extension of R such that R is contained in 
the center C of B, and a central Galois algebra over R if CR =  ([6]).     

We call B a Hirata Galois extension of GB  with Galois group G if it is a 

Hirata separable and Galois extension of GB  with Galois group G ([8]).   
A Galois extension B with Galois group G is called an Azumaya Galois 

extension of GB  if GB  is an Azumaya GC -algebra ([1, 2]) and a general 

Azumaya Galois extension of GB  if GB  is separable over GC  ([16]). 

As in [17], B is called a Hirata-Azumaya Galois extension of GB  with 
Galois group G if B is a Hirata separable and an Azumaya Galois 

extension of GB  with Galois group G. In this paper, we call B a general 

Hirata-Azumaya Galois extension of GB  with Galois group G if B is a 

Hirata separable and a general Azumaya Galois extension of GB  with 

Galois group G. A Galois extension B of GB  with Galois group G is called 

satisfying the fundamental theory if HBH →α :  is a one-to-one 
correspondence between the set of subgroups of G and the set of separable 

extensions A of GB  in B with the inverse map ( ),:1 AGA →α−  where 

( ) { ( ) aagGgAG =∈=  for all }.Aa ∈  

Throughout this paper, we assume that B is a Galois extension of   
GB  with Galois group CG,  the center of { ( )bxgbxBbJB g =∈=,  for 

each }Bx ∈  for a ,Gg ∈  and for a subring A of B with the same identity 1, 

( ) { ( ) aagGgAG =∈=  for all }Aa ∈  and ( ) =AVB { baabBb =∈ |  

for each }Aa ∈  the commutator (also called centralizer) subring of A in 

B. 
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3. Main Results 

Keeping the definitions and notations in Section 2, in this section, we 
shall show several characterizations of a general Hirata-Azumaya Galois 

extension B of GB  with Galois group G, and give an equivalent condition 
for such a B satisfying the fundamental theory. We begin with a very 
useful property of an Azumaya algebra given by Ikehata. 

Lemma 3.1 ([5], Theorem 1). Let B be an Azumaya algebra and A be 
a subalgebra of B. If B is projective as a left A-module, then B is a Hirata 
separable extension of A. 

Lemma 3.2 ([4], Theorem 3.8, page 55). Let A be a separable algebra 
and D be a subalgebra of A. If A is a left projective D-module and D is a direct 
summand of A as a D-bimodule, then D is a separable subalgebra of A. 

Theorem 3.3. The following statements are equivalent: 

(1) B is a general Hirata-Azumaya Galois extension of GB  with 
Galois group G. 

(2) B is a general Azumaya Galois extension of GB  with Galois group 

G such that .GCC =  

(3) B is a Galois extension of GB  with Galois group G such that B is 

an Azumaya GC -algebra and the order of G is invertible in B. 

(4) GB ∗  is a Galois extension of ( )GGB ∗  with an inner Galois 

group G  induced by G such that ( )GGB ∗  is a separable GC -algebra 

and .GCC =  

Proof. (1) ⇒  (2) By hypothesis, B is a general Azumaya Galois 

extension of GB  with Galois group G. So it suffices to show .GCC =       

In fact, since B is a Hirata separable Galois extension of ,GB  

( ( ))G
BB BVV GB=  ([8], Proposition 4-(1)). Hence ,GBC ⊂  and so 

.GCC =  
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(2) ⇒  (1) Since B is a Galois extension of GB  with Galois group G,      

B is a separable extension of GB  and a left projective GB -module.         

Also, since B is a general Azumaya Galois extension of GB  with Galois 

group G by hypothesis, GB  is a separable algebra.-GC  Hence B is a 

separable algebra-GC  by the transitivity property of separable 

extensions. Noting that GCC =  by hypothesis, we conclude that B is an 

Azumaya algebra.-GC  Thus, GB  is a subalgebra of the Azumaya        

algebra-GC  B such that B is left projective over .GB  Therefore, B is a 

Hirata separable extension of GB  by Lemma 3.1. Hence B is a general 

Hirata-Azumaya Galois extension of GB  with Galois group G. 

(1) ⇒  (3) By the proof of (1) ⇒  (2), we have that GCC =  and B is 

an Azumaya GC -algebra. Hence, it suffices to show that the order of G is 

invertible in B. In fact, since B is a general Galois extension of GB  with 

Galois group GBG,  is a separable GC -algebra. Hence GB  is a separable 

subalgebra of the Azumaya algebra B. Therefore ( )G
B BV  is a separable 

subalgebra of B by the commutator theorem for Azumaya algebras       
([4], Theorem 4.3, page 57). Noting that B is a Hirata Galois extension of 

GB  with Galois group G, we conclude that the order of G is invertible in 
B ([8], Proposition 4-(3)). 

(3) ⇒  (1) Since B is a Galois extension of GB  with Galois group G, so 

B is a left projective GB -module. Also B is an Azumaya GC -algebra by 

hypotheses, so B is a Hirata separable extension of GB  by Lemma 3.1. 

Thus B is a Hirata Galois extension of .GB  Now it suffices to show that 
GB  is a separable GC -algebra. In fact, since the order of G is invertible 

in GBB,  is a direct summand of B as a GB -bimodule. Noting that B is a 

separable GC -algebra and a left projective GB -module, we conclude that 
GB  is a separable GC -algebra by Lemma 3.2. Thus (1) holds. 
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(3) ⇒  (4) Since B is a Galois extension of GB  with Galois group G, 

GB ∗  is a Galois extension of ( )GGB ∗  with Galois group G  with the 

same Galois system for B. Also, by hypotheses, B is an Azumaya          
GC -algebra, that is, B is separable over GC  and .GCC =  Hence, it 

suffices to show that ( )GGB ∗  is a separable GC -algebra. In fact, since 

the order of G is invertible in GBB ∗,  is a separable extension of B. 

Hence GB ∗  is a separable GC -algebra by the transitivity property of 
separable extensions. Moreover, since GB ∗  is a Galois extension of 

( )GGB ∗  with an inner Galois group G  induced by GBG ∗,  is a left 

projective ( )GGB ∗ -module. Noting that G  restricted to B is G, we have 

that the order of G  is equal to the order of G. Hence the order of G  is 

invertible in .GB ∗  Thus ( )GGB ∗  is a direct summand of GB ∗  as a 

( )GGB ∗ -bimodule. Therefore ( )GGB ∗  is a separable GC -algebra by 

Lemma 3.2. 

(4) ⇒  (3) Since GB ∗  is a Galois extension of ( )GGB ∗  with an 

inner Galois group G  induced by BG,  is a Galois extension of GB  with 

Galois group G ([9], Theorem 3.1). Also, since GB ∗  is a Galois extension 

of ( ) GBGB G ∗∗ ,  is a separable extension of ( ) .GGB ∗  Therefore, 

GB ∗  is a separable extension of GC  by the transitivity property of 

separable extensions because ( )GGB ∗  is a separable GC -algebra by 

hypotheses. Moreover, since GB ∗  is a left projective B-module and B is 

a direct summand of GB ∗  as a B-bimodule, B is a separable GC -algebra 

by Lemma 3.2. But GCC =  by hypotheses, so B is an Azumaya           
GC -algebra. Next, we show that the order of G is invertible in B. Noting 

that G  restricted to B is G, the order of G  is equal to the order of G. 

Hence, it suffices to show the order of G  is invertible in B. In fact, since 
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GB ∗  is a Galois extension of ( )GGB ∗  with an inner Galois group ,G  

GB ∗  is a Hirata separable extension of ( )GGB ∗  ([8], Corollary 3). 

Hence GB ∗  is a Hirata Galois extension of ( )GGB ∗  with an inner Galois 

group .G  Moreover, since ( )GGB ∗  is a separable GC -algebra, ( )GGB ∗  

is a separable Z-algebra, where Z is the center of GB ∗  and is contained 

in ( ) .GGB ∗  Noting that GB ∗  is separable over ,GC  which is contained 

in the center Z of ,GB ∗  we have that GB ∗  is Azumaya Z-algebra. Thus 

(( ) )G
GB GBV ∗∗  is a separable Z-algebra by the commutator theorem for 

Azumaya algebras ([4], Theorem 4.3, page 57). Hence GB ∗  is a Hirata 

Galois extension of ( )GGB ∗  such that (( ) )G
GB GBV ∗∗  is a separable 

subalgebra of .GB ∗  Therefore, the order of G  is invertible in GB ∗  
([8], Proposition 4). This completes the proof. 

We remark that Theorem 3.3 (1) ⇒  (4) shows that if B is a general 
Hirata-Azumaya Galois extension with Galois group G, then its skew 
group ring GB ∗  is also a general Hirata-Azumaya Galois extension 

with an inner Galois group G  induced by G. 

Corollary 3.4. Let B be a general Hirata-Azumaya Galois extension 

of GB  with Galois group G. Then GB ∗  is a general Hirata-Azumaya 

Galois extension of ( )GGB ∗  with an inner Galois group G  induced by G. 

Proof. Since B is a general Hirata-Azumaya Galois extension of GB  

with Galois group GBG ∗,  is a Galois extension of ( )GGB ∗  with an 

inner Galois group G  induced by G such that ( )GGB ∗  is a separable 
GC -algebra by Theorem 3.3 (1) ⇒  (4). Hence GB ∗  is a Hirata 

separable extension of ( )GGB ∗  ([8], Corollary 3). Thus GB ∗  is a 

Hirata Galois extension of ( )GGB ∗  such that ( )GGB ∗  is a separable 
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GC -algebra. Clearly, the center Z of GB ∗  is contained in ( )GGB ∗  and 

.GG ZC ⊂  Therefore, ( )GGB ∗  is a separable GZ -algebra. Hence 

GB ∗  is a general Azumaya Galois extension of ( )GGB ∗  with inner 

Galois group ,G  and so GB ∗  is a general Hirata-Azumaya Galois 

extension with Galois group .G  

Corollary 3.5. Let B be a Hirata-Azumaya Galois extension of GB  
with Galois group G. Then GB ∗  is a general Hirata-Azumaya Galois 

extension of ( )GGB ∗  with an inner Galois group G  induced by G. 

We note that in general for a Hirata-Azumaya Galois extension          
B with Galois group GBG ∗,  is not necessarily a Hirata-Azumaya 

Galois extension of ( )GGB ∗  with an inner Galois group G  induced by 

G. 

Theorem 3.6. Let B be a Hirata-Azumaya Galois extension of GB  
with Galois group G. If G is commutative, then GB ∗  is not a Hirata-

Azumaya Galois extension of ( )GGB ∗  with an inner Galois group G  

induced by G. 

Proof. Since B is a Hirata-Azumaya Galois extension with Galois 
group BG,  is an Azumaya Galois extension with Galois group G. Hence 

GB ∗  is an Azumaya GC -algebra ([2], Theorem 3.1). But G is 

commutative by hypothesis, and so GCG  is contained in the center of 

( ) .GGB ∗  Therefore ( )GGB ∗  is not Azumaya over .GC  Thus GB ∗  is 

not an Azumaya Galois extension of ( )GGB ∗  with an inner Galois group 

G  induced by G, and so GB ∗  is not a Hirata-Azumaya Galois extension 

of ( )GGB ∗  with an inner Galois group G  induced by G. 
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Next, we show an equivalent condition for a general Hirata-Azumaya 
Galois extension B satisfying the fundamental theory. The proof is 
similar to the proof of Theorem 3.6 in [17] but more elaborate and 

without using the condition that GB  is an Azumaya GC -algebra. We 
begin a lemma. 

Lemma 3.7. Let B be a general Azumaya Galois extension of GB  with 

Galois group G. Then HB  is a separable GC -algebra for every subgroup 
H of G. 

Proof. Since B is a general Azumaya Galois extension of GB  with 

Galois group GBG,  is a separable GC -algebra. Hence B is a Galois 

extension of a separable GC -algebra with Galois group G. Therefore, HB  is 

a separable GC -algebra for every subgroup H of G ([7], Proposition 3.1). 

Theorem 3.8. Let B be a general Hirata-Azumaya Galois extension of 
GB  with Galois group G. Then B satisfies the fundamental theorem if 

and only if for any separable extension A of GB  in ( ) ⊕=AVB B,  

( ) .gAGg J∑ ∈
 

Proof. (⇒ ) Let A be a separable extension of GB  in B. Since B 

satisfies the fundamental theorem, we have that ( );AGBA =  and so  

( ) ( ( ) ).AG
BB BVAV =  But B is a Galois extension of ( )AGB  with Galois 

group ( ),AG  so ( ( ) ) ( ) gAGg
AG

B JBV ∑ ∈
⊕=  ([6], Proposition 1). Hence 

( )AVB ( ( ) ) ( ) .gAGg
AG

B JBV ∑ ∈
⊕==  

(⇐ ) Since B is a Hirata separable Galois extension of GB  with 

Galois group HBHG →,  is a one-to-one map from the set of subgroups 

of G to the set of subextensions A of GB  in B ([14], Corollary 3.5). Since B 

a general Azumaya Galois extension of GB  with Galois group HBG,  is a 

separable GC -algebra by Lemma 3.7; and so a separable extension of 
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GB  in B for every subgroup H of G. Hence HBH →  is a one-to-one map 

from the set of subgroups of G to the set of separable extensions A of GB  
in B. Therefore, it suffices to show that for any separable extension A of 

GB  in ( )AGBAB =,  In fact, since A is a separable extension of GB  and 
GB  is a separable GC -algebra, A is a separable GC -algebra. But, by 

Theorem 3.3, GCC =  and B is an Azumaya algebra, so A is a separable 
subalgebra of the Azumaya algebra B over C. Hence ( ( ))AVVA BB=  by 

the commutator theorem for Azumaya algebras ([4], Theorem 4.3, page 
57). Moreover, since B is a general Azumaya Galois extension with Galois 

group G, for a subgroup ( )AG  of ( )AGBG,  is separable over GC  by Lemma 

3.7, so ( )AGB  is a separable subalgebra of the Azumaya algebra B over C. 

Therefore ( ) ( ( ( ) ))AG
BB

AG BVVB =  by the commutator theorem for Azumaya 

algebras. Now, since B is a Galois extension of ( )AGB  with Galois group 

( ) ( ( ) ) ( )∑ ∈
⊕= AGg

AG
B BVAG , gJ  ([6], Proposition 1), and by hypothesis, 

( ) ( ) .gAGgB JAV ∑ ∈
⊕=  Thus ( ) ( ) ( ( ) ).AG

BgAGgB BVJAV =⊕= ∑ ∈
 Hence 

( ( )) ( BBBB VVAVVA ==  ( ( ) )) ( ).AGAG BB =  This completes the proof. 

Noting that a Hirata-Azumaya Galois extension with Galois group    
G is a general Hirata-Azumaya Galois extension with Galois group G, 
and a central Galois algebra B with Galois group G is a Hirata-Azumaya 
Galois extension with Galois group G. Theorem 3.8 generalizes the 
characterizations for a Hirata-Azumaya Galois extension in [17] and for a 
central Galois algebra in [12] satisfying the fundamental theorem. 

Corollary 3.9 ([17], Theorem 3.6). Let B be a Hirata-Azumaya Galois 
extension with Galois group G. Then B satisfies the fundamental theorem 
if and only if for any separable subalgebra A of ( ) ⊕=AVB B,  

( ) .gAGg J∑ ∈
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Corollary 3.10 ([12], Theorem 3.4). Let B be a central Galois algebra 
with Galois group G. Then B satisfies the fundamental theorem if and 

only if for any separable subalgebra A of ( ) ( ) ., gAGgB JAVB ∑ ∈
⊕=   

We conclude the present paper with two examples of a Galois 
extension B with Galois group G to illustrate that (1) B is a general 
Hirata-Azumaya Galois extension with Galois group G, but B is not a 
Hirata-Azumaya Galois extension with Galois group G; (2) B is a Hirata 

Galois extension of GB  with Galois group G, but B is not a general 
Hirata-Azumaya Galois extension with Galois group G. 

Example 3.11. Let [ ],,, kjiB Q=  the quaternion algebra over the 

rational field ,Q  and { },,1 igG =  where ( ) 1−= ixixgi  for all .Bx ∈  

Then 

(1) B is a Galois extension with Galois group G with a Galois system 

{ }.4
1,4

1,4
1,4

1;,,,1 kk −−− jiji  

(2) Since G is inner induced by the elements { } Bi ,,1  is a Hirata 

separable extension of GB  ([8], Corollary 3). 

(3) [ ]iBG Q=  which is a separable Q -algebra, where Q  is the center 

of B and .QQ =G  Hence B is a general Azumaya Galois extension with 

Galois group G. 

(4) B is a general Hirata-Azumaya Galois extension with Galois 
group G by (1), (2), and (3). 

(5) Since [ ]( )iBG Q=  is not Azumaya over BG ,Q  is not a Hirata-

Azumaya Galois extension with Galois group G. 
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Example 3.12. Let [ ],,, kjiA Q=  the quaternion algebra over the 

rational field { },,,|
0

, 321
3

21
Aaaa

a

aa
B ∈














=Q  the ring of all 2    

by 2 upper triangle matrices over A, and { },,,,1 kgggG ji=  where  

( ) ( ) ( ) 111 ,, −−− === kkk aagjajagiaiag ji  for all a in A and 

=














3

21

0 a

aa
g

( ) ( )

( )














3

21

0 ag

agag
 for .Gg ∈  Then 

(1) It is easy to check that the center of B is ,IQ  where I is the 

identity 2 by 2 matrix and { },,,|
0

321
3

21
Q∈














= qqq

q

qq
BG  the ring 

of all 2 by 2 upper triangle matrices over .Q  

(2) B is a Galois extension with Galois group G with a Galois system 

{ }.4
1,4

1,4
1,4

1;,,, IjIiIIIjIiII kk −−−  

(3) Since G is inner induced by the elements { } BIjIiII ,,,, k  is a 

Hirata separable extension of GB  ([8], Corollary 3). 

(4) By (2) and (3) B is a Hirata Galois extension of GB  with Galois 
group G. 

(5) Since { }Q∈













= 321

3

21
,,|

0
qqq

q

qq
BG  which is not a 

separable IQ -algebra ([10], Example 4.3-(8)), B is not general Azumaya 
Galois extension with Galois group G. 
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