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Abstract

The Lorenz curve is a tool used to represent income distributions: It tells us
which proportion of total income is in the hands of a given percentage of
population. While, Butler and McDonald [4] and [5] presented a very broad
family of distributions for measuring inequality based on incomplete moments.
Lorenz curve can be considered an example of incomplete moment of the income
distribution for measuring inequality, where Lorenz curve is the first member of
this family; it is obtained from this family, when r is equal one. In this article,
we study the features of Lorenz curve and the higher orders of Butler-McDonald
family and compare among them. In addition, we study Lorenz curve and
Butler-McDonald measures under Pareto distribution. Finally, we use a real
data of Egyptian income, and consumption to prove that Lorenz curve gives
more accurate estimation of income and consumption inequality than higher
orders of Butler-McDonald family.
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1. Introduction

Equality of income distribution is found when every income unit
receives its proportional share of the total income. The income units may
be further defined as individual, head of family, and a consumption unit;

see, for example, Cowell [6], Lambert and Lanza [14].

Inequality may be defined as any deviation from equality. Thus, if
any person received less than his proportionate share of the aggregate
income, the distribution would be unequal, see, for example, Schutz [15]
and Zheng and Formby [20]. The Lorenz curve can be defined as the
relationship between the cumulative proportion of income units and the
cumulative proportion of income received when units are arranged in
ascending order of their income; see, for example, Cowell [7], Sen [16],
and Shahateet [17]. Also, the Lorenz curve has been used as a graphical
device to represent size distribution of income and wealth. In addition,
the Lorenz curve is not limited to a specific type of population or variable
that is distributed among that population; see Aaberge [1], Belli and
Liberati [3], and Kakwani [12]. In the other words, Lorenz curve can be

used to measure income, expenditure, and other variables.

The Lorenz curve can be represented by a function L(F'), where F is

the horizontal axis and L is the vertical axis. The points in the Lorenz
curve are indexed in non-decreasing order that mean Lorenz curve is
linear function; see Daniel [8], Frosini [9], and Lakner and Milanovic
[13].

The Lorenz curve can measure the inequality in any society by the
distance between the equality line and Lorenz curve. If the Lorenz curve
is farther away from the line of perfect equality, then that case is
considered to have less equality than a case with a curve nearer to the
equality line; see Gastwirth [10] and Zenga [19]. There are two
definitions to Lorenz curve; the first one was presented by Lorenz in 1905

in order to compare and analyze inequalities of wealth in a country
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during different epochs, or in different countries during the same epoch.
The second definition of Lorenz curve was presented by Gastwirth [11]

which applies to discrete as well as to continuous variables.
1.1. The first definition of Lorenz curve

Let a vector of income X (a positive random variable) from a
continuous distribution with cumulative distribution function (cdf)
F(x) = F, density function f(x), x(F)= F~l(x) quantile function and
let X;.,, denote the corresponding order statistics for a general

distribution function F(x).

Flx) = I : f(x)dx,

where F(x) can be interpreted as the proportion of units having an
income less than or equal to x; F(x) varies from 0 to 1. Furthermore, if
the mean p of the distribution exists, the first-moment distribution

function of X is defined as
1 X
Fi(x) = —J x f(x)dx.
ndo

Also, Fj(x) varies from 0 to 1 and Fj(x) can be interpreted as the
proportional share of total income of the units having income less than or
equal of x.

The Lorenz curve (L(p)) is the relationship between the variables
F(x) and Fj(x) and is obtained by inverting functions F(x) and Fj(x),

and eliminating x if the functions are invertible. Alternatively, the curve

can be plotted by generating the values of F(x) and Fj(x) by considering
the arbitrary values of x. Also, the straight line F; = F is called the

egalitarian line (equality line).
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Figure 1. Lorenz curve.

If the curve coincides with the equality line, it is implied that each
unit receives the same income; this is the case of perfect equality of
incomes. In the case of perfect inequality of incomes, it implies that all

the income is received by only one unit in the population.
1.2. The second definition of Lorenz curve

Gastwirth [11] provided an alternative definition of the Lorenz curve,

which is expressed in terms of the inverse of the distribution function
F71(t) = Min[x : F(x) > ¢t].

This definition ensures the existence of x for all values of F(x), even

though in the case of a discrete distribution corresponding to some values

of F(x), x is not exist. Also, if the density function is continuous, this
definition of inverse is identical to the usual definition of an inverse

function, because x = F1(t) and f(x)dx = dt, where t varies from zero
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to unity when x varies from zero to infinity. The Lorenz curve can be

rewritten as

J‘prl(t)dt J‘pF*I(t)dt
_ 90 _ 90

L(p)

1 b
I Fl(t)de !
0

where 0 < p <1.

1.3. The disadvantage of the Lorenz curve; see Bellu [2]

(1) The Lorenz curve cannot rise above the line of perfect equality and

cannot sink below the X-axis.
(11) The Lorenz curve is not defined if the mean of probability
distribution is zero or infinite.

2. Butler-McDonald Measure

Butler and McDonald [4] presented four interdistributional Lorenz
curves based on normalized incomplete moments. Also, they defined
Lorenz curve, Gini, and Pietra measures of inequality across two

populations.

The h-th partial moment given by y < x for density function f(y) is

defined as
Y h
I(x; h) = IO ¥ f(y)dy.
From which it follows that
E(y") = lim I(x; h),
X—>00

and

where F(y) denotes the cumulative distribution function for y. The

fraction of A-th moment of y, corresponding to y < x is given by
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Y oh
IO ¥y f(y)dy I b

EG")  EGM)

They called this the normalized incomplete moment which represent the
proportion of each respective moment that is accounted for by income

levels less than x. They presented Lorenz curve as a plot of ¢(x; 0) and
&(x; 1), depicted in Figure 1. The 45° diagonal is the line of complete

equality in which all individuals in the population have the same income.
The Lorenz curve indicates the fraction of total income held by different

fractions of the population and this curve is concave to the 45° diagonal.

The Pietra measure (P) associated with a single population is twice

the area of the largest triangle that can be inscribed between the 45° line
of complete inequality and Lorenz curve. They expressed P in terms of

incomplete moments,
P = ¢(u; 0) - ¢(u; 1),

which is the difference between the fraction of the population having

income less than the mean (u) and the fraction of total income held by

that group. Also, the Pietra measure is E|x — p|/ n, see Gastwirth [10].

Butler and McDonald [4] presented the Gini coefficient as a weighted

average of incomplete moments
Gini = [ "l / whles 0) - éx: D]fe) .

Butler and McDonald [4] extended the notion of a Lorenz curve to
examine the distance between the black and white income distribution.
They plotted the most natural interdistributional Lorenz curve between
black and white income distribution which the black incomplete moment,

dp(x; 0), against the white incomplete moment, ¢,,(x; 0). If the distribution
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for whites is first-order dominant over blacks, then the Lorenz curve will

lie below the 45° diagonal.

They defined four cases for interdistributional Pietra index for blacks

and whites income distribution.

(1) The first Lorenz curve with a natural interpretation is obtained by
plotting (¢5(x; 0) and ¢,,(x; 0))

P(O’ O) = (I)b(uw; O) - (I)w(”'b; O)a

which is the difference between the fraction of blacks with income less
than the mean income level for whites and the fractions of whites with

incomes less than the mean income for blacks.
(2) The second Lorenz curve is obtained by plotting (¢p(x; 1) and
¢y (%3 1))
P, 1) = ¢p(kys 1) = ¢, (1p; 1),

which i1s the difference between the fraction of total income held by
blacks with incomes less than the mean income for whites and the
fraction of total income held by whites with incomes less than the mean

income for blacks.
(3) The third Lorenz curve is obtained by plotting (¢, (x; 0) and ¢,,(x; 1))
P(0,1) = ¢p(rw; 0) =y (up; 1)
(4) The fourth Lorenz curve is obtained by plotting (¢p(x; 1) and
¢, (x; 0))
P(1, 0) = ¢p(ry; 1) = ¢, (up; 0).

The last two were presented in a paper on black and white racial
discrimination by Smith and Welch [18].
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3. Estimation

When using the sample income data Y;, Ys, ..., Y,, and the empirical

distribution function, the Lorenz curve can be estimated as follows:

YI(Y <x)Y
L@:ZH (Yi<x)%

2%

and Butler-McDonald measure can be estimated as follows:

4. Studying Lorenz Curve and Butler-McDonald

Measure under Pareto Distribution

If Xi, Xy, ..., X,, are a random variables from Pareto distribution

’(‘”1), cumulative distribution function

with density function pdf = ak®x
kY : : -1
F=1- (;) , quantile function X(F)= k(1 - F)a, r-th noncentral

moments
w, =ak"(@-r)" and p(Xh”") =I x F"dF.
0

Then we can derive Lorenz curve by using Pareto distribution

L(p) = %Iyrx dF(x),

IO x dF(x)

which when using the indicator function gives
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1 1
L(p) = ———— [ 1= < y,)xaF,
'[ ©(F)dF
0
or equivalently,
1 1 -1 -1
L(p) = — J' I(k(L - FYa) < y, k(1 - FYa dF,

J'O k(- FYa dF

L(p)= —— dFJ':I(Fs1—(yk—rjaJ((1—F)71de,

ffo-m)

- g e

0

And by using Karl Pearson’s incomplete beta function. We find

a

k.
[3(‘71 +1, 1)

B(%l +1, 1)

While Butler-McDonald measure can be driven under Pareto distribution

I"—1+1,1; 1-
a

L(p) =

as follows:
Yr
1 x"dF(x).

My = — :
J- x"dF(x).
0

1
= 1—I0 I(x" <y, x"dF
j x"dF
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= J.I;J-:I(xr <y, )(x(F)) dF
((F) dF

0

_ Jl(k(l - ;)i)rdG jol I((k(l - F)%jr <y, )(k(l - F)_FljrdF,
0

Mpy = J.l((l —;)&jrdF I:I F<1 —[’;_]_ ((1 - F)_Fl)rdF.
0
Thus,
My = ——— J:(l;_]_ (1- FYa FdF.

I (1- F)a FOdF
0

In addition, by using Karl Pearson’s incomplete beta function. We find
that

~

kr

B(%r +1, 1)
[3(‘7’" +1, 1)

5. Empirical Application: Income and Earnings
Inequality in Egypt 2009 and 2011

I1=C41,1]1-
a

Using income data from the survey of national income and
individuals incomes in Egypt in 2009 and 2011, we consider the
applicability to compute and compare among Butler-McDonald family.
The data set was obtained from the Central Agency for Public

mobilization and statistics who takes a sample to study incomes and
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consumptions of individuals every two years regularly. The sample used
in the survey is the simple random sample from overall Egypt in 2009
and 2011. This sample represents all Governorates and the Central
Agency approximately gave us the data of incomes and consumptions of
12000 individuals of the survey in 2009 and gave us the data of incomes
and consumptions of 3600 individuals of the survey in 2011. Also, these
data contain all details about incomes and consumptions of the
individuals. For example, the individual income consists of salary and
wages, agrarian income, and inherited income etc. Also, the individual
consumption consists of the expenditure on cloths, food, and drinks etc.
The inequality measures will be computed for total income and total
consumption. Therefore, the computation of inequality measures will be
for a sample consists of 3000 individual for total income and total

consumption in 2009 and 2011.

We have estimated income inequality by using Butler-McDonald
measures in 2009 and 2011 in Table 1. Also, we used these measures to
estimate the consumption inequality for individual’s consumption in 2009
and 2011 in Table 2.

Table 1. Income inequality of 2009 and 2011

d Mg, in2009 | Mp, in2011
1 0.4266285 0.4423661
2 0.2892503 0.3154167
3 0.1435348 0.1331508
4 0.06090147 0.03773861

5 0.02488659 0.01300343
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Table 2. Consumption inequality of 2009 and 2011

r MY, in 2009 M, in 2011
1 0.4357518 0.4512436
2 0.2933374 0.3234504
3 0.1481554 0.1237589
4 0.06480088 0.0345481
5 0.0288145 0.01096196

A number of points are noteworthy from the results of Tables 1
and 2

(1) To begin with, in Table 1, the sensitivity for Butler-McDonald
measure decreases when r-th increase, which means that Lorenz curve is
more sensitive than the higher order of Butler-McDonald measure.

Where the income inequality 1s 0.4266285 when r =1, but it begins to
decrease when r = 2 until reaches 0.02488659 when r = 5.

(2) The measures of income inequality, in Table 1, show that the
income inequality ranges from 0.4266285 in 2009 and 0.4423661 at 2011,

when r =1, these values can be explained as a low inequality in the

population.

(3) The measures values are range between 0 and 1, which mean that

these measures satisfy the range axiom.

(4) The results in Table 2 confirm the results concluded in Table 1

about the sensitivity, range, and values of inequality.
6. Conclusion

The Lorenz curve can be defined as the relationship between the
cumulative proportion of income units and the cumulative proportion of
income received when units are arranged in ascending order of their
income. Butler-McDonald [4] and [5] presented a general family of

distributions for measuring inequality using incomplete moments. On the
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other hand, Lorenz curve is obtained from Butler-McDonald family of

inequality distributions, when r is equal one. In this article, we study

Lorenz curve and Butler-McDonald measures under Pareto distribution.

By using a real data application of Egyptian incomes and consumptions

in 2009 and 2011 to compare among Lorenz curve and Butler-McDonald

family, we found that Lorenz curve gives more accurate results for all

kinds of inequality, such as income and consumption.
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